GAFA, Geom. funct. anal. © Birkh&user Verlag, Basel 1999
Vol. 9 (1999) 518 — 567
1016-443X/99/030518-50 $ 1.50+0.20/0 | GAFA Geometric And Functional Analysis

L2-TORSION OF HYPERBOLIC MANIFOLDS OF
FINITE VOLUME

W. LUckK AND T. SCHICK

Abstract

Suppose M is a compact connected odd-dimensional manifold with
boundary, whose interior M comes with a complete hyperbolic metric
of finite volume. We will show that the L?-topological torsion of M
and the L2-analytic torsion of the Riemannian manifold M are equal.
In particular, the L?-topological torsion of M is proportional to the
hyperbolic volume of M, with a constant of proportionality which
depends only on the dimension and which is known to be nonzero in
odd dimensions [HS]. In dimension 3 this proves the conjecture [Lii2,
Conjecture 2.3] or [LLi, Conjecture 7.7] which gives a complete calcu-
lation of the L2-topological torsion of compact L2-acyclic 3-manifolds
which admit a geometric JSJT-decomposition.

In an appendix we give a counterexample to an extension of the
Cheeger-Miiller theorem to manifolds with boundary: if the metric is
not a product near the boundary, in general analytic and topological
torsion are not equal, even if the Euler characteristic of the boundary
vanishes.

0 Introduction

In this paper we study L?-analytic torsion of a compact connected man-
ifold M with boundary such that the interior M comes with a complete
hyperbolic metric of finite volume.
NoOTATION 0.1. Let m be the dimension of M. From hyperbolic geometry
we know [BP, Chapter D3] that M can be written as

M = Mo Usm, Eo,
where My is a compact manifold with boundary and Ej is a finite disjoint
union of hyperbolic ends [0, c0) x F;. Here each Fj is a closed flat manifold
and the metric on the end is the warped product

du® + e 2 dz?

with dz? the metric of F;. Of course, we can make the ends smaller and

also write



Vol.9, 1999  L2-TORSION OF HYPERBOLIC MANIFOLDS OF FINITE VOLUME 519

where Ep, is the subset of Ej consisting of the components [R, co) x F;. We
define
TR =Mpy1NEgr R>0.
Denote by Mg, Epg, ... the inverse images of Mg, Eg, ... under the univer-
sal covering map M — M. Correspondingly, for the universal covering we
have L s
N M= MgpU oM Egr.
For Er we get and fix coordinates such that each component is
[R, 00) X R™ ! with warped product metric du? + e~2%dz?,
where dz? is the Euclidean metric on R”. O

Fach Mg is a compact connected Riemannian manifold with bound-
ary which is L?-acyclic (see Corollary 6.5). Its absolute L?-analytic tor-

sion Tég)(M r) is defined. The manifold M has no boundary and finite
volume and its L?-analytic torsion is defined although it is not compact
(Remark 1.9). We will recall the notion of L?-analytic torsion in section 1.
The main result of this paper is

Theorem 0.2. Let M be a compact connected manifold with boundary
such that the interior M comes with a complete hyperbolic metric of finite
volume. Suppose that the dimension m of M is odd. Then we get, if R
tends to infinity

dim TR (Mp) = T (M). D

REMARK 0.3. For compact Riemannian manifolds with boundary and with
a product metric near the boundary, analytic torsion and topological torsion
differ by (In2)/2 times the Euler characteristic of the boundary. This is a
result of Liick in the classical situation [Liil] and of Burghelea et al. [BuFK]
for the L?-version. In particular, analytic torsion does not depend on the
metric, as long as it is a product near the boundary and the manifold is
acyclic or L2-acyclic, respectively.

In Appendix A we give examples which show that this is not longer the
case for arbitrary metrics. This answers an old question of Cheeger’s [C,
p. 281]. Of course it also implies that the above extension of the Cheeger-
Miiller theorem to manifolds with boundary is not true in general.

This requires additional care in the chopping and exhausting process
described above.

We will explain the strategy of proof for 0.2 in section 1. Next we discuss
consequences of Theorem 0.2 and put it into context with known results.
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We will explain in section 1 that the comparison theorem for L?-analytic
and -topological torsion for manifolds with and without boundary of Bur-
ghelea, Friedlander, Kappeler and McDonald [BuFK], [BuFKM] now im-
plies
Theorem 0.4. Let M be a compact connected manifold with boundary
such that the interior M comes with a complete hyperbolic metric of finite
volume. Then

Tiop (M) = ) (). 0

The computations of Lott [L, Proposition 16] and Mathai [M, Corol-
lary 6.7] for closed hyperbolic manifolds extend directly to hyperbolic man-
ifolds without boundary and with finite volume since H" is homogeneous.
(Notice that we use for the analytic torsion the convention in Lott which
is twice the logarithm of the one of Mathai.) Hence Theorem 0.4 implies

Theorem 0.5. Let M be a compact connected manifold with boundary
such that the interior M comes with a complete hyperbolic metric of finite
volume. Then there is a dimension constant C,,, such that

T2)/(M) = C,, - vol(M)..

an

Moreover, Cy, is zero, if m is even, and C5=—1/3m and (—1)"Cyp41>0.0

REMARK 0.6. The last statement is a result of Hess [HS] and answers the
question of Lott [L] whether Co,,+1 is always nonzero.

For closed manifolds, the proportionality follows directly from the com-
putations of Lott and Mathai and the comparison theorem for L?-analytical
and topological torsion of Burghelea et.al. [BuFKM] (as is also observed
there).

Now Theorem 0.4 and Theorem 0.5 together with [Lii2, Theorem 2.1]
imply
Theorem 0.7. Let N be a compact connected orientable irreducible
3-manifold with infinite fundamental group possessing a geometric JSJT-
decomposition such that the boundary of N is empty or a disjoint union
of incompressible tori. Then all L?>-Betti numbers of N vanish and all
Novikov-Shubin invariants are positive. Moreover, we get

T
2 -1
T;J(OIE(N) = g ’ ZVOI(N’L) )
i=1
where Ni,..., N, are the hyperbolic pieces of finite volume in the JSJT-
decomposition of N. In particular ﬂ(gg(N ) is 0 if and only if N is a graph-

manifold, i.e. there are no hyperbolic pieces of finite volume in the JSJT-
decomposition. 0O
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Theorem 0.7 has been conjectured in [Lii2, Conjecture 2.3] and [LLi,
Conjecture 7.7], where also the relevant notions are explained. The JSJT-
decomposition of an irreducible connected orientable compact 3-manifold
N with infinite fundamental group is the decomposition of Jaco-Shalen and
Johannson by a minimal family of pairwise non-isotopic incompressible not
boundary-parallel embedded 2-tori into Seifert pieces and atoroidal pieces.
If these atoroidal pieces are hyperbolic, then the JSJT-decomposition is
called geometric. Thurston’s Geometrization Conjecture says that these
atoroidal pieces are always hyperbolic. This conjecture is known to be true
if N is Haken, for instance if N has boundary or its first Betti number is
positive.

In this context we mention the combinatorial formula for the topological
torsion of a 3-manifold N as in Theorem 0.7 which computes this torsion
just from a presentation of its fundamental group without using any infor-
mation about N itself [Lii2, Theorem 2.4]. Theorem 0.7 also implies that
for such 3-manifolds the L?-torsion and the simplicial volume of Gromov
agree up to a non-zero multiplicative constant [Lii2, section 2].

The paper is organized as follows:
Introduction
Review of L?-analytic torsion and strategy of proof
Analysis of the heat kernel
The large t summand of the torsion corresponds to small eigenvalues
Spectral density functions
Sobolev- and L?-complexes
Spectral density functions for Mg
L?-analytic torsion and variation of the metric
Examples for nontrivial metric anomaly
References

R e

1 Review of L?-analytic Torsion and Strategy of Proof

In this section we recall the definition of L?-analytic torsion (compare
[NSh1,2], [L], [M]), discuss the strategy and set the stage for the proof
of Theorem 0.2, and prove Theorem 0.4.

DEFINITION 1.1. Let N be a connected compact m-dimensional Rie-
mannian manifold. Let Ap[N] be the Laplacian on p-forms on the uni-
versal covering N considered as an unbounded self-adjoint operator on L?

(with absolute boundary conditions, if the boundary is non-empty). Then
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o—tAp[N] —tA[N] (

is defined for every ¢ > 0 and has a smooth kernel e
(This kernel is invariant under the diagonal I' := 7 (N )-operation on N x N
given by deck transformations). Let F be a fundamental domain for the
[-action. Now define the normalized trace

Trp e tArINT = / tr (eftAp[N} (z,x))dz,
f
where tr is the ordinary trace of an endomorphism of a finite-dimensional
vector space. O

DEFINITION 1.2. In the situation of Definition 1.1 we denote by A- [N] the

z,Y).

operator from the orthogonal complement of the kernel of Ap[N] to itself

which is obtained from Ap,[N] by restriction. We call N of determinant-
class if for all p > 0

ee N dt
/ Trp ety V] ) < 0. O
1

The condition of determinant-class will be needed to define L?-analytic
torsion and was introduced in [BuFKM, page 754]. If all the Novikov-
Shubin invariants of N are positive then N is of determinant-class. There
is the conjecture that the Novikov-Shubin-invariants of a compact manifold
are always positive [NShl] or [LLii, Conjecture 7.2]. This has been veri-
fied for compact 3-manifolds whose prime factors with infinite fundamental
groups admit a geometric JSJT-decomposition [LLii, Theorem 0.1] and for
hyperbolic manifolds with or without boundary of finite volume in [L, sec-
tion VII]. If the fundamental group is residually finite or amenable and N
is compact, a proof that the manifold is of determinant-class is given in
[BuFK, Theorem A in Appendix A] and [DM1, Theorem 0.2] using [Li3,
section 3]. For generalizations compare Schick [S2].

LEMMA 1.3. In the situation of Definition 1.1 the normalized trace
Trp e 22Nl has for each k > 0 an asymptotic expansion for t — 0

_ k
Trp e—tAp[N] — Zt—(m—i)/Q(ai 4 bz) + O(t(k—m+1)/2) )
=0

%z/%@m;

f

bi - 4 d )
/fﬂéﬁﬁ(m) v

where F is a fundamental domain for the T-action on N , such that F N N
is a fundamental domain for the I'-action on the preimage ON of ON under

Moreover, we have
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the universal covering N > N , a;(x) Is a density on N given locally in
terms of the metric and (;(x) is a density on ON, which can be computed
locally out of the germ of the metric at the boundary ON. O

Proof. We begin with extending the result of Lott [L, Lemma 4]) to mani-
folds with boundary. Namely we want to prove the existence of constants
C1,C2 > 0 independent of z € N and t € (0, 00) such that for the covering
projection ¢ : N — N we get

“8IN (g, 2) — AN (g 2), (2))| < C1 -7V Wme N, te (0,00).
(1.4)

Fix a number K > 0 such that the restriction of ¢ : N — N to any ball
Box C N of radius 2K is a trivial covering. Consider x € N. Choose a
connected neighbourhood V' C N of ¢(z) such that Bx(x) C V C Bag(x)
and V' carries the structure of a Riemannian manifold for which the in-
clusion of V' into N is a smooth map respecting the Riemannian metrics.
We can find V C N such that z € V and V carries the structure of a
Riemannian manifold for which the inclusion of V into N is a smooth map
respecting the Riemannian metrics and ¢ restricted to V induces an isomet-
ric diffeomorphism from V onto V. Since Theorem 2.26 applies to VCN
and V C N, we obtain constants C7,Cy > 0 independent of x € N and
t € (0,00) satisfying

\e—mp[ﬁ} (z,7) — e_m”[v](x,wﬂ <C/2-e7M Ve (0,00); (15)
eV, 2) — eV (g(a), q(2) =0Vt € (0,00); (16)

e M (g(2), g(@)) — eV (g(2), g(2))| < Cr/2- 7
Vt € (0,00). (1.7)

le

Now (1.4) follows from (1.5), (1.6) and (1.7).
For each k£ > 0 there is an asymptotic expansion for ¢ — 0

Ty e—t2s[N] ::/ trp (e—tAp[N](x’l‘))dl'
N

_Zt m— z)/2 ]—I—b[ ])+O(t(k_m+1)/2)

with
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where «;(x)[N] is a locally in terms of the metric given density on N and
Bi(x) is density on N, which can be computed locally out of the germ
of the metric at the boundary ON. This is a classical result of Seeley [Se]
and Greiner [Gr]. If we define the desired densities by «o; = «;[N] o gq
and §3; := Bi[N] o q|y5 the claim follows because vol(N) - Cy - e 1/Cat g
O(t(N=m+1)/2), O

Now we recall the definition of L2-analytic torsion (here I'(s) =
JoS 5 e td).

DEFINITION 1.8. Let N — N be the universal covering of a compact
connected Riemannian manifold N of dimension m. Suppose that N is of
determinant-class. Define the L?-analytic torsion of N by

TR N) = (-1 -p

p=>0

d 1 ! 1 1IN & L dt
(DL e RN g / Trn o—tAF N )
(ds I'(s) /0 e 5=0 * 1 e Ty

Here the first integral is a priori only defined for R(s) > m/2 but
Lemma 1.3 ensures that it has a meromorphic extension to the complex

plane with no pole in s = 0. The second integral converges because of the
assumption that IV is of determinant-class.

REMARK 1.9. Notice that Definition 1.1, Definition 1.2, Definition 1.8 and
Lemma 2.36 carry over to the case where N is a not necessarily compact
hyperbolic complete Riemannian manifold with finite volume. This follows
from the fact that H™ is homogeneous. O

The proof of Theorem 0.2 now splits into two separate parts: we study
the large time summand using algebraically minded functional analysis,
namely, we refine the methods of Lott-Liick [LL{i]. The small time be-
haviour is handled analytically via careful study of the heat kernels. Here
the main ingredient is the “principle of not seeing the boundary” due to
Kac for functions, and Dodziuk-Mathai [DM2] for forms. We give a short
proof, using only unit propagation speed, which was suggested to us by
Ulrich Bunke.

Finally we explain how Theorem 0.4 follows from Theorem 0.2. We
use Notation 0.1. We want to apply the following result of Burghelea,
Friedlander and Kappeler [BuFK, Theorem 3.1].

Theorem 1.10. Let N be a compact Riemannian manifold of determin-
ant-class such that the Riemannian metric is a product near the boundary.
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Then
T(2)( ) T(2)

In(2
(V) + =2 x(ON). 0
Therefore we equip Mp with a new metrlc which is a product near the

boundary.

DEFINITION 1.11. Let M}, (R > 1) denote the same manifold as Mg but
now equipped with a new Riemannian metric which is equal to the old one

outside Tr_1 C Mg and on Tg_1 given by
R = du®+ e 2(d(R—u)ut(1-¢(R—u))R) 1.2

where ¢ : [0,00] — [0,1] is a smooth function which is identically zero on
[0, €] and identically one on [1 — €, 00) for some € > 0. Similarly, let E, be
Eg with the new Riemannian metric du? 4 e~ 2(@(u—R)B+{1-¢(u-R)u) g2

LEMMA 1.12. For arbitrary r, R > 0, there is an isometric diffeomorphism
TR - EO E— ER,

which induces by restriction isometric diffeomorphisms /EVT — Eri g, /T; —

T Bl By and T/ 17y,
Proof. Define 1x : [0, 00)xR™ ™1 —[R, 00) xR™ ™! by 7r(u, z)=(u+R, efz). O

LEMMA 1.13. For m odd

Jim T (M) — T2 (Mp) = 0; (1.14)
T (Mp) —~Ted(M) =0  for R>1. (1.15)

Proof. Observe that for m odd M is L?-acyclic by [D]). The same holds
for Mp by Corollary 6.5 or [CGro, Theorem 1.1]. Let {g, | © € [0,1]} be
the obvious family of Riemannian metrics on Mg joining the hyperbolic
metric on M restricted to Mgz with the metric gg on Mg introduced in
Definition 1.11. Then we get from Corollary 7.13

%‘ oTég)(MRvQU) = Z(_l)pdp[R’ ul,
p
where dp,[R, u] is an integral of a density D,[R,u] on OMp which is given
locally in terms of the germ of the family of metrics gu On OMp. If we
pull back the density D,[R, u] to a density D [R u] on OMj, Ig we can rewrite
dy[R,u] as an integral over the dens1ty D [R u] over F N OMp, for a funda-

mental domain F. Notice that D [R u] can be computed locally in terms of

the germ of the family of lifted metrics g, on dMp. We can write Dy[R, u]
as fp[R,ul - dvolm for a function f,[R,u] on OMp. Because the isome-
tries in Lemma 1.12 respect the families of metrics, the functions fj[R, u]
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are uniformly bounded in R and u. However, the volume of the domain of
integration JF N 5]\4; tends to zero if R tends to co. Hence 1.14 follows.
For (1.15) we use the fact that the topological L?-torsion is a homo-
topy invariant for residually finite fundamental groups [Lii3, Theorem 0.5].
The isometries of the hyperbolic space H'™ can be considered as a sub-
group of Gl(m+1,R) [BP, Theorem A.2.4]. Every finitely generated group
which possesses a faithful representation in some Gl(n, K) for any field K
is residually finite [W, Theorem 4.2]. We have seen that every manifold
which possesses a complete hyperbolic metric with finite volume is homo-
topy equivalent to a finite CW-complex. It follows that the fundamental
group of such a manifolds is residually finite. |

Finally we can explain how Theorem 0.4 follows from Theorem 0.2. We
begin with the case where m = dim(M) is odd. Since OM is a union of
flat manifolds x(0M) is trivial. Now one just applies Theorem 1.10 for
N = Mj, and uses Lemma 1.13. Suppose that m is even. Then the usual
proof of Poincaré duality for analytic torsion [RSi, Theorem 2.3] extends
directly to L2-analytic torsion of M (see [L, Proposition 16]) and shows

T (M) = 0. From [Lii2, Theorem 1.6, Theorem 1.7 and Theorem 1.11]

we conclude Tt(fg (M) = 0. This finishes the proof that Theorem 0.2 implies
Theorem 0.4.
The rest of this paper is devoted to the proof of Theorem 0.2 (and also

of Theorem 2.26 and Corollary 7.13 which we have already used above).

2 Analysis of the Heat Kernel

2.1 Standard Sobolev estimates

DEFINITION 2.1. Let NV be a Riemannian manifold with boundary x € 9.
We define the boundary exponential map

exp? : [0,00) X T,ON — N : (u,y) — v(u, expgN(y)) :
Here exp?? is the exponential map of the boundary with its induced Rie-
mannian metric and v denotes the geodesic flow of the inward unit normal
field.

If we identify T2V with R™! via an orthonormal frame and restrict the
boundary exponential map to a subset where it is a diffeomorphism onto
its image, we get so called boundary normal coordinates.

For an interior point the coordinates induced from the exponential map
are called Gaussian coordinates. The term normal coordinates is used to
denote Gaussian coordinates as well as boundary normal coordinates. O
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DEFINITION 2.2. A form w on a Riemannian manifold with boundary
fulfills relative boundary conditions for A™, m > 1, if
*(Aw)=0 and i*(AMbw)=0 for0<j<m-—1.
It fulfills absolute boundary conditions for A™ if
i*(*Aw) =0 and i*(*AVdw) =0 for0<j<m-—1.

Here and in the sequel, ¢ : OM — M always denotes the inclusion of the
boundary. O

Remember that both boundary value problems are elliptic. The next
result is a standard elliptic estimate (compare f.i. [CGroT, 1.24] if OM = ().
Since we do not know an explicit reference for manifolds with boundary we
include a proof here (compare also [T, Ch. 5, Sec.9]).

NoTATION 2.3. For real numbers a, b, c > 0 we abbreviate

a % b for a<cb.

Theorem 2.4. Let M be a Riemannian manifold with boundary of
dimension m, xo € M and r sufficiently small so that B,(z9) C M is
diffeomorphic in normal coordinates to B,(z) C RY, for some z € RY,
where RY), denotes the half space. (The location of x depends on the
question whether B, (xq) meets the boundary of M).

Then we can find C' > 0 so that for all w € C° which fulfill either
absolute or relative boundary conditions

2 i 12
|w(zo)|” < C Y IAW[T2 5, (2 -
i=0
The constant C' is a smooth function of the coefficients of the Riemannian
metric, its inverse and their derivatives in normal coordinates of B, (xg).
Moreover, it depends on r (it becomes larger if r becomes smaller).
Proof. We start with the following formula:

LEMMA 2.5. For every k-form f which fulfills either absolute or relative
boundary conditions for A and for every function ¢

&N 720r) + 166D 200
= (Af,0* P2 + 1F A dd)‘%?(M) + [xf A d¢’%2(M
Proof.
(d(@f),d(¢f)) = (do A f,d(6f)) + (edf,d(¢f))
= (do A f,dp A f) + (do A f,ddf) + (df, pd(9f))
= (doAf,dpNf) + (dOAS, ¢df) + (df,d(¢* f) — dpn(of))
= |do A fI? + (8df, 6°f) - (2.6)



528 W. LUCK AND T. SCHICK GAFA

For the last equation we have used the fact that the boundary contribution
of the integration by parts vanishes if either i*f = 0 or ¢*(xdf) = 0 and
that the first equation holds if f fulfills relative boundary conditions, and
the second equation holds if f satisfies absolute boundary conditions.

(6(0f),6(0f)) = (d* (of),d* (8f))
= (d(¢ f),d(¢ * f))
=|dp A (<f)|* + (8d(xf), &% * f)
= |dp A (< )P + (=1)™ " dx d x f, ¢ f)
=|dp A (<f)[* + (dof, 6 F).

)
We get the third equation above by applying (2.6). Now add (2.6)
and (2.7). 0
The next lemma will be needed several times. In the sequel |- |3, &)
denotes the Sobolev norm on RZ, with the standard Euclidean metric,
and a function f with compact support in an open subset V C RY, is
extended to RZ, by zero on the complement of V. Moreover, A stands for
the Laplacian on the Riemannian manifold M.
LEMMA 2.8. In the situation of Theorem 2.4 let ¢, be functions with
supp ¢ C supp v C B,(zg) and 1) = 1 onsupp ¢. We use normal coordinates
to identify B(r,xo) with a subset of RZ,,. Then for k,l > 0 and every form

w which fulfills either absolute or relative boundary conditions for A!

C
l
|¢W|12qk+2z(Rv§0) < |¢W|§{k(erno) + oA Wﬁ{k(RanO) + WW@H%&(R%) - (2.9)
The constant C' smoothly depends on the coefficients of the metric, its

inverse and their derivatives in normal coordinates in B(r,xg). In addition,
it depends on ¢.

Proof. We prove only the case of relative boundary conditions.

b rns sy < 18169) e, + 1001
H2AHR(RE ) S HF(RZ) HF(RZ,)
-1
+ Z ‘i*<Aj(¢w))‘?{21%72].71/2(]1%,,1,1)—1—‘z‘*(Ajé((z)w))‘Zzz+k72j73/2(mm71)
2 (2110)
5 2
< 0wk, + 108 W k) + 1A, Sl

-1

+]Z_; ‘QbQ(ABjﬁ),‘ikawlm(Rm_l) + ‘i*([AJ7 ¢]w)|12£12l+k72171/2(Rm_1)
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+‘¢i*(Aj6W)}2H2z+k72jf3/2 rm-1y T ‘i*([Aj(S, ¢}w)‘22l+k—2j73/2 Rm—1
— e SCREY

Co
< |¢W|%{k(Rg0) + ‘¢AZW|H’“(R’£O) + \¢W|12L12l+k—1(R§0) :
(2.12)

For (2.10) we use the fact that A with relative boundary conditions is
elliptic. Then, the same is true for its (" power and therefore we can
estimate the Sobolev norm as indicated (compare for instance [S1, 4.15]).
Note that the constant Cy (smoothly) depends on the coefficients of the
boundary value problem, which are determined by the Riemannian metric
in B(r,zo) and its derivatives (again in a smooth way). Therefore, C;
smoothly depends on the metric as desired.

For (2.11) we use the fact that w fulfills relative boundary conditions
and we denote by [A7, ¢] the commutator of A7 and the operator given by
multiplication with ¢.

In (2.12) we use the fact that the commutator [Al} ¢] is a differential
operator of order 21 — 1. Similarly, the commutators [A/, #] have order
2j — 1 and [A76, ¢] have order 2j. Also, i* is the composition of the trace
map H*(RZ,) — H*/2(R™1) for s > 1/2 which simply restricts to the
boundary but leaves the bundle unchanged, and the operator of order 0
(bounded on H* for all s) which projects onto the “tangential” components
of forms. Therefore the statement follows. Notice that we can replace
w by 1w above in the last summand as i*([AJ, plw) = i*([AI, ¢|yw). Tt
remains to check what the constant C depends on, i.e. which norm the
operators mentioned above have. They all are differential operators and
their norm depends on the coefficients. These coefficients are determined
by the coefficients of A and ¢ and ¢* and their derivatives, but now also by
¢ and its derivatives. So, all together, we have the (smooth) dependence
on ¢ and the Riemannian metric as desired. O

Inductive application of the following lemma will prove Theorem 2.4.
LEMMA 2.13. Adopt the situation of Lemma 2.8 and assume that ¢ is a
cutoff function, i.e. ¢ : M — [0,1]. Then for every k > 0 and every w which
fulfills either absolute or relative boundary conditions we get

) 1Aw[Te

7,20) 7,20))

C
[ Sl fron m ) <IAT L2 rag)) 1A @lTa
+ ‘w|%2(3(r,x0)) + ’wwﬁ{?kﬁ(R%) . (2.14)

On L?*(B(r,x0)) we use the norm induced from the Riemannian metric
on M. C smoothly depends on the coefficients of the Riemannian met-
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ric tensor and its inverse in normal coordinates and on their derivatives.
Also it smoothly depends on ¢ and . If k = 1 we can replace the norm
"|H2k—2(RTZnO) by |-|L2(B(rm)) @nd the statement remains true.

Proof. We proof only the case of relative boundary conditions.

Since we identified B(r,zg) with a subset of R™ we have two norms on
L?(B(r,0)): the one used in the statement of Lemma 2.13 coming from
the Riemannian metric on M and the one coming from Euclidean R™. We
find a constant C' depending smoothly on the Riemannian metric tensor
and its inverse so that

1/C C
lrz@my < lr2Bera) < Ilr2mm) - (2.15)
In particular the last statement in Theorem 2.13 for k = 1 follows from the
rest and (2.15).
Choose a cutoff function ¢1 : M — [0,1] with ¢; = 1 on supp ¢ and

1 =1 on supp ¢1.

bl < Iowl? N ol
a2k RE) = 1PCIL2(B(rao)) “IL2(B(r,0)) TIP1Y H%l(R;O%Q 16)

Ca
k
< WlZ2(Birao)) + 1A LB a0y + |190E0 @)
4 |¢1Ak_1w‘%—[1(Rg0) + |¢W|§_]k,2(R7£O) . (217)

Inequality (2.16) follows from (2.9) with £ = 0 and [ replaced by k, and
(2.15). The constant C; depends only on ¢ and the Riemannian metric in
B(r,x0). We conclude (2.17) from 0 < ¢ < 1 and (2.9) now with k£ = 1 and
I =k —1. We clearly can choose ¢ depending smoothly on ¢ and % so
that Cy depends smoothly on ¢, the coefficients of the Riemannian metric
tensor and its inverse in normal coordinates and on their derivatives.

It remains to estimate the two H!-summands appearing in (2.17).

Cs3 2 2
|¢1w’§—[1(RgLO) < |¢1w|%2(3(r7x0)) + |d(¢1w)|L2(B(r,xo)) + |6(¢1L¢))’L2<B(

r,20))
+ ‘(bl,l w,}Hl/Q(Rmfl) (218)
=0
< |w’%2(3(r,xo)) + (va d)%w)[?(M) + |UJ A d¢1|%2(M)
+ [ A di[F2p) (2.19)
2P AW 6wl (2.20)
< |wlZa a0 L2(B(rz0)) [ 919]12(B(r.20))

< w2 (B0 HIACTL2 (B(r20) HIOT@ L2 (B(r,00) (2.21)
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< 2 |wlEe(Breoy) T 1AW T2 (B m0)) (2.22)
We get (2.18) since (d, 6;3") is an elliptic boundary value problem and w
fulfills relative boundary conditions. Obviously, C3 is determined in the
same way as above. We conclude (2.19) from Lemma 2.5 and 0 < ¢; < 1.
Equation (2.20) follows from the Cauchy-Schwarz inequality. The constant
Cy in (2.20) involves SUp,ep(rz0)ldd1(z)]. Equation (2.21) follows from
ab < a® + b? for arbitrary real numbers a and b. We get (2.22) from
0 < ¢1 < 1. An identical argument shows for the second H L_summand

[G18" Wi g = 20 1A a0y + 1A N2 (g - (2:23)
Now Lemma 2.13 follows from (2.16) to (2.23). 0

Finally we give the proof of Theorem 2.4. Choose a cutoff function ¢ :
M — [0, 1] with supp ¢1 C B(r,xp) and so that ¢; = 1 in a neighbourhood
of zg. By Sobolev’s lemma

Com
|w(zo)|* = |prw(0)|? < !¢1wlipm(Rgo).

This is a computation entirely in RZ,, therefore Cs,, depends only on
the dimension. Theorem 2.4 follows now by an inductive application of
Lemma 2.13. To do this, we have to choose a sequence of cutoff functions
¢; + M — [0,1] with supp ¢; C B(r,z¢) for all ¢ and so that ¢;11 = 1 on
supp ¢;. Clearly, we can construct this sequence depending only on r. Since
the derivatives of these functions become larger if r becomes smaller, the
constant C' of Theorem 2.4 has to become larger, too. O

Comparison of heat kernels. In this section we use unit propagation
speed (as in [CGroT]) to prove the “principle of not feeling the boundary”
of M. Kac. Similar results have been proved by Dodziuk-Mathai [DM2]
with a more complicated argument, involving finite propagation speed and
Duhamel’s principle. Moreover, their method does not yield the statement
in the generality we prove (and need) it. The method we use was suggested
to us by Ulrich Bunke during the meeting on Dirac operators 1997 at the
Banach Center in Warsaw.

The next definition extends the notion of a Riemannian manifold of
bounded geometry to manifolds with boundary (compare Schick [S1, chap-
ter 3|, where these manifolds are discussed in greater detail).

DEFINITION 2.24. A Riemannian manifold (N, g) (possibly with bound-
ary) is called a manifold of bounded geometry if constants Cy; k € N and
Ry, Rc > 0 exist, so that the following holds:
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1. The geodesic flow of the unit inward normal field induces a diffeomor-
phism of [0,2R¢) x ON onto its image C(ON), the geodesic collar.
Let m: C(ON) — ON be the corresponding projection;

2. Yz € N with d(x,0N) > Rc/2 the exponential map T, N — N is a
diffeomorphism on Bpg, (0);

3. Vo € N with d(z,0N) < Rc we have boundary normal coordinates
defined on [0, R¢) x (B(0,R¢) C ng));

4. For every k € N and every € N the derivatives up to order k
of the Riemannian metric tensor g;; and its inverse ¢ in Gaussian
coordinates (if d(x,ON) > R¢/2) or in normal boundary coordinates
(if d(z,0N) < R¢) resp., are bounded by Cj. O

ExXaAMPLE 2.25. Any covering of a compact manifold with the induced
metric is a manifold of bounded geometry. O

Theorem 2.26. Let N be a Riemannian manifold possibly with boundary
which is of bounded geometry. Let V' C N be a closed subset which carries
the structure of a Riemannian manifold of the same dimension as N such
that the inclusion of V' into N is a smooth map respecting the Riemannian
metrics. (We make no assumptions about the boundaries of N and V' and
how they intersect.) For fixed p > 0 let A[V] and A[N] be the Lapla-
cians on p-forms on V and N, considered as unbounded operators with
either absolute boundary conditions or with relative boundary conditions
(see Definition 2.2). Let A[V]Fe~t*AV)(z, ) and A[N]Fe=*2WN](z, 1) be the
corresponding smooth integral kernels. Let k be a non-negative integer.
Then there is a monotone decreasing function Cy(K) from (0,00) to
(0,00) which depends only on the geometry of N (but not on V,z,y,t)
and a constant Cy depending only on the dimension of N such that for all
K >0 and z,y € V with dy(x) :=d(z,N = V) > K, dy(y) > K and all
t>0:
_ [y @2 +dy ()% +d(@,y)?)

AT e A @, )~ AINT T AN (2, )< Cu(K)e
Proof. In the sequel A stands for both A[N] and A[V]. The Fourier trans-

form of an L'-function f : R — C is defined by f(ﬁ) = \/%—Wffooo f(s)e "¢ds.
Because of the well-known rules

iy 2
e—52/2 — ¢ /2;

&of —imgm .

ds™
—~

A-g(xg) = f(€) for g(s) := f(As),
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we conclude for £ € R

(?/%m ./OOO (jj_;e—sz/u) cos(s€)ds = (;%m -§R<<j;me 52/‘“) (§)>

_ f2m€_t§2 )

By the spectral theorem applied to vVA we get for non-negative integers
I,m and k

(_1)l+m+k 0 d2(m+l+k) ey
. e cos(svVA)ds
/7Tt 0 d82(m+l+k) ( ) (227)

Choose g, yp € V with dy(x¢), dy(yo) > K. Notice for the sequel that the
ball with radius R less or equal to K around yg in N and the one in V agree
and will be denoted by Bg(yo). Moreover, the intersection of Bg(yo) with
ON and with 9V agree. For a smooth p-form u with supp(u) C B 4(vo)
which satisfies the absolute or relative boundary conditions and hence lies
in the domain for both A[V] and A[N], we consider now the function f on
V given by

AmAlAke—tA —

f = (AINJre AN - A[V]Ee ATy
We conclude from (2.27)

AmAlf / 2(m+l+k) 1/2Pm,l,k(5; \/7?)6782/415((308(8 A[N])

—cos(sy/AV]))uds, (2.28)

where Py, 1 is a universal polynomial with real coefficients. Next we show
cos (s\/A[N])u —cos (s\/A[V])u =0  on By 4(zo)

for s < max {dy (y0)/2,d(z0,90)/2} . (2.29)

Note that cos(sv/A)u fulfills the wave equation with initial data u. By

unit propagation speed for the wave equation on manifolds with bound-

ary [T, 6.1]), supp(cos(S\/Z)u) C Bay(yo)(yo) C V for s < dy(y)/2 <
dv (yo) — K/4. Moreover, because of suppu C By /4(yo) and the uniqueness
of solutions of the wave equation we get on V

cos (sv/A[N])u = cos (s\/A[V])u for s<dy(y)/2. (2.30)

If d(zo,y0) > dv(yo) > K, we know from unit propagation speed that
supp (cos(sx/Z)u) N B ja(wo) = 0 for s < d(wo,y0)/2 < d(z0,y0) — K/2,
(2.31)
since supp u C By /4(yo). Now (2.29) follows from (2.30) and (2.31). Since
lcos(s€)] < 1 and hence |cos(svV/A)u|2 < |u|2 we conclude from (2.28)
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and (2.29)
‘AmAlf|L2(BK/4(WO))
<2 </ (AR p (s e 4tds> Jul
max{dy (yo0)/2,d(z0,y0)/2}

< Coire” maﬂ‘{dv(1/())/27d(960,?J())/Q}Z/Cm,zt‘u’L2

by an elementary estimate of the integral. Since N is of bounded geom-
etry and the heat kernel fulfills absolute boundary conditions, the elliptic
estimates of Theorem 2.4 yield pointwise bounds

‘Alf(.%'())‘ < D|(K)-e” maX{dv(yo)/ld(wo,yo)/?}z/Ezt‘u’LQ(BKM(%))’ (2.32)

where D;(K) is a monotone decreasing function in K > 0 which is given
in universal expressions involving the norm of curvature and a bounded
number of its derivatives on BK/4(330) and is independent of xg,yo and ¢,
and E; > 0 depends only on the dimension of N.

Now Al f(z) = fAé(Ake_tA[N] (z0,y)—AFe A2V (20, y))u(y) dy. Since
the estimates (2.32) hold for a dense subset {u} C L*(Bg/4(y0)) we con-
clude

AL (AFe AN (20, y) — AFe AV (29, y)) 2281000

< Dip(K)-e” max{dy (y0)/2,d(x0,y0)/2}*/Ert
The very same reasoning as above yields pointwise bounds
’(Ak@fﬁ[v] (w0,30) — AFe 4N (z, Yo)|
< Op(K)e™ max{dy (y0)/2,d(z0,y0)/2}?/Cat ., (2.33)
where C(K) > 0 is a monotone decreasing function in K > 0 which is

independent of xg,yo and ¢, and Co > 0 depends only on the dimension
of N. Since the heat kernel is symmetric we also have

{(Ak@fﬁ[v] (z0,30) — AFe 4N (z, Yo)|
< Op(K)e™ max{dy (z0)/2,d(z0,y0)/2}*/Cat (2.34)
Theorem 2.26 follows from (2.33) and (2.34). ]
Theorem 2.35. Let N be a Riemannian manifold possibly with boundary
which is of bounded geometry. For to > 0 we find c(ty), depending on

the bounds of the metric tensor and its inverse and finitely many of their
derivatives in normal coordinates (but not on x,y € N) so that

‘e*tA[V] (z,9)| < c(to) Vit >t .
Proof. The norm of the bounded operator A™Ale~*2 is, by the spectral
theorem, bounded by sup,~g ™ e For t > t( this is bounded by some
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constant Cy,. This L2-bound can be converted to a pointwise bound exactly
in the same way as above. Here, via the Sobolev estimates of Theorem 2.4,
the constant depends on the geometry of V. m

Convergence of the small t part of determinants. In this section,
we study the small ¢ summands in the Definition 1.8 of T, ;ﬁ)(N ). We use
Lemma 1.3 to rewrite the first integral involving small ¢ in Definition 1.8
in a form which does not involve meromorphic extension. Namely, for

o = / <T‘1“F e tAp N _ Zt_(m_l)/z(ai—i—bi)) —+ > eli,m)(aitbi);
0 i=0 =0
c(i,m) ::_m2—z for i # m;
. _dr
c(m,m) == -5 o1

we want to show

LEMMA 2.36.
4 1 ' 5= Ty e~ tA5 [N] gy
dsT'(s) /0 e
Proof. If h(s) is a holomorphic function defined in an open neighbourhood
of s = 0 then one easily checks using I'(s +1) = s-T'(s) and I'(1) = 1

d .

ds F(ls) ’ h(s)’s:o - h(O) ’
1 _ _dr

dsT(s) g’s:O — T dsls=1"

Notice that the function fol t5=1. (Trp et N _ S M2 (a4 b)) dt

is holomorphic for $(s) > —1/2. Hence the claim follows from the following
computation

d 1 [! : d 1 1
——— [ T2y = 2 : . O
dsT(s) /0 o dsT(s) s—(m—1)/2|,_,
PROPOSITION 2.37. In the situation of Theorem 0.2 and with Notation

0.1 we get

— .
s=0 p

Jim a3 [Mg] = d5™[M].

Proof. First we choose the fundamental domain F C M for the T' = 7, (X)-
action on M such that

Fr ::mﬂf;
OFp = OMp N F:
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are fundamental domains for the induced I'-action on ]\7}/3 and 5.}\\473 and
under the identifications of Notation 0.1 we get

Fr—Fs =[S, R] x ]_[gj, (2.38)
OFr = {R} x ng , (2.39)
J

where G; C R™ 1 is a fundamental domain for the universal covering
R F}; of the flat closed m — 1-dimensional manifold sitting at the
j-th component of Ejp.

We will only consider R > 2. We have to estimate |d," [M |=dm [m] |.
Recall from Definition 1.1 and Lemma 1.3 that

Top o—tAF[Mg] :/ trp e~ tA7 [ME] (x,x)dx;

Fr
o[ V] = /f i [ M (@) da (2.40)
bi[ MR = - Bi[ME)(x) da

and similarly for M. The functions ai[m]( ) and @-[]\7&] () are de-
termined by the geometry of Mp R in a neighbourhood of z. In particu-
lar, a; [M ] does not depend on R, and coincides with a;[M]. Moreover,

tre A [MR]( ) =S T2 2 i([Mg](z) is O(tY/?) unlformly in = for
T € MR 1 C MR by Theorem 2.1 applied to N = M V = MR and
K = 1 since al[MR]( ) = al[M](m). The function tre 27 [M]( x) —
S tTm/ 22 Z[M ](x) is O(t'/?) uniformly in z since the isometry group
of M = H™ is transitive. This shows that the following splitting makes
sense, i.e. the integrals do converge and the obvious interchange of integra-
tion are allowed. Namely, we write d3" [M] - dym [Mp] as a sum with the
following summands:

1 — —
51 1= / / (tr ety (M) (x,x) —tr e~ 125 [M] (z,2)
= Do (0 [M] (@) — i M](x)) ) 4 dar;

=0

1 _ __
89 1= / / (tr e~ 15 (M) (x,z) — tr ¢~ tAp [Mr] (z,x)
Fr—1—FRry2 /0
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= 2R (o[ M (x) — o[ M) (x) )) 4 do;
% =0
1 —_~
S3 1= re_tAsz(M) . 1) — _m/2+i/206' M x dt L5
) /f_le/o <t (z, ) Zi:t JIM( ))td ;

1 _
S4 ::/ (/ tr e~ tA7 (Ml (x,z)dx
0 Fr—Fr-1

_ Z 4—m/2+i/2 </ o;[Mp)(z)dx +
i Fr—FRr-1

BilM () dm)) a,

0FR

S5 1= Z;C(i,m) /fR a;[M](x) ;Oai[MR](:U) dx =0;
v S [ ol
S7 1= ;C(i’m) o Bi[Mg](z")dx" .

We study each of these summands individually. For s; and sy we use
Theorem 2.26 applied to N = M, V = Mg and K = 1. Note that
d(Mg, M — M) = b—a for b/2 < a < b. This implies for appropriate
constants C'1 and C9 independent of R:

1 dt
|s1] < vol(MR/2)/ C’1e*R2/402t? < 4vol(M)C Oy R™2e~R/1C2 ;
0
! —1/02t dt
|32’ < VOI(MR_l — MR/Q) ; Cie 7 (2.41)

S VOI(M - MR/2)0102 = vol(ER/2)0102 .
Iklerefore, both terms tend to zero for R — oco. For s3 and sg observe that
M = H™ has transitive isometry group. It follows that

1 — —
I3 = / (treftAé(M)(m,:c) - thm/2+i/2ai[M](a:))%
0 i

is a constant independent of x and the same holds for

Is ="y cli,m)ai[M](x).
i=0
Therefore
s3] < [I3] - vol(M — Mp_1) = |Is| - vol(E_1) ~—% 0;
R—o0

[s6| < | - vol(M — Mg) = |Ig| - vol(Er) ~—— 0.
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For arbitrary R, S > 0 and 2’ € Mg and y/ € Mg we find neighbourhoods
which are isometric. It follows that

m

Iz ==Y e(i,m) [ M) (+')

i=0
does not depend on 2’ neither on R. Therefore

R—o0

‘87’ S ‘I7’V01(6MR) —— 0.

Since s5 is zero it remains to treat s4. We will treat only the case where
Mp — Mp_5 has only one component, otherwise one applies the following
argument to each component separately. Define

HY := (—o0,R] x R™™!

with the warped product metric as in Notation 0.1. We split s, into three
summands

1 _ S
541 1= / / (tr e~ tAy [Mr] (x,x) —tr e_tAZHMR_MR—Q](J:,JJ))dx@ ;
0 JFrR—FRr-1
1 S
542 1= / / (tr ¢ tAy IMr—Mp 2] (z,x) —tr e~ Ay [H] (v,2))dzd;
0 JFrR—FRr-1

1
_ L mym
843 ::/ / tre 2 Wil (2, z) da
0 JFr—FRr-1

_ (; t_m/2+i/2 LR_le (673 [m] (93) dr + . /62 [m] (1:/) dl'/> % .

For s41 we want to apply Theorem 2.26 for V' = ]\7;3 — Mp_o, N = m
and K = 1. Since MR has constant sectional curvature —1 for all R and a
neighbourhood of Mp, is isometric to a neighbourhood of My, the constants
appearing in Theorem 2.26 can be chosen independently of R.

If € Mp — Mp_y then diw i~ (x) = 1 and Theorem 2.26 yields
R—MMR-2
}e—tA;‘[m} (Z,l') _ e—tAZJ;[]\YR—MI;—/Q](x’x)‘ <Dj- €—D2/t

for constants Dy and D- independent of z, ¢t and R. Since the volume of

/]\Z]; — Mg tends to zero if R goes to oo the same is true for s41. The
same argument when replacing Mg by H’; yields that s4o tends to zero if
R goes to oo.

Recall that a[m](aj, x) and (3 []\7}] (x, ) are determined by the geome-
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try of m in a neighborhood of x. Hence we conclude

S43 —/ / [Hm}(x,x)da:
Fr—FR-1

_ <Zt—m/2+i/2 / o [HR) () da: + &[H’]%](x’)dx’)%

Fr—FRr-1 0FR
In the sequel we use the identifications (2.38) and (2.39). Notice that each
isometry i : R~ — R™~! induces an isometry id xi : H% — H% and that
H% is isometric to H? by the same argument as in the proof of Lemma
1.12. This implies that

GilHE(R,y) = fi;
o;[HE](u,y) = gi(u +1 - R);
tre= 2 R ((u, ), (u,y)) = h(t,u+ 1 — R);
holds for all v € (—oo, R], y € R™~! and an appropriate number f;, ap-
propriate functions g;(u) and an appropriate function hA(¢,u), which are all

independent of y or R. Since the volume of {u} x G in {u} x R™! is
e~ (Mm=1)u_times the volume of G C R™ 1. we get

1 1
s43 = e~ (M= VR . 301(G) - / / <h(t, w)e~ 22y
0 JO .
=3 (e 22 — ) )dudk

t
Hence s43 tends to zero if R goes to co. This finishes the proof of Proposi-
tion 2.37. O

3 The Large t Summand of the Torsion Corresponds to
Small Eigenvalues

Here, we will show that it suffices to control uniformly the small eigenvalues,
to get convergence of floo t~1 Trp e 7 IMR] g4, For this section let p be a
fixed non-negative integer. We start with some notation.

DEFINITION 3.1. Let N be a compact Riemannian manifold possibly with
boundary. Let EY[N VNV ] be the right-continuous spectral family of AJ-[ ], ie.

A,,[N ] restricted to the complement of its kernel. Define
F(AF[N],A) = Trr E}[N]. (3.2)
Abbreviate F()\) = F(AF[N], ) and E) = E}[N]. O
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Definition 3.2 is of course consistent with the definition (see Defini-
tion 4.1 and Lemma 5.8) of spectral density function we will use later.

LEMMA 3.3. For every A\ < oo we have F(\) < oo.

Proof. Remember that e=20[N] and therefore also e=27 V] are of T-trace
class. It follows that the operator x(o, ,\}(A;)efAf% has the same property,
since the characteristic function xo x(¢) of the interval [0, )] is clearly
bounded and the trace class operators form an ideal in the algebra of
bounded operators. Then FE(\) = X[07,\](A]f)eAéX[O,)\](Aj;)e_Aé is also of
I-trace class because xg y| (t)e! is a bounded function, too. This concludes
the proof. |

Now observe that for ¢t > 1
~ € o
£ Trp e A5 [N = -1 / e MF(\) +t7 ! Trp / e By
0 €

FQ=0 4 / (—t)e P FO)dA + e F (e)
0

o
+t et Trr/ e tA-V4E,
€

t

>1 [€ A\ e te e te 00 \
< / e P E(N\)d\ + —F(e) +— TI‘F/ e~ 9dE),
0 €

€ —te —te o]
< / e AF(\)d + et F(e) + ‘ ; e’ Trp/ e E)
0 0
€ —te —te ~
= / e AF(\)dX + c " F(e) + € e Trpe 20 V]
0

(3.4)
Therefore the next step in the proof of Theorem 0.2 is the following:

ProrosiTiON 3.5. For every t > 1 we have

lim Trp ety [Mg] —tA[M] .

=Trre
R—o00

Proof. By Theorem 2.35 and the local isometries of Lemma 1.12 there is
¢ = ¢(1) independent of R so that

e & MRl (g g)| < ¢ Wt >1Va e Mg.

Since M = H™ is homogeneous we can choose ¢ so that this inequality
also holds for M in place of Mg. Notice that m is odd by assumption.
Hence AIJ;[M] = Ap[M] by [D]. We conclude AIJ; [MRr] = Ap[Mpg] from
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Corollary 6.5 or [CGro, Theorem 1.1]. Given t > 1, we get for R > 2

|Trp e~tAy Mr] _ Trp e 20 [1\7}’

= '/ tre_AP[m](m,x)am—/ tre_AP(m(m,x)d:x
Fr F

< / |tr ¢~ tAu[Mx] (x,z) —tr et (M] (z,x)|dx
FRry2

+ / tr e~tAn[Mr] (x,z)dx + / tr e*mp[m)(x, x)dx
Fr—FRry2 F=FRry2

< vol(Mpp)Cre™ B0 4 cyol(Mp — Mps) + evol(Egys)
< VOl(M)Cle_R2/4C2t +2cvol(ERjp) fize, .

The existence of C',Cy > 0 follows from Theorem 2.6 applied to N = M ,
V = Mg, K = R/2. Note that d(Mpg/y, M — Mpg) = R/2. This finishes the
proof of Proposition 3.5. O

COROLLARY 3.6. If we find € > 0 and a function G(\) so that for every
R>0 -
F(A;[ME],A) <G\ VA<e

/100 (/0 e‘t’\G()\)dA) dt < oo,

then the large time summand in the analytic L?-torsion of Mg converges
to the corresponding summand for M

S22t Trp et (Mi) gy o0, o0 =1y, oA (M) g
Proof. By Proposition 3.5 we have pointwise convergence of the integrand.
We want to apply the Theorem of Dominated Convergence. Inequality (3.4)
shows that the assumption just guarantees the existence of a dominating

with

integrable function because Trp e~ (Mr) i5 hounded by Proposition 3.5
and [ e '/t dt < oo. O

4 Spectral Density Functions

In this section we have to go through some of the proofs of [LLii, Section 1
and Section 2] since we need the results there in a more precise form later.
For this section, let A be a von Neumann algebra with finite trace Tr. Our
main example will be A = N(T'), the von Neumann algebra of a discrete
group. In this section, all morphisms will be Hilbert-A-module morphisms,
i.e. bounded A-equivariant operators, unless explicitly specified differently.
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Spectral density functions.
DEFINITION 4.1. Suppose f : U — V is a Hilbert-A-module morphism.
Define its spectral density function
F(f,\):=TrEx2(f*f) A>0.
Here E)\(f*f) is the right-continuous spectral family of the positive self

adjoint operator f*f. Note that F'(f, A\) is monotone increasing. We say f
is left Fredholm if F(f,\) < oo for some A > 0. If F'(f,0) < oo set

LEMMA 4.2. Let f:U —V and g:V — W be given. Let i : V — V' be
injective with closed range and p : U—U’ surjective with dim 4 (ker(p))<oo.
Then

1) F(f,A) < F(gf,lgllA)  VA;

2) F(g,\) < F(gf,|IflIA), if f is left Fredholm with dense image;

3) F(gf.\) < Flg. A1) + F(£N) Y0 <7< 1;

4) F(if,\) < F(f,|li7Y|\), where i~t : i(V) — V is bounded by the

Open Mapping Theorem;
5) F(f,A) < F(fp, lIplN);
6) F(f*f,V/X) = F(f,)).
Proof. 1)-3) are proven in [LLii, Lemma 1.6] and imply 4) and 5). 6) is a
direct consequence of the definition. O

LEMMA 4.3. Adopt the situation of Lemma 4.2 and suppose that the
kernels of all morphisms in question are finite A-dimensional. Then

1) F(f,\) < F(gf,llglN), if ker g nim f = {0};

2) F(g,\) < F(gf,|IflIN\), if f is left Fredholm with dense image;
3) F(g f A) < F(g, \1"") + F(f,\") for all 0 < r < 1, if ker g C im f;
4) F(if,A) < FE(f [l IN);
5) F(fp,\) < F(f,|lp~"IN), for p~' : U — (kerp)*;
6) F(f,A) < F(fp, [plIA) + dimakerp.

Proof. This follows from Lemma 4.2. In assertion 2) use [LLii, Lemma 1.4]
to conclude F(gf,0) < F(g,0). In assertion 3) use the easy argument in the
proof of [LLii, Lemma 1.11.3] to conclude F(gf,0) = F(g,0) + F(f,0). O

LEMMA 4.4. If dimy4ker ¢ < co and dim 4 ker ¢* < oo, then
F(p,\) = F(¢*,)\).
This also holds if ¢ is an unbounded A-operator.

Proof. The proof in [LLii, Lemma 1.12.6] literally holds for unbounded
operators, too. O
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LEMMA 4.5. Let ¢p:U; — Vi, v: Uy — Vq and € : Uy — V5 be morphisms
of Hilbert-A-modules. Then
1) F((§2),A) = F(¢,\) + F(&N);
2) Suppose ¢ is invertible. Then

F((5 1)) < P ar2iile DN+FE @2hilo DA

3) F((§7),2) < F(¢. ") + F(& (4 + 2||y[)A*™") holds for 0 < r < 1,

provided that A < (4 + 2||y|)"/"=Y is true;
4) F(o,2) < F((57): 20+ [l + 1€1DA);
5) If ¢ has dense image and ¢ or ( 5) are left Fredholm then for A < 1

we have
ren<F((§ 7).20 i+ 162

Proof. We will use the elementary fact

(g z)' <2(|lgll + lell + 1)

and the decompositions

C9-Ga6 )

G- 6

G- 96
is obvious.

1)
2) Apply Lemma 4.2.5 to (4.6) and use assertion 1).

3) Apply Lemma 4.2.3 to (4.7) and use assertions 1) and 2).
h

5) If

Apply Lemma 4.2.1 to (4.7).
( ) is left Fredholm, then ¢ is left Fredholm by [LLii, Lemma
1.11.1?. Suppose that ¢ has dense image and is left Fredholm. Then
(%’ ”1*) has dense image and is left Fredholm by [LLii, Lemma 1.12.3].
Apply Lemma 4.3.2 to (4.8) and use assertion 1). ]
LEMMA 4.9. Adopt the situation of Lemma 4.5. Suppose all relevant
kernels have finite A-dimension. Then
1) F((29),0) = F(6,\) + F(6N);
2) Suppose ¢ is invertible. Then

d ((ﬁ z> ,A) < F(6, (44206 DA +F(E (@+2]lllle~ D)
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3) Suppose £ is injective or ¢ has dense image and is left Fredholm.
Then for 0 < r < 1 and A < (44 2||v|)"/"~Y we have

F((§ 1)) <Fen+Fle+2nhi).
4) If ¢ is injective then

o <F((§ 7)-20+l+1)2)

5) If ¢ has dense image and ¢ or (‘g g) are left Fredholm, then

F(E,N)<F <<g§ z> ,2(1 + vl + ||(Z>||))\> + dimy4 ker ¢ .
Proof. This follows from Lemma 4.5 as Lemma 4.3 follows from Lemma 4.2. O
Next we extend the notion of F\(f,\) and F(f,\) from Definition 4.1

for morphisms to chain complexes.

0 1
DEFINITION 4.10. Let 0 — C9 —< ct - .-+ be a cochain complex

of Hilbert-A-modules. Define the spectral density function
FP(C* \) := F(c?| :im(cP~1)+ — OPFL ).
If FP(C*,0) < oo set
FP(C*,\) := FP(C*,\) — FP(C*,0).
We call C* Fredholm at p if FP(C*,\) < oo for some A > 0. O

Short exact sequences of cochain complexes. In this subsection we
will express for a short exact sequence of Hilbert A-cochain complexes
0 — C* - D* - E* — 0 the spectral density function of D* in terms of
the spectral density functions of C*, E* and the long weakly exact homology
sequence.

Theorem 4.11. Let 0 — C* —— D* —2 E* -0 be an exact
sequence of Hilbert cochain complexes as above. Suppose C* and E* are
Fredholm at p. Then D* is Fredholm at p, 6, is left Fredholm and
Fp(D*\) < Fp(E*cp- A2 +F(8P,c5 A+ F,(CF, co- A4 for 0<A< .
Here 6P : HP(E*) — HP*1(C*) is the connecting homomorphism in the
long weakly exact L?-cohomology sequence ([CGro, Theorem 2.1], [LLii,
Theorem 2.2]) and cg,cc,cs, c1 are explicitly determined in terms of the
norms of dP, jP, qP and their inverses. We use the convention that HP(E*)
and HP(C*) are subquotients of the corresponding cochain complexes with
the induced norm. Explicitly:

ce = (4+ 2|2 llgp+1lllgy 11
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cc = gl 1dnl

= g 172 (4 + 205, 5 1) gy 5
cr = min {(4+2[ ()72, (4 + 2]l5, 0 @)~ 2}
Here, the inverse of an operator with closed image always means the obvious

operator from the image to the orthogonal complement of the kernel.

Proof. For the proof, we repeat the proof of [LLii, Theorem 2.3] (where
chain and not cochain complexes are treated) and take care not only of
the Novikov-Shubin invariants but of all of the spectral density functions.
Lott-Liick [LLii, page 28] construct a commutative diagram

0 —— kerg, =t D? [im(d,—1) T, EP/ker(e?) —— 0

0 — - (ptl Irtt, pptl Dot pp+l 0

and show that 9, is Fredholm. The diagram yields a splitting

_ ip+10,
dp:(ﬂp-!—l D 71’7__)
e

DP /im(d,_1) = ker g, ker g+ j(CPh @ ker gy
— Dp+1 .
Because ||| < ||d?|| = ||dP|| and q;_&le_Pq_p is injective, Lemma 4.9.3 implies

Fp(D*,\) = F(d, \)
< F(jp10p A2) + F (g, 167Gy, (4 + 2[|d”[)2?)
VYA < (4 + 2||dP||) 2

Since [[g,~ || < |lg,*|| we conclude from Lemma 4.3 4.) and 5.) that for all
A< (4+2|ar|)2

Fy(D*,0) < F (O, 17,1 IN?) + F (P, (44 2| | ap 135~ IA/?)

< F (0, i1 IN?) + Fp (B, (44 2| llapsalll g M IAYZ)
(4.12)
Now we have to examine 0, further. Its range actually lies in ker(cpy1)
[LLii, page 28] and Lemma 4.3.4 applied to ker(gp) % ker(cp+1) <
CP*! implies
F(0p,\) = F(i0dp,\). (4.13)

Lott-Liick [LLii, page 29] construct the following commutative diagram
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with exact rows

0 — ker(§y) —2— ker(qy) —2— Hy(E) —— 0

|7 |2 |

0 —— im(e?) —2— ker(cpi1) —— Hpy1(C) —— 0
and prove that the induced operator 8_p is Fredholm and has dense image.
We get the splitting

ker(q,) =

()
n 0 pr—16pdp

im(c?) & (im(c?)* Nker(cps1))

= ker(cpy1) -

ker(g,) @ ker(gp)

Because of ||7/|| < [|0p]] Lemma 4.9.3 implies

= = A =l ~ -2
F(9p,A) < F(apa)\l/Q)JFF(pT lép%oa (4+2H6p||))‘1/2) for A < (4+2||ap||) :
Note that ¢, ' = qp_1 o (pr: kere? — HP(E))~!, therefore ||§, || < ||qp_1||.
Moreover, 9, = j,}y o dP, hence | 9pl| < [ljpy |- 4Pl = [ljsty | - @7l Since
a non-trivial projection and its inverse always have norm 1, we conclude

from Lemma 4.3 4) and 5) that for all A < (4 + 2”]';_:1H||dp\|)*2

F(8p,A) S F@p A2 + F(bp. llay H1(4+ 25, 1 1 DAYZ) - (4.14)

It remains to identify 8,. Lott-Liick [LLii, page 29] define maps so that the
following diagram is commutative:

CP ——— CP LN ker g,

ljp Jp lincl

DP — DP/im(d,1) —2— DP/im(d, 1)

and show that ¢ = 8_poi and that i has dense image and is left Fredholm.

Because of ||j,|| = ||7p]l < |l7p]| Lemma 4.3.2 implies
F(0p, ) < Fp(C™, 15p]1A) - (4.15)
Now Theorem 4.11 follows from (4.12), (4.13), (4.14) and (4.15). O

5 Sobolev and L2-complexes

In this section we show how the study of the spectral density function of the
Laplacian with absolute boundary conditions, considered as an unbounded
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operator on L?, can be translated to the study of the spectral density
functions of Sobolev de Rham complexes without any boundary conditions.

As intermediate steps we study an L?-de Rham complex with abso-
lute boundary conditions, then a Sobolev complex with absolute boundary
conditions, and in a last step the Sobolev complex without boundary con-
ditions. We need the last one, because only here, an exact Mayer-Vietoris
sequence can be obtained. Efremov [E] and Lott-Liick [LLii] use the same
reductions. We repeat and refine their arguments, because we need more
precise information on the spectral density functions than they do.

DEerFINITION 5.1. Let N be a complete m-dimensional Riemannian man-
ifold. If N has no boundary, define for each integer p > 0 and each real
number s > 0 the Sobolev norm | |gs on the space C§°(AP(NN)) of smooth
p-forms with compact support by (compare [T, page 363])

|w|gs = ‘(1 + Ap)5/4w 2
If N has boundary, define for integers p,s > 0 the Sobolev norm | |gs on
the space C5°(AP(N)) inductively by

wlao = [wl2;

’U.)|%Is+1 = |w|%s + |dPw|?s + [6Pw|3s + ‘i*(*w)ﬁqs“m ,

where i : ON — N is the inclusion of the boundary and 67 = (—1)P(m=P)) x
d™Px is the adjoint of d? with respect to the L?-inner product. The Sobolev
space H5(AP(N)) is the completion of C§°(AP(N)) with respect to | |gs. O

Next we introduce the various relevant Sobolev and L?-chain complexes.

DEFINITION 5.2. Let N be a complete m-dimensional Riemannian man-
ifold. Define its Sobolev cochain complex Dy[N] which is concentrated in
dimensions p — 1, p and p+ 1 by
0= H2(APY(N)) 25 m(Ar(N)) —2
LQ(APH(N)) —-0—....

Define the Sobolev cochain complex with absolute boundary conditions

D3 s [N] which is again concentrated in dimensions p — 1, p, p+ 1 by
=0 — HZ (APTH(N)) — H gy (AP(N)) —
L*(APTY(N)) = 0— ...,
where

Hypo (AP"H(N)) := {w € H'(AP"H(N)) | i*(»w) = 0} € H' (AP"'(N));
HZ (AP7H(N)) := {weH*(AP"(N))|i* (+w)=0=i" (xdw) } CH?* (AP} (N)) .
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The inclusions induce a cochain map and we will use on D ;.. [N] the norm
induced from Dy[N].

Define the L2-cochain complex L;[N] which is again concentrated in
dimensions p — 1, p, p+ 1 by

0= 2(AYN)) L 22 (ar(N)) —2

L*(APTHN)) -0 — ...,
where dP is the closure of the operator with domain C§°(APN). 0

Notice that the differentials in Dj[N] and D,

p,abs [N] are bounded oper-
ators, what is not true for Lj[N].

Sobolev complexes with and without boundary conditions.

Arbitrary manifolds. Let N be a compact Riemannian manifold
possibly with boundary. The inclusion induces a cochain map ¢* D;; abs V]
— D} [N] (see Definition 5.2). Given a geodesic collar of width w > 0, Lott-
Liick [LLii, Definition 5.4 and Lemma 5.5] define maps

K?: H*(AP(N)) — H*T(AP"Y(N)) s=0,1,2,
which induce maps
Kp

s,abs : abs (Ap( )) - ngrsl (Ap_l(j\vf)) S = 0, 1
and show that they have the following properties:

LEMMA 5.3. 1) The maps K% are bounded;
2) K¥w depends only on the restriction of w to the interior of the collar
of width w, and supp K¥w is contained in this collar;
3) The maps
jg—l =1 2Ky - Kt
=1 dP K — KB
1
j5+1 o deg+ :
constitute a chain map
Jp : DyINT = Dj s [N]5
4) T he 1nc]us1on 1" and the map j* 1nduce (inverse) homotopy equiva-

lences z D — Dabsp and jp : D:bsm — D between the reduced com-
plexes
. 1 +1
D,:=...—0— DI[N N/ clos(im dP~ ) — Dy [N] 0—...
Dy s 7= - — 0 — Db [IN]/clos(im dP ™) — DE*) [N] — 0 — ...

The corresponding homotopies to the identity are induced from K} oi* and
1" o K. |
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Application to hyperbolic manifolds. We use these results to

compare the spectral density function of Dj []\71/3] and Dy ;. []\71;] Note

that for R > 1, m has a geodesic collar of width 1/3, and all these collars
are isometric to the one of M;. In particular we get

|KZMR]| <C s=0,1,2, p>0; (5.4)

|JUMR]||<C p=0, q=p—1,pp+1; (5.5)
with a constant C' not depending on R since the maps K% involve only the
collar of the boundary. Now we can use the following theorem of Gromov-
Shubin [GroSh, Proposition 4.1].

Theorem 5.6. Let C* and D* be cochain complexes of Hilbert N (T')-
modules with not necessarily bounded differential, f* : C* — D* and
g* : D* — C* bounded homotopy equivalences and T* : C* — C*~! a
homotopy between ¢* f* and id. Then for the spectral density functions
the following holds

Fp(C*, ) < By (D™ I fpraPllgpl?X) - YA < I Tpial) 72 O
ProrosiTiON 5.7.  We find constants C1,Cs > 0, independent of R, so
that

Fyp (D as[MR), C7 ' N) <Fy (D [Mg), N) <Fp (D5 gps [MR], C1A) - VA < O

p,abs

FP (D;,abs [j;]/{]? Cl_l)‘) SFP (D; [j—;];b]? )‘) SFP( ;,abs [J’EL Cl)‘) VA< Oy

Proof. For ]\AIE this is a direct consequence of Theorem 5.6 applied to the
homotopy equivalence in Lemma 5.3.4, the estimates (5.4) and (5.5) and

of the fact, that the p-spectral density function of Dj [N] and D*_, [N,

p,abs
[N],

respectively. The case of fl/g is completely analogous. O

respectively, coincide by definition with the on of ﬁ;[ﬁ ] and E;,abs

L?-complexes and Sobolev complexes with boundary conditions.
To compare spectral density functions of Sobolev complexes and L?-de
Rham complexes, we need the following formula for these functions:

LEMMA 5.8. Suppose (E*,d*) is a Hilbert-A cochain complex. Here, we
use the broader definition of Gromov-Shubin [GroSh, section 4], where d*
are closed, but not necessarily bounded operators. Then

F,(E*,\) = sup dimr L,

Lesy

where S is the set of all closed T-invariant subspaces L of ker(dP): N
D(dP) C EP so that

|dPz| < X\ |z Ve e L.
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Proof. The proof in [LLi, Lemma 1.5], where the proposition is stated
only for bounded d*, works without modifications also for unbounded op-
erators. O

To apply this theorem it is necessary to compute the orthogonal com-
plement of the kernel of the differential for the considered complexes.
LEMMA 5.9. Let N be a compact Riemannian manifold possibly with
boundary. Then

ker (dP : HY (AP(N)) — L2(APTY(N))) ot

2

~ —L
= Hgy, (AP(N)) N 6CSS (APH1(N))
where C% (APY1(N)) := {weCF(APT(N)) | i*(+w)=0} with i: N < N
the inclusion.
~ ——1.2 ~
Proof. H} (AP(N)) N 6C% (APHL(N))  C ker(d? : H) (AP(N)) —
LP(APTH(N)))*:
2
Let 7 € HY N6C%." with z = lim;2 62,,, y € HY,_ with dy = 0. Then
(:U¢y)H1 = (x7y)L2 + (dl‘, dy )L2 + (&Ua 6y)L2 + (’L*(*J}),Z*(*y) )Hl/z
= =

(z,y)r2 = im(6xy, y) 2 = lim(xy,, dy) 12 i/
0

Yy N*rp =0
N

If 2 € C3°(N — ON) then

ox,z) = (x,dz +/ z A\ *x = lim(éx,,dy) = lim( 66 =,,z) =0
(b6z,2) = (v,dz) - ( ) (:6_, )

The set of these z is dense in L? hence éz = 0.
It remains to show the opposite inclusion. Put

HP = {z € H®(AP(N)) | dz = 0 = 6z and i*(sz) = 0} .
(Because of elliptic regularity, we could replace H> by C°° N L2.) There is
the orthogonal decomposition [S1, Theorem 5.10] or [BuFK]:

L*(AP(N)) = HP @ dC§e(AP=1(N)) @ 60, (APFL(N)) . (5.10)

Hence it suffices to show that y € ker(dP : Hibs(AP(ﬁ)) — L2(APTL(N)))Lm

is orthogonal to both H? and dC§° (AP=1(N)) in L2(AP(N)). The first claim
follows from

O:(xvy)Hl :(x,y)LQ verP’
and for the second claim it suffices to prove dy = 0. We have
(de,y)gn =0 Ve H® (Ap_l(ﬁ)) with i*(xdx) = 0.
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Since i*(xy) = 0 this implies
0= (dil?, y)L2 + (6d$7 6y)L2 + (\dd(SSUI, y)L2
=0
= (z,0y) 12 + (8dz, 6y) 12 + (dbz, 6y) 12
= ((1 + A1)z, 5y)L2 .
Now
(14 Apr) : H35, (A7 (R)

abs
= {x € H®(AP"Y(N)); i*(sx) = 0 = i*(xdx)} — L*(AP"1(N))
has dense image (compare [S1, Theorem 5.19]) and therefore 6y = 0. This
finishes the proof of Lemma 5.9. O

LEMMA 5.11.  Let N be a compact Riemannian manifold possibly with
boundary and Ly[N] be the cochain complex introduced in Definition 5.2.
Then

D(d) Nker (& : L*(AP(N)) — LA(APYL(N))) 2

1,2

= HY, (AP(N)) N 6C%, (AP+L(N))

abs
with C%. as in Lemma 5.9.
Proof. First remember that d + § : C°(A*N) — C(A®*(N)) with either
absolute (i.e. i*(xw) = 0) or relative (i.e. i*(w) = 0) boundary conditions
are formally self adjoint elliptic boundary value problems. We will establish
2

that H;bs(Ap(N)) NoCsy. (APH(N))L is perpendicular to ker(dP), and that
any form which is perpendicular to ker(d?) and is contained in the domain
of d lies in HY, (AP(N)) N 6C (AP+L(N)).

For the first statement take z € ngs(Ap“(ﬁ)) and y € kerd’. In

~ 2
particular, a sequence y, € C§°(APTL(N)) exists with y, EZN y and

1.2
dy, ——— 0. Then

(y,6x) 2 = lim(yp, 6x) 12 "= lim(dyyn,z)2 =0.
- ——12
Therefore, H), . (AP(N))N6C, (APT1(N))  and ker(dP) are perpendicular.

a abs
For the second statement, suppose x € D(d) is perpendicular to kerdP.

Choose z,, € C§°(AP(N)) with =z, B 4 oand dx, — dzx. For every
y € C% (A*(N)) we have
dy€kerd .
((d+8)y,2) 1 V=" 6y, )2 = lim (6y,20) 12

T iy (y, dan) 2 = (y, da) 1o
n—oo
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Adjoint elliptic regularity [S1, Lemma 4.19, Corollary 4.22] shows that z €
H} (AP(N)). Then (6z,y)72 = (z,dy) = 0 holds since Vy € Ce° (N —ON)
dy € kerd. We conclude éx = 0. This means that Yy € C§°(N)

dy€kerd
= dy,z) = (y, 6x :I:/ N
(dy, z) (y\:O,) -

0

Since {i*(y)} is dense in LQ(GN) *(xx) = 0, i.e. x € HY (AP(N N)). The
L2-splitting (5.10) implies x € 6C5, ]

abs*

Now we can compare the spectral density functions of L} and D7, .

ProOPOSITION 5.12.  Let N be any compact manifold with boundary,
I':=m(N). Then
Fy(Ly[N],A) < Fp(Djye oINLLX) VA
Fp(Djys o[N],A) < F (L3N], V2)) YA <1/V2.
Proof. We will use Lemma 5.8.

We start with the first inequality. Let L C ker(d? : L2(AP(N)) —
L2(APYL(N)))L2 N D(dP) be a closed T-invariant subspace with |dz|;2 <
Az|r2 for all z € L. Hence we get |dz|r2 < A|z|m for all z € L. Moreover,
L C ker(d? : H'(AP(N)) — L*(APTL(N)))r' since the two orthogonal
complements are equal by Lemma 5.11 and Lemma 5.9. L is closed also
with respect to the H'-topology because this is finer than the L2-topology.

By Lemma 5.8, Fp(L;(ﬁ),)\) = sup;, dimr L, where the supremum is
over all such L. We have just seen that for the computation of
F, (D}, (N),\) we have to take the supremum over a larger set. This implies
the first inequality. It remains to prove | the second.

Let A\ <1/v2andlet L C H 1b <(AP(N)) be a closed I'-invariant subspace
with L Lz ker(dP : H;bs(Ap(N)) — L2(APTY(N))) and |dz|z2 < Nz|m
for all x € L. Then Lemma 5.11 implies for all x € L that

@l = J2lL2 + ldeffe. (5.13)

=zl <zl < (1 =23)7V2 2|2 (5.14)

Equation (5.14) says that on L the L?norm and the H!-norm are equiva-
lent, so that L is a closed subspace of L2(AP(N)). We conclude from (5.13)

dz|2s < N2|x|% < N2a|e + NPdx|2e < NP|z|2s + 1|2,
— ‘dx’[g S \/§A‘$|L2

Now the second inequality follows as above. O
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L2%-complexes and the Laplacian. Let N be a compact manifold with
boundary as above. In the last paragraph, we studied the unbounded op-
erator d on ker(d)* C L?(N) with domain H), . N 6C . Obviously, this
coincides with the unbounded operator d 4+ 6 with domain H ;bs, restricted
to Wgﬁs. This boundary value problem is elliptic, hence (d+6) with domain
HY s self adjoint in the Hilbert space sense ([S1, Theorem 4.25]). The

adjoint of d restricted to §C°°_ is therefore d + ¢ composed with projection

abs

onto 50505‘ The square of d + ¢ is just

A= (d+6)* with domain HZ, = {w € H? i*(+w) =0 = i*(xdw)} .
This is exactly the operator we have to study. We want to compare its spec-
tral density function with the one of L; (V). Recall that AJ— is the operator
from the orthogonal complement of the kernel of A, to 1tself obtained by

restriction. Note that the splitting (5.10) of L? induces a splitting of the
Laplacian:

L7R77 _ sptl
Ap [N] = 6P dP|
LEMMA 5.16. We have
(5p+1dp)‘
(dP~16)]
Here dP|

® dPL6P| (5.15)

6C%% (APFL(N)) dCge (AP=L(N))

P (D .
(d |§Coo Ap+1(ﬁ))) (d |6C§§S(Ap+1(]v)))a
s = @ |
dC§e(AP=1(N))
is the unbounded operator on the subspace

6C2 (APHL(N N))

6C%. (Ap—l(f\’f)))( 5C% (Ap—l(ﬁ))) :

505, (APHI(N)
SCoR(APH (N N)) of L2(AP(N )) with range dC3°(AP(N)) and with domain
HY, (AP(N)) N 6035, (AP+(N)).

abs

Proof. We first prove that the Hilbert space adjoint d* of d|z==- 50 503;;8
dCg° is 6 with domain dC3° N H, ;bs'

If x € D(d*) C dC§® = x € D(d) and dz = 0.

Moreover, for arbitrary y € H ;bs N6CT we have 6y = 0. Therefore

((d+6)y,x),, = (dy,x)12 = (y,d*x) 2.
Ifye Hlbs N dCOO then
((d + 6)y7 x)Lz - (6y7 x)LQ =0

because 6HY, 1 dC§°. But also (y,d*z)r2 = 0 because d*z € 6C, and
dcge L 5Cabs Adjoint elliptic regularity [S1, Lemma 4.19] implies now

that € H} .. We have to show z € H}, , i.e. dr,6z € L? and i*(xz) = 0.
Now

loc

dr=0¢ L?; 5$dﬂc::0(d+6)m:d*m€L2.
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<(x,d6y) = (d*z,0y) = (6x, b6y) = (z,ddy) £ /61\7 by Axx Yy € C?(N))

= "(xx) = 0.
Clearly 6d]D(d*d) = A = AL, To prove the lemma it remains to show
that the domains coincide, i.e. that

D(A) N6CT, = D(d* (dlz=)) -

abs —
Now D(A) = H2,, = {x € H?; i*(xx) = 0 = i*(xdx)} C D(d*d).

If, on the other hand, = € D(d*d|) then x € HY, N6C and dz € HY, .
Le. (d + 8)x € H! because éx = 0. Since also i*(xx) = 0, by elhptlc
regularity € H?. The boundary conditions are fulfilled therefore z €
Hgbs = D(A)

The proof for (d5)|m is similar. O

PROPOSITION 5.17. Let N be a compact Riemannian manifold possibly
with boundary. Then

F(AFIN],VX) = Fp (L3N], A) + Fpo1 (L3N], A) -
Proof. This follows from (5.15), Lemma 4.9 1), Lemma 5.16, Lemma 4.2 6)
and Lemma 4.4 by the following calculation:

T B S legpp
F(Ap INLVA) = FOP o VA (@ B s V)
. o p—1
= P& is momay N + @ ios iy Y
:FP(L;[NL)‘)+Fp—1(Lp*1[N]’>‘)‘ -

6 Spectral Density Functions for Mg

In this section, we estimate the spectral density function of the Laplacian
on Mp independently of R and finish the proof of the main Theorem 0.2.

The following sequence of Hilbert cochain complexes is exact [LLii,
Lemma 5.14]

0 — Di[M] —— D3[Mg)® Di[Ep_1] —%— Di[Tr1] —0 (6.1)
with j(w) == i}, w ®ip, wand g(ws & ws) 1= iy, w1 —ip,  wo, where
we use Notation 0.1 and ix are inclusion maps. We are interested in the
spectral density function of Dj[Mg] at * = p. We get from Lemma 4.5.1
The latter can be estimated in terms of the spectral densities of Dy []\7 ] and
Dy [T;g_/l] by Theorem 4.11. To apply this theorem, we have to check the
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Fredholm condition, compute the connecting homomorphism 67 of the long
weakly exact L?-cohomology sequence of our short exact sequence and the
constants appearing in the statement of the Theorem 4.11.

LEMMA 6.3. 1) We get for all R>1 and A\ > 0
F(AFTr1),A) < F(ALT0), M) 5 (6.4)
2) There are positive numbers a > 0 and € > 0 such that for A < e
1 A a,
F(Ay[M],A) <%
F(Ay[To], A) < A%
3) D, [M] and Dy [7/7};_/1] are Fredholm at * = p;

4) The p-th L?-cohomology of Dy []TI ] and of D, [Tr_1] vanishes. In
particular the boundary morphism 6P is trivial.

Proof. 1) The isometry of Lemma 1.12 between Z//’gjl and i’\(/) intertwines
Ap[f;_/l] and Ap[ﬁ]. In particular, spectral projections which enter in
the definition of the spectral density function are mapped onto each other.
However, this does not imply that the spectral density functions are equal
because we have to take regularized dimensions, which involve the action
of the fundamental group, and the obtained isometries do not respect the
group action. Note that we explicitly get the regularized dimension by
integrating the trace of the kernel of the corresponding projection operator
over a fundamental domain of the diagonal. The isometry above maps the
fundamental domain of Tg_1 onto a subset of the fundamental domain in
Ty (after suitable choices).

2) We conclude from [L, Proposition 39, Proposition 46] that closed hy-
perbolic manifolds and closed manifolds with virtually abelian fundamental
groups have positive Novikov-Shubin invariants. Since these are homotopy
invariants and agree with their combinatorial counterparts [LLii, Theorem
5.13], [E], [GroSh], the same is true for Tp. Note that F(Aﬁ(M),)\) =
Jpm (A) - vol(M) depends only on the homogeneous structure of H™ and
the volume of the quotient. In particular, its behavior near zero (given by
fpam can be computed using a closed quotient.

3) and 4) Because of 2), A [M] and A [1/1;_/1] are left-Fredholm. More-

over, the kernel of Aé [M | is trivial since M is H™ and for odd m there are
no harmonic L?-forms on H™ [D]. Also, Tk_1 is homotopy equivalent to a
flat manifold which has trivial L2-cohomology. Since L?-cohomology is a
homotopy invariant of compact manifolds there are no harmonic L?-forms
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on fg/_l. Now Proposition 5.7, Proposition 5.12, Proposition 5.17 imply 3)
and the vanishing of the L?-cohomology of D}[M] and D[Tx_1]. ]

COROLLARY 6.5. Mp is L%-acyclic for all R > 0.

Proof. The long weakly exact cohomology sequence of (6.1) together with
Lemma 6.3.4 implies that the p-th L2-cohomology of D;;[M r| vanishes.
Propositions 5.7, 5.12 and 5.17 show that also the L2-cohomology as it is
usually defined is trivial. |

LEMMA 6.6. We can choose the constants cg, cc and c¢1 of Theorem 4.11
applied to the sequence (6.1) at x = p independently of R.

Proof. Tt suffices to find a constant C' < 0 independent of R such that for
all R > 2 the following holds

| : H YAP(Mp)) — LA(APTY (Mg R <15 (6.7)
| : H'(AP(Ep_y)) — LA (Ep_y)) N <C; (6.8)
gpall < V25 (6.9)

lgpall <15 (6.10)

lpll < C (6.11)

lapll < C (6.12)

gyt ll < 15 (6.13)

17, I < 15 (6.14)

lg, 'l < C (6.15)

We get (6.7) directly from the definition of the Sobolev norm 5.1. We
conclude (6.8) from the fact that FEr_q is isometrically diffeomorphic to Ejy
(Lemma 1.12). We obtain (6.9) from

upﬂwm—/ ) P+ / o) Pde < / e >+/ w@) = 2ol

and s1m1larly for (6.10). For Jp in (6.11) observe
, 2
|w|A7R|12LI1 + |w]§;:|?{1 < 2(\w|%2 + ‘dW’%2 + |6w]2L2) + }Z*(*w)’Hlﬂ(a]\A/[})

+ |8 () g1 2 05

2 ok 2 ok 2
= 2|w|zn + |Z (*W)‘Hm(am) + ‘Z (*w>‘H1/2(8Eq:) :
Therefore, we only have to deal with restriction to the boundary. Choose
a cutoff function x : R — [0, 1] such that, for some 0 < e < 1, x(u) = 0 for
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|u| > € and x(u) =1 for |u| < €/2 holds. Define a function

XRr:M —[0,1]
which vanishes on My and sends (u,z) € [0,00) x R™~1 = Ejy to x(u— R).
The support of xg lies in the interior of f];_/l U ZA};. Then

|i* (+w) ‘Zl/?(am)

| gx 2 N 2 2 2

= [ Coxre) a2 o) < CTR \UTh el iy < Sl AL
The isometries of Lemma 1.12 which map TR,l UTg 'r to ﬁuﬁ interchange
xr and xi1. Because the Sobolev norms are defined locally in terms of
the geometry, the existence of these isometries shows that we can choose

C’,f\/ ~ Cy independently of R. Since a similar argument applies to
rR-1UTR
|i* (*w) OB we get (6.11). The proof of (6.12) is similar.

To show (6.13), for every w; G ws € LQ(m) EBLQ(EI;:) with wi|r, , =
wolr,_, we must find an element w € L?*(M) with j(w) = w; @ we and
w2, < |wi]2s + |wa|%,. The latter is easy to achieve. Namely, define

{wl (z); z€ Mg,
w(x) = —
UJQ((L’) i z€ Ep_q.
We use the same method to prove (6.14). It remains to prove (6.15).
Choose for R =1 a bounded operator
Exo : H' (A(Tp)) — H'(AP(Eyp))
which satisfies Exo(w)|z; = w for all w € H L(AP(Ty)). For arbitrary R,
define the corresponding extension operator
Exp: H! (AP(TE)) — H! (AP(E}))

using Exg and the isometries of E’B and Fr_1 given in Lemma 1.12. Since
the H'-norm is defined entirely in terms of the Riemannian metric, _the
norms of all the extension operators Er are equal. We get for w€ H' (AP(Tp))

4 (0® BExp_1(w)) = w;

0@ EXR,l(w)}HI < || Exp_1|||w|g -
This implies ||g, || < |[Exg_1] = [[Exo|. This shows (6.15) and finishes
the proof of Lemma 6.6. O

PROPOSITION 6.16. There is a constant C so that
GY) = F(AFT.C - N2) + F(ALH], C - ).
fulfills the assumptions in Corollary 3.6.
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Proof. We conclude from Theorem 4.11, equation (6.2), Lemma 6.3 and
Lemma 6.6 that there is a constant C' > 0 independent of R such that for
alR>1land0< ) A< C!

Fy(DE[Mg], A) < Fyp(D3[To], C - NY?) + E, (DA[M],C - AM*4) .

Now we apply Proposition 5.7, Proposition 5.12, Proposition 5.17. One
checks easily that all relevant statements also hold for M although M itself
is not compact because M is isometric to H™ which is homogeneous. Hence
there is a constant C' > 0 independent of R such that for all R > 1 and
o<a<c!

F(Ay[Mg],A) < G(N).
We conclude from Lemma 6.3.2

/ < / e”‘G(A)dA)dtﬁ / < / et’\()\l/2+)\1/4)d>\)dt
1 0 1 0
5;2-Jf <j/ e%AAU4dA)dt
1 0
2. / ( / e—“dt>A1/4dA
0 1

2. / ‘ —emtA AT/ 4G

< 0.

IA

(VAN
S

This proves Proposition 6.16. O

This finishes the proof of our main Theorem 0.2 because of Corollary 3.6
and Proposition 6.16 for the large ¢ summand and Lemma 2.36 and Propo-
sition 2.37 for the small ¢ summand.

7 L2-analytic Torsion and Variation of the Metric

In the next lemma we extend a result of Lott [L, p.480] to manifolds with
boundary.

LEMMA 7.1. Let N be a compact manifold, possibly with boundary. Let
(9u)uejo,) be a continuous family of Riemannian metrics on N. Then

Trp e 185 W] 1220, uniformly in u € [0,1].

Here, At is A restricted to the orthogonal complement of its kernel.

Proof. If Ex(u) is the right continuous spectral family of A]J; [N, g.] and
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F(\ u) = Trr Ex(u) we have by (3.4) for every € > 0 and ¢t > 1

~ € ~
Trp e A0 V:9u] < / te "M F(\ u)d\ 4 e F (e, u) + e "¢ Trp e~ ANl
0 (7.2)
By Proposition 5.17 we have
F()‘7u) = FP(L;[N791L]7 >‘2) + prl( ;—1[N7gu]a )‘2) . (73)
The complexes L* are defined in Definition 5.2. The identity map induces
a bounded isomorphism between Ly [N, gu] and Ly [N, go] with norm a,(u)
(the norm is in general different from 1 because the inner products are
different). Denote by by,(u) the norm of the inverse. Since g, is continuous
Q = SUPp—0,...,m; uel0,1] ap(u) and b := SUPp=0,...m; ue(0,1] bp(u) exist. By
Theorem 5.6 we can compare the spectral density functions in the following
way for A (i.e. €) sufficiently small:
Fp(L3[N, gu], A) < Fy(L3[N, gol, a®b?)) . (7.4)
Now (7.2), (7.3) and (7.4) imply
Trp e 2% [N.gu]
€ ~
< / te ™ F(ab), 0)dA + e F(abe, 0) + e T Trp e 20 V4l (7.5)
0

By its explicit construction, the integral kernel of e~ IVl §s a continu-
. LNl s . .
ous function of u and therefore Trp e~ N4l is uniformly bounded in w.

Moreover,

/ te A F (ab),0) d\ + e " F(abe, 0)

0
€ abe
= / e My F(ab)) = / e Mgy F(N)
0 0
§/ eTMaAR(N) :Trpe_(t/ab)Aé[N,go] =%,
0
It follows that Trp e tApN.gd 12, 0 uniformly in u. |

Theorem 7.6. Suppose N™ is a compact manifold, possibly with bound-
ary. Suppose N is of determinant class. Let (g,)o<u<1 be a smooth family
of Riemannian metrics on N. Let %, be the Hodge-+-operator with respect
to the metric g,. Set V, = V,(gu) := (% *p (gu)) o *p(gu)_l.

The analytic and L?-analytic torsion are smooth functions of u, and
% ‘u:O (ng?l) (Nv gu) - Tan(Na gu))

— Z(—l)?+1(TrF VP’kerAp(]\?) —Tr Vjvn|kerAp(N)> . (77)
p
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Proof. Define
A ~
fluA) = Z(_l)pp< / o TN 0] _ Ty o~ TA N g.]
0

p
ST = DO )4 A0 8T (78)

where 7 is the Euler—-Mascheroni constant, 6 the Heaviside step function and
bp are the ordinary Betti numbers. Lott proves the theorem for N = §) [L,
Proposition 7]. His proof applies to our situation because of the following
remarks:
1. The asymptotic expansions for Trp e #2r[V:9ul and Tr e tArV:9ul are
equal by (1.4) and therefore Lott’s Corollary 5 with proof generalizes

to our situation. This implies
A—oo

f(uv A) E— Tagr%) (Na gu) - Tan(N, gu) . (79)

2. Set B(u,T) :=3_,(=1)P(Trr e~ T2 (N.gu) _ Ty e~ TAp(N:9u)) Then

48 — N (1T A (Tep Ve T4 W) - Trye T4 W) - (7.10)

P
Note that Duhamel’s principle works also for the manifold N with
boundary, so that Lott’s proof applies. The only crucial point is
the question whether exp (—TA,[N, g,]) is differentiable with respect
to u. This follows from the explicit construction of this operator
(fi. in Ray/Singer [RSi, 5.4]) which works also on N because of
bounded geometry.

3. The principle of not feeling the boundary in Theorem 2.26 implies
that

A (Typ Ve TArIN-0u] _ Ty =T Nogul)

= — Trp VA[N]e T4V 4 Ty VA [N]e T2

is bounded for 0 < T < A < 00 in the same way as it implies Lemma
1.3 because V is a local operator. As g, is smooth in u, the expression
is uniformly bounded for 0 < T < A and 0 < u < 1. Therefore we
can integrate (7.10) to get

d%f(“v A) = Z(_l)p+1(TrF Vpe—AAp[N,gu} —Tr Vpe—AAp[Mgu}) )

p

and hence

+ z:(—l)pJrl / Trp Vpe*AAP[N’Q”} — Tr Vye A WNalgy - (7.11)
0
p
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4. Since N is of determinant class, Typ e—tA*[N.gu] 122, () uniformly
inu € [0,1] by Lemma 7.1. Here At is A restricted to the orthogonal
complement of its kernel. Because e =2 = ¢~*A" 4 pr, A and V(gy)
is a local operator which is uniformly bounded in u we can interchange
integral and limit in (7.11) and conclude with (7.9)

Tég) (Na QU) - Tan(Na gu) = Tég)(N, 90) - Tan(N7 go) +

Z(—l)m/o T Vplyer a, (500 — T8 Volier 8y (3,90 00 -
p

The last equation implies (7.7). O

DEFINITION 7.12. The trace of e t2Ar(V ’90)‘/}, has an asymptotic expansion

for t — 0 because V), is local. Let d,, be the coefficient of t0 of the boundary
contribution to this asymptotic expansion. This is an integral over a density
on ON which is given locally in terms of the germ of the family of metrics
gu on ON (compare Cheeger [C, p.278]).

COROLLARY 7.13. In the situation of Theorem 7.6 and with Defini-
tion 7.12
d
P
Proof. This follows from Theorem 7.6 and the computation of

4 weoTan(V, gu) by Cheeger [C, 3.27] (note that Cheeger’s a is just —V'). O

A Examples for Nontrivial Metric Anomaly

In Corollary 7.13, we extended Cheeger’s computation of the deviation
of torsion under variation of the Riemannian metric on a compact mani-
fold with boundary from classical analytical torsion to L?-analytic torsion.
Here, we will show that the abstract correction term (in the acyclic case)
-1,
P
can be nonzero. Note that the formula relating analytic and topological

torsion implies that the correction term is zero as long as the metric has
a product structure near the boundary. Our examples show that this for-
mula (i.e. the extension of the Cheeger-Miiller theorem to manifolds with
boundary) is not true in general (Corollary A.5). We use absolute bound-
ary conditions for the examples (as we have done in the main text), but one
can produce counterexamples with relative boundary conditions exactly in
the same way.
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Branson/Gilkey [BrG] explicitly compute the first few coefficients of the
asymptotic expansion of the heat operator for manifolds with boundary and
local boundary conditions. We will use these results to give two and three
dimensional examples with nontrivial metric anomaly. Using a product
formula this yields examples also in arbitrary dimensions > 1.

The examples

Dimension = 2. Here, we work with S x [0,3]. On S! x [0,1), we
choose the following family of metrics:
gu = f(z,u)(dz? +dy?) with (y,x) € S' x [0,1).
Here S! = R/Z with the induced metric. We choose (1,dz, dy, dx A dy) as
basis for the exterior algebra. Then |dz| = f~'/? = |dy| and (dz, dy) = 0.
Consequently |dx Ady| = f~!. For the Hodge-*-operator we get the follow-
ing

%1 = fdx A dyxdx = dyxdy = —dxx(dz Ndy) = f~1.
Consequently (remember that V, = 9 % /Ou - x 1)
o=/, V=0, Va=ffl
Here f' = 0f /Ou. We extend these metrics to smooth metrics on S x [0, 3],
which are constant (in u) product metrics on S* x (2, 3]. The specific choice
does not affect the boundary terms we want to compute.
Now we specify f(x,u): choose f(z,u)= (14 ux).
PROPOSITION A.1. For the family of metrics g, on S* x [0, 3], the boundary
contribution of the metric anomaly is nonzero:

do—di+dy #0.
Proof. We have to evaluate the corresponding expressions in [BrG, 7.2].

dp is the coefficient of t0, which in dimension two is the second nontrivial
coefficient. Therefore

d, = (247) ! (/N(ME + F,7) + /aN (2Vp Laa + 30p(Vp).n + 12Vps)> .

The integral over N does not matter, because we already know that there
is no interior contribution to the metric anomaly (in the acyclic case), so
the alternating sum of these summands has to vanish and we do not have
to specify the terms in the integrand.

Since f'f~1 = 0 at the boundary, V, = 0 at the boundary, and the
boundary contribution in d, reduces to

(877)71 /8N (wp(vp);N) :
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Here (V,).n denotes covariant differentiation in normal direction to the
boundary. Since 9/0x is the inward pointing unit normal to the boundary:
¢.N = 0¢/0x. In particular

(Vo).nv = —(1+uz) ™ +ur(l +uz)? = —(Vo).y and (V4).y =0.

1p is the dimension of the subspace which fulfills Neumann boundary con-
ditions minus the dimension of the subspace with Dirichlet boundary con-
ditions, i.e. ¥g = 1, where Neumann boundary conditions are in effect, and

Yy = —1, because on A? we have to impose Dirichlet boundary conditions.
Taking everything together yields (since z = 0 at the boundary)
do—d1+d2——(47r)1/ ldy = —(4m)" 1 £0. m
Sl

Dimension = 3. To produce a three dimensional example, we make
a similar Ansatz on [0, 3] x T

gu = f(u,x)?(dz? + dy? + dz?) with f(u,z) = (14 z +uzx).
Here (x,7,2) € [0,1) xR?/Z2, and we give T? = R?/Z? the quotient metric.
The boundary is given by x = 0. Again we extend these metrics, so that

(2,3] x T? gets the standard product metric.
Computations as above give

«1 = f3dx Ndy A dz
xdr = fdy Ndz xdy = fdz Ndx xdz = fdx ANdy
#(dy Ndz) = fldx w(dz Ndz) = f~dy  *(dx Ady) = [l dz
w(dx Ady Ndz) = f73.

It follows that
Vo==3ff" Vi=—ff"
Ve=ff Va=3ppt with = el e ue) T g

In dimension three, the coefficient of ¥ is the third nontrivial coefficient.
Branson/Gilkey [BrG, 7.2] compute this coefficient as follows:

15367T-dp:/ V, x T
ON

+ (Vp)iv (695 + 3097 )k + 965,)
+ 24¢p(%);;N'

Here T is a complicated expression in terms of the geometry but V,(0) = 0
due to our choice of f. Since J, is the unit normal vector to the boundary,
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as above

dp = (2567r)1/ Wy (Voo  +92 (W% + 5¢%)k +16S,)dy d= .
ON N——— (AB)

iterated covariant derivative
in normal direction

Here k is the mean curvature of the boundary (the trace of the second
fundamental form). ¢4, is the trace of the projection onto the subspace of
AP, where Neumann boundary conditions are in effect, Qb% is the trace of
the projection onto the subspace with Dirichlet boundary conditions and
¢ =N — ¢p. Explicitly weget: p |0 1 2 3
o1 2 10
1o o1 o2 1
Y, |11 -1 -1.
Together with (A.2) this easily implies that in our example most of the
summands cancel. We are left with

’ av,
_ _ — -1 —_1)P P
dy — dy + dy — d3 = (167) pz;( 1) o S,.

It remains to identify S,. This is the trace of the (local) operator A :=
0/0x — V restricted to the subspace of AP where we impose Neumann
boundary condition, i.e. restriction to all of AY, to the span of dy and dz
in A!, to the span of dyAdz in A%, and to zero in A3. Therefore Sy = 0 = Ss.
For 3-manifolds, A; and Ay are given in the proof of [BrG, 7.2] (table on
the bottom of p.267). We get: S} = —k = S3. In our situation, using the
fact that 0, is normal to the boundary and has unit length there, that the
Levi-Civita connection is compatible with the metric and torsion free
k= (Vy0y,0:) + (V:0,,0;) = (0y, VyOyr) + (0-, V.0z)
= (0y, V40y) + (0, V40.) = V4(0y,0y) /2 4+ V4(0:,0.)/2
=0f?/0x =2(1 + 2 +ux)(1 +u).
It follows with (A.2) (remember z =0 on ON) that
-1 of f!
dop — dy + dy — d3 = —(8m) /

T2 X

kdydz = —(47) "1 (1 +u) #0.

Here we used
af/ffl
ox

Arbitrary dimensions

—(l+z+ur) ' —2(l+u)(1+2+ur)2="1.

ProposITION A.4. For every dimension m > 1 we find a compact mani-
fold N with boundary with a family of metrics g,, on N so that the boundary
contribution to the metric anomaly is nonzero.
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Proof. For m = 2 and m = 3, we have shown that we can use N = S* x [0, 3]
or N = S x S' x [0, 3], respectively. For higher dimensions, use N x S%*
with suitable & € N with the corresponding family of product metrics. We
use the product formula

Tan(N x §%%) = Tan (N)x(8%) + X (N) Tan (57%) = 2T5n(N)
Using an acyclic representation on N we get nontrivial metric anomaly of

N x S?¢ which is entirely due to the boundary. For L?-analytic torsion
observe that N is L?-acyclic so that the same argument applies. O

COROLLARY A.5.  For every dimension m > 1 we find compact Rie-
mannian manifolds M™ with boundary which are L?-acyclic, so that the
difference between L?-analytic and L?-topological torsion is different from
X(OM)(In2)/2. Similarly, we find acyclic finite dimensional orthogonal
representations of w1 (M) so that the same statement holds for the corre-
sponding classical analytic and topological torsion.

In other words, we get counterexamples for the extension of the Cheeger-
Miiller theorem (and its L?-counterpart) to arbitrary compact Riemannian
manifolds with boundary.

Proof. The manifolds of Proposition A.4 do the job for metrics g,, with
up # 0 sufficiently small. This follows from the validity of the Cheeger-
Miiller theorem for the product metric case go (by [Liil], [BuFK]), and the

anomaly formulas [C, 3.27] or Corollary 7.13, respectively. O
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