ALGEBRAIC TOPOLOGY I (WS 24/25)

LUCK, WOLFGANG

ABSTRACT. This manuscripts is based on the lecture course Algebraic Topology
I from the winter term 24/25.

1. INTRODUCTION

This manuscripts is based on the lecture course Algebraic Topology I from the

winter term 24/25.

1.1. Prerequisites.

Topological spaces;

CW-complexes;

Coverings;

Chain complexes and modules over a ring;
Singular and cellular (co-)homology;
Basics about smooth manifolds;

Basics about bundles and vector bundles;
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2. BASIC DEFINITIONS AND PROPERTIES OF HOMOTOPY GROUPS

2.1. Review of the fundamental group. We briefly recall the notion and the
basic properties of the fundamental group 71 (X, z) of a pointed space (X, )

Let X = (X, ) be a pointed space, i.e., a topological space X with an explicit
choice of a so called base point x € X. Denote by I the unit interval [0,1]. A
loop at x in X is a map of pairs w: (I,0I) — (X, {z}). Elements in m(X,z)
are homotopy classes of loops at x in X. Note that this means that two loops
w,w': (I,0I) — (X, {x}) are homotopic if there is a homotopy h: I x I — X such
that h(s,0) = w(s), h(s,1) = w'(s), and h(0,t) = h(1,t) = z hold for all s,t € I.
Given two loops v, w at x in X, we get a new loop v * w by putting

~ Jw(2s) if s € 0,1/2];
v*w(s) = w(2s—1) ifse[1/2,1].

The group structure on w1 (X, x) is given by the formula [v] - [w] = [v * w]. The
unit element is given by the constant loop ¢, : (I,0I) — (X, {z}) sending s € I to
x and the inverse of [w] is given by [w™] for w™: (I,0I) — (X, {z}), s — w(l—s).
Here are some basic properties of the fundamental group:
e A pointed map f: (X,z) — (Y,y) induces a group homomorphism
m(f,z): m(X,2) = m(Y,y), [w]—[fow]

which depends only on the pointed homotopy class of f;

e We get a functor from the category of pointed spaces to the category of
groups;

e Given pointed spaces (X;, z;) for i = 0, 1, we get from the two projections
pr;: (Xo x X1, (2o, 21)) = (X;, ;) for i = 0,1 an isomorphism

m1(prg, (o, 1)) X m1(pry, (To,21)): m1(Xo x X1, (z0,21))
iﬂ'l(Xo,l‘o) ><7T1(X1,581);

e Let p: X — Y be a covering. Choose € X and put y = p(z). Then the
induced map m(p, z): m (X, z) — 7 (Y,y) is injective.
If p is actually a G-covering for the group G and X is path connected,
then we obtain an exact sequence of groups

1o m(X,2) 22 n vy 261

e The mapping degree induces an isomorphism 7 (S') = Z;

e There is a Seifert-van Kampen Theorem. It allows to read off a presen-
tation of the fundamental group from the 2-skeleton X5 and implies that
the inclusion X9 — X induces an isomorphism 7 (Xa, ) — 71 (X, z) for
any choice of base point € X. In particular m (X, ) vanishes if X is
a CW-complex which has no 1-cells. Moreover, 71 (\/;_; S*, ) is the free
group of rank r. So in general 1 (X) is not abelian. Actually any group
occurs as 71 (X, z) for a 2-dimensional path connected CW-complex X;

e We get a functor 77 from the fundamental groupoid II(X) to the category
of groups by sending an object in II(X') which is a point € X to m1 (X, ).
A morphism [u]: x — y in II(X) is a homotopy class [u] relative endpoints
of paths u: I — X from z to y. It is send to the group homomorphism
Ty ([u]): m (X, z) = 71 (X,y) mapping [w] to [u™ * w % u]. Recall that the
composite of the morphism [u]:  — y and [v]: y — z in II(X) is given by
[v] o [u] = [u*v]. One easily checks Ti([v] o [u]) = T1([v]) o T1([u]). Recall
that there is a canonical isomorphism of (X, z) to the opposite of the
group autyy(x)(z);
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e Consider two maps fy, f1: X = Y. Let h: X x I — Y be a homotopy
between fy and f;. Choose a base point x and put y; = f;(z) for i =
0,1. Let u: I — Y be the path from yo to y1 given by u(t) = h(z,t).

o

We obtain a group isomorphism T3 ([u]): m1(Y,y0) — m1(Y,y1) and the
following diagram of groups commutes

(2.1) m1 (Y, y0)

m (X, z) = | Ty ([u])

m

(Y, y1).

Now consider a pointed pair (X, A, ), i.e., a topological pair (X, A) together with
a choice of a base point € A. Define the set m1 (X, A, x) as the set of homotopy
classes relative {0} of maps of pairs w: (I,0I) — (X, A) satisfying w(0) = z, or,
equivalently, of homotopy classes of maps of triads (1; {0}, {1}) — (X, {z}, A). Note
that w(1) is not necessarily equal to « and is only required to lie in A. If A = {z},
then m (X, A, z) agrees with 71 (X, x). In general there is no group structure on
m (X, A, ).

Define mo(X) as the set of path components of X. Note that this is the same as
the homotopy classes of maps {e} — X. If (X, z) is pointed map, we sometimes
write mo (X, 2) instead of my(X) to indicate that the set mo(X) has a preferred base
point, namely the path component containing x.

Next we construct the (in some sense exact) sequence

(22) m(A,2) 28 (X)) 9T (X A x) 2 mo(A)
00, (X)) 9 (X, A) < {x).

The map 71 (i,x) is the group homomorphism given by the inclusion i: (A,x) —
(X, z). The map of sets 71 (j, x): m1(X,z) = m (X, A, z) is the obvious map given
by forgetting that w(1) = z holds in connection with 7 (X, z). The map 0; sends
[w] represented by w: (I,01) — (X, A) to the path component of A containing w(1).
The map of sets 7y (i) sends the path component C of A to the path component D
of X containing i(C'). The pointed set mo(X, A) is the quotient of the set 7y(X)
by collapsing the image of m(7): mg(A) — 7o(X) to one element and 7 (j) is the
obvious projection.

This sequence is exact in the following sense. The image of m(4,2) is the
preimage under 7 (j, z) of the element in 71 (X, A, z) given by the constant map
¢z: I — X. The image of 71 (j, x) is the preimage under d; of the path component
of A containing z. The image of 9; is the preimage under 7o (i) of the path com-
ponent of X containing x. The image of my(i) is the preimage under mo(j) of the
preferred base point in mo(X, A). The map () is surjective.

2.2. Basic definitions and the group structure on homotopy groups. Next
we want to generalize the notion of the fundamental group to the notion of the
homotopy group in degree n for all integers n > 1. The basic idea is to replace
I =10,1] and 0I = {0, 1} by the n-dimensional cube

n

I" = H[Oa 1] = {(513527'“7511) | 8; € [07 1]}

i=1
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where we define
OI" = {(s1,82,...,8n) | s € [, € {1,2,...,n} with s; € {0,1}}.

Given a pointed space X, we define the set m,(X,z) to be the set of homotopy
classes [f] of maps of pairs f: (I",0I") — (X,{x}). Given two elements [f] and
[g], we define their product [f] - [g] by the homotopy class of the map of pairs
frg: (I",0I") — (X, {x}) defined by

f(2s1,82,...,8n) if s; €[0,1/2];

2.3 ) sy Sn) = .
(2:3) Srglsr, 2 5n) {9(2311,32,...,sn) if 57 € [1/2,1].

The unit is given by the homotopy class [¢c;] of the constant map ¢, : (I™,0I™) —
(X, {z}). The inverse of [f] is the class [f~] for the map f~: (I",0I") — (X, {z})
sending (s1,82,...,8,) to (1 — $1,82,...,8,). The proof that this defines a group
(X, z) called n-homotopy group of the pointed space (X, x) is the essentially the
same as the one for 71(X). The construction above for n = 1 agrees with the
definition of 71 (X, x) presented in Subsection If we define I° to be {e} and
OI° = (), the definition of the set 7 (X, x) above agrees with the definition of mo(X)
as the set of path components of X. Recall that 7o(X) has no group structure in
general and the (X, x) is not necessarily commutative. However, the following
lemma is true.

Lemma 2.4. The group m,(X,x) is abelian for n > 2.

Proof. The basic observation is that in the cube I™ for n > 2 there is enough room
to show [f] - [g] = [g] - [f]. The desired homotopy is indicated for n = 2 by the
following sequence of pictures:

flg | |[Fle] ]| |g |f

Pelr]

The homotopy begins by shrinking the domains of f and g to smaller subcubes
of I, where the region outside these subcubes is mapped to the basepoint. After
this has been done, there is room to slide the two subcubes around anywhere in I™
as long as they stay disjoint. Hence for n > 2 they can be slided past each other,
interchanging their positions. Then to finish the homotopy, the domains of f and
g can be enlarged back to their original size. The whole process can actually be
done using just the coordinates s; and s, keeping the other coordinates fixed. [



ALGEBRAIC TOPOLOGY I (WS 24/25) 5

Any map of pairs f: (I",0I"™) — (X, {z}) factorizes in a unique way over the pro-
jection pr: I — I"™/OI™ to a pointed map f: (I"/0I", 01" /dI") — (X, z). Obvi-
ously this is compatible with the notion of a homotopy of maps of pairs (I™,91") —
(X, {z}) and of a pointed homotopy of pointed maps (I"/9I", 01" /0I") — (X, x).
There is an obvious homeomorphism of pairs (I™/9I™, 01" /0I") — (S™,{s}) for
the fixed base point s = (1,0,...,0) € S™. Hence we can interprete an element in
7 (X, z) as a pointed homotopy of pointed maps (5™, s) — (X, x). The multiplica-
tion in this picture is given as follows. Consider pointed maps f;: (5", s) = (X, z)
for i = 0,1. Let [fo] and [f1] be their classes in 7, (X, z). They define a pointed
map foV fi1: (S"V 5", s) = (X,z). Let

(2.5) Vo1 8" — Sy 8"

be the so-called pinching map which is obtained by collapsing the equator S™~1 C
S™ given by {(zo, x1,...,2n) € S™ | , = 0} to a point. Then [fo]-[f1] is represented
by the composite fo V fo o V,,, as illustrated in the following picture

\z‘%x
T o
\ 73

The interpretation in terms of pointed maps (S™,s) — (X, z) is useful for some
theoretical considerations and in connection with C'W-complexes, whereas the pic-
ture in terms of maps of pairs (I",0I") — (X,{x}) is better suited for some
constructions and proofs, e.g., the proof of Lemma [2.4]

2.3. Functorial properties of homotopy groups. Obviously a map of pointed
spaces f: (X,z) — (Y,y) induces a group homomorphism 7, (f,z): 7,(X,z) —
7 (Y,y) for n > 1 by composition. We get a functor from the category of pointed
spaces to the category of abelian groups by sending (X, z) to 7, (X,x) for n > 2,
whereas for n = 1 we get a functor from the category of pointed spaces to the
category of groups by sending (X, z) to 71 (X, z) for n = 1. We get a functor from
the category of topological spaces to sets by sending X to mo(X).

Obviously 7, (f, ) depends only on the pointed homotopy class of f and mo(f)
depends only on the homotopy class of f.

Next we construct for every n > 2 a functor T;, from II(X) to the category
of abelian groups. It sends an object in II(X), which is a point z in X, to the
abelian group m,(X,x). Consider a morphism [u]: x — y in II(X) represented by
a path v in X from x to y. It is sent to the homomorphism of abelian groups
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To([u]): o (X, 2) — 7,(X,y) defined as follows. Consider [f] € m,(X,z) repre-
sented by the map f: (I",0I") — (X, {z}). Consider a new map uf: (I",0I") —
(X, {z}) by shrinking the domain of f to a smaller concentric cube in I", then
inserting the path u on each radial segment in the shell between this smaller cube
and OI™, as indicated in the picture below

\ [/

We leave it to the reader to figure out the elementary proof that this definition
is independent of all the choices and indeed yields a functor 7;, from II(X) to the
category of abelian groups.

Recall that there is a canonical isomorphism of 71 (X, x) to the opposite of the
group autx)(z). Hence we obtain from the functor T}, above the structure of a
Z[m (X, z)]-module on 7, (X, z) for n > 2.

Consider two maps fo, f1: X = Y. Let h: X xI — Y be a homotopy between fj
and f1. Choose a base point z and put y; = f;(x) for i =0,1. Let u: I — Y be the
path from yg to y; given by u(t) = h(z,t). For n > 2 we obtain an isomorphism of
abelian groups T, ([u]) : 7, (Y, yo) =N 7 (Y, y1) and the following diagram of abelian
groups commutes

(2.6) (Y, yo)

7Tn(X,£C) = | Tn([u])

Wn(Ya yl)

A consequence of and is that a homotopy equivalence f: X — Y
induces for every # € X and n > 1 a bijection m,(f,2): m1(X,2) — m.(Y, f(x)).
Moreover, for a path connected space X the isomorphism class of m, (X, ) is in-
dependent of the choice of z € X. Therefore we sometimes write m,(X) instead of
7Tn(*Xa 18)

Given pointed spaces (X;,z;) for ¢ = 0,1, we get from the two projections
pr;: (Xo x X1, (zo,21)) = (Xi, ;) for i = 0,1 a group isomorphism

Tn(PXo, (20, 1)) X T (pry, (To, 1)) 0 (Xo x X1, (20, 21))

1r

n(Xo, 20) X (X1, 1)

for every n > 1.
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2.4. Homotopy groups and coverings.

Theorem 2.7 (Homotopy groups and covering). Let p: X — Y be a covering.
Choose a base point x € X and put y = p(x). Then for n > 2 the map induced by p

Tn(p,2): T (X, 2) = m (Y, y)
is bijective.
Proof. Consider a map f: S™ — Y sending the base point s to y. Since n > 2 holds
by assumption, S™ is simply connected. Hence the image of 71 (f, z) is contained in
the image 71 (p,z). A standard theorem about coverings and liftings implies that
we can find a lift f: (8™, 8) = (X,x) of f,i.e., apointed map fsatisfying pof: I
This shows that 7, (p, z) is surjective for n > 2.

Injectivity follows from the standard theorem about lifting homotopies along
coverings, the argument is the same as for the injectivity of 71 (p, z). This standard
theorem says that for a map u: Z — X and a homotopy h: Z X I — X with
ho = powu we can find precisely one homotopy h: Z — X with poh = h and
h() = Uu. O

Theorem implies for a connected C'W-complex X that for the universal cov-
ering p: X — X and any choice of base points € X and z € X with p(Z) = «
the map m,(p,Z): mp (X, %) — (X, ) is bijective for n > 2. If we additionally
assume that X is contractible, we get 7, (X, ) = 0 for n > 2. In particular we get
for any base point s € S* and n > 1

(28) Wn(Sl,S) o {Z ifn= 1;

{1} ifn > 2,

since the universal covering of S' is given by the map R — S! sending ¢t € R to
exp(2mit).

2.5. The long exact sequence of a pair and a triple. Consider a pointed pair
(X, A, ), i.e., a pair of topological spaces (X, A) together with a base point z € A.
We can consider 1™~ ! as the subspace of I"™ given by those points (si, s2,...,S,)
satisfying s,, = 0. Let J,,_1 be the subspace of 1" which is the closure of 91"\ ["~1
in 0I™. Explicitly we get

Joo1 = OI"\ 1" Huor " ={(sy,s0,...,8,) € I"
| (Fie{1,2,...,(n—1)} with s; € {0,1}) or (s, =1)}.

Obviously I,_1UJp_1 = 0I™ and I,_1NJ,,_1 = 01" L. For n > 1 we define the set
T (X, A, x) as the set homotopy classes [f] of maps of triples f: (I",0I™, J,_1) —
(X, A, {x}). For n > 2, this becomes a group by defining [ fy]-[f1] by the class [ fo* f1]
for the maps of triples fox f1: (I", 01", J,—1) — (X, A, {z}) defined in (2.3). There
is no reasonable group structure on (X, A,x). It is not hard to check that this
group structure on m,(X,A,x) for n > 2 is well-defined and that the following
result is true.

Lemma 2.9. The group m,(X, A, x) is abelian for n > 3.

Note that there is an obvious identification of 7, (X, {z}, x) defined above and
of 7, (X, x) defined in Subsection

Obviously we obtain a functor from the category of pointed pairs to the category
of groups by m2(X, A,x) and a functor from the category of pointed pairs to the
category of abelian groups by m,, (X, A, x) for n > 3. If two maps fo, f1: (X, 4,2) —
(Y, B, y) of pointed pairs are homotopic as maps of pointed pairs, then m,(fo,z) =
7n(f1,2) holds for n > 1. Given a pair (X, A), one can define a functor T}, from
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the fundamental groupoid II(A) of A to the category of groups or abelian groups
by assigning to a point 2 € A the homotopy group w2 (X, A, x) or 7,(X, A, z) for
n > 3, the construction appearing in Subsection [2:3] for a space X carries directly
over. In particular m,(X, A, ) inherits the structure of a Z[m1(A, z)]-module for
n > 3.

A map of triples f: (I",0I", J,—1) — (X, A,{z}) factorizes uniquely through
the projection pr: (I™, 01", Jp—1) = (I"/Jn-1,01"/Jn—1, Jn—1/Jn—1) to a map of
pointed pairs (I™/J,—1,01"/Jpn—1, Jn— 1/Jn 1) = (X, A, z). There is a homeomor-
phism (I"/J,—1,01" ) Jp—1,{Jn-1/In-1}) — (D™, 8" 1,{s}) of triples. Hence one
can define 7, (X, A, x) also the set of homotopy classes of pointed maps of pointed
pairs (D", S""1 s) — (X, A,z). The multiplication in this picture is given as fol-
lows. Consider pointed maps of pointed pairs f;: (D™, 8" 1 s) — (X, A,x) for
i = 0,1. Let [fo] and [f1] be their classes in 7,(X, A,z). They define a pointed
map of pointed pairs fo V f1: (D" VvV D", S"~1v §" 1 s) — (X, A, z). Let

(2.10) V/: D" — D"V D"

be the so-called pinching map which is obtained by collapsing D"~! C D" given
by {(z1,...,2,) € D" | ,, = 0} to a point. Note that V/ is a map of pointed
pairs (D", S""1 s) — (D™ Vv D", 8"~ 1 v 8771 ) and its restriction to (S"71,s) is
the pinching map defined in (2.5). Then [fo] - [f1] is represented by the composite
foV foo Vi,

Define for n > 2 a group homomorphism 9,,: m,(X, A4, z) — m (4, x) by sending
the class [f] of the map of pointed pairs f: (D", S"" 1 s) — (X, A, s) to the pointed
homotopy class of maps of pointed spaces obtained by restriction to (S"7!,s). Let
i:A— X and j: X — (X, A) be the canonical inclusions.

Theorem 2.11. We obtain a long exact sequence of groups infinite to the left

On Tn @,T TTn j,x
T (A ) Tnga (7). Tn41(X, x) TG, Tni1(X, A, x)

(i,x)

—>a"+1 (A, x) RSN (X, ) —>7rn(j7z)

U (X Ae) 2 (A, ) 2D,

T (X, {E) .
Proof. We only show exactness at 7, (X, A, z), the proofs at the other places are
analogous. Consider a pointed map f: (5™, s) = (X, z). The image of the class [f]

under the composite 7, (X, z) G2, (X, A, ) LN 7n—1(A,x) is by construc-

tion represented by the constant map c,: S"~! — A and hence zero. This shows
im(7m, (4, 2)) C ker(9,). It remains to prove ker(d,) C im(m,(j, z)).

Consider a map of pointed pairs f: (D™, 8" s) — (X, A, z) such that [f] lies
in the kernel of 0,,: m,(X, A,2) — m,—1(A,z). Then the map of pointed spaces
flgn-1: (S"71,5) — (A,z) is nullhomotopic as pointed map of pointed spaces.
Choose such a nullhomotopy h: S"~1 x I — A with hg = f|gn—1 and h; = ¢, for
the constant function. Note that h(s,t) = x holds for ¢ € I. Define a homotopy
k: D™ x I — X as follows:

t+1)z if ||2]] < 2=

by = {1EFD) S

h(rim - 1th) il > 5
Roughly speaking, k; is given on the disk 1+t - D" of radius m by f with an
appropriate scaling of z and on the anulus between 1—+t S7=1 and S"~! by the

restriction of the homotopy h to St x [2 —2/(1 +¢),1]
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We have k(z,0) = f(z) for z € D", k(s,t) = x for t € I, k(z,t) € A for
z€ S"tandt €I, and k(z,1) = x for = € S"~!. Hence k is a homotopy of
pointed maps of pointed pairs (D", 8"~ ! s) — (X, A, x) between kg = f and k;.
Therefore [f] = [k1] holds in m,(X, A,z). Since ki(z) = z holds for z € S"71,
the class [k1] lies in the image of m,(j,x): mn(X,z) = 7,(X, A, ). Hence we get
im(m, (7, z)) = ker(9y,). O

Remark 2.12. Let G be any group. Then we can find a path connected pointed
2-dimensional CW-complex (A,x) with m1(A,z2) = G. Let X be the cone over
A. Then we obtain a path connected pointed 3-dimensional CW-complex (X, A, z)
such that m3(X, A, ) = m3(A,z) = G holds by Theorem [2.11]

Remark 2.13. One can combine the exact sequences appearing in Theorem
and Theorem to an exact sequence

2.14) - 2 (Ar) T (X ) T (X AL )

,x)

On1, (A, x) LUICLIN (X, x) ™), | 7m0 ma (X, A, x) RER m1 (A, x)

71 (%,2) 7T1(X,x) 6_1> WO(A) WO—(i)) 7T0(X) Lm) WO(XvA) — {*}

which is compatible with the group structures as long as these exist.
It is not hard to check that one obtains for a triple (X, B, A) and a base point
x € A an exact sequence of the shape

(2.15) --- Oniz, Tnt1(B, A, ) Tn1 (G2, Tnt1(X, A, x) LUSEICON Tn+1(X, B, x)
Onir, (B, A, x) KGN (X, A, ) Tnlho),
U8, (X, Bya) 5 m(B, Ayx) T (X, 4,0) 2D, (X, B )
2y mo(B, A) 2 1o (X, 4) ™Y, 1 (X, B) — {x}
which is compatible with the group structures as long as these exist.

Remark 2.16 (Long exact homotopy sequence of a pointed map). Let f: (X, z) —
(Y, y) be a map of pointed spaces. Denote by cyl(f) its mapping cylinder. Note that
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we obtain a pointed pair (cyl(f), X, z). The canoncial projection cyl(f) — Y is a
homotopy equivalence and satisfies pr(z) = y. Hence it induces an isomorphism of
groups m, (pr, z): mn(cyl(f), 2) — (Y, y) for n > 1 and a bijection mo(cyl(f)) —
mo(Y). Define m,(f,z) = m,(cyl(f), X,z) for n > 1. Let mo(f) be the quotient
of (YY) obtained by collapsing the image of mo(f): mo(X) — mo(f). Then the
long exact sequence of the pointed pair (cyl(f), X, z) of yields the long exact
homotopy sequence of the map f

(2.17) - Onsz, Tn41(X, x) Tonlf2), Tn+1(Y,y) = g (f, 2)

Oty (X, 2) 2D (Vi) 5o mo(f, 1) 2 m (X, )

m1(fx)

o

9 €))
m(Y,y) = mo(X) — mo(Y) = mo(f) — {1}.
Note that 7, (f, z) can have two different meanings in the notation above.
2.6. Connectivity.

Definition 2.18 (Connectivity). A space X is called 0-connected if mo(X) consists
of one point, or, equivalently, X is path connected. It is called n-connected for
n > 1 if X is path connected and (X, x) is trivial for every base point z and
1 <k <n. It is called oco-connected or weakly contractible if it is path connected
and 7, (X, ) is trivial for every base point « and k > 1.

A map f: X — X is called 0-connected if the induced map mo(f): mo(X) —
mo(Y) is surjective. It is called n-connected for n > 1, if the map mo(f): mo(X) —
mo(Y") is bijective and for every base point  the map 7 (f, z): mx(X, z) = 7 (Y, f(2))
is bijective for 1 < k < n and surjective for k = n. It is called co-connected or a
weak homotopy equivalence if the map mo(f): mo(X) — mo(Y') is bijective and for
every base point z and k > 1 the map 7 (f, z): 7 (X, z) — 7 (Y, f(x)) is bijective.
Note that f is n-connected if and only if mo(f): mo(X) — mo(Y) is surjective and
the group 74 (f,z) defined in Remark is trivial for 1 < k& < n.

A pair (X, A) is called n-connected for n > 0 or n = oo, if the inclusion i: A — X
is n~connected. This is equivalent to the condition that mo(X, A) and 7 (X, A, x)
for 1 < k <n are trivial.

Remark 2.19. One easily checks that the following assertions are equivalent for a
pointed space (X, z) and n > 1:
o 7, (X, z) is trivial for any base point = € X;
e Every map S™ — X is nullhomotopic;
e Every map S™ — X extends to a map D"*! — X.
This implies that the following assertions are equivalent for a space X and n > 0
or nm = 00:
e X is n-connected;
e Given any k with 0 < k < n, every map S¥ — X is nullhomotopic;
e Given any k with 0 < k& < n, every map S*¥ — X extends to a map
Dkl X
Moreover, the following assertions are equivalent for a pair (X, A) and n > 0 or
n = oo:
e (X, A) is n-connected;
e Given any k with 0 < k < n, every map (D*, S*~1) — (X, A) is homotopic
relative S*~! to a map D* — A;
e Given any k with 0 < k < n, every map (D¥, S¥~1) — (X, A) is homotopic
through such maps to a map DF — A;
e Given any k with 0 < k < n, every map (D*, S¥~1) — (X, A) is homotopic
through such maps to a constant map D* — A.
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2.7. Homotopy groups and colimits.

Theorem 2.20 (Homotopy groups and colimits). Let X be a topological Hausdorff
space with a sequence of closed subspaces Xog C X1 C -+ C X such that X is the
union of the X;-s and carries the colimit topology.

Then for every xg € X and n > 1 the canonical group homomorphism induced
by the inclusions ji: X — X

colimy o0 T (Jk, o)+ colimy o0 T (Xk, o) = T (X, 20)
is bijective. Also the map of sets

colimg 00 o (k) cOlimg o0 mo(Xg) — (X, z0)

is bijective.
Proof. We first prove that for any compact subset C' C X there exists a natu-
ral number k with C C Xj. Suppose that for every & > 0 we have C ¢ Xj.
Then we can choose a sequence of g, x1,Z2,... in C and a strictly monotone in-
creasing function j: Z20 — 729 with z; € Xy \ Xj—1) for i = 1,2,.... Put
S ={xg,x1,22,...}. Obviously S is infinite. Let T'C S be any subset. Note that
the intersection T'N X is finite and hence a closed subset of X for £k =0,1,2,....
Since X carries the colimit topology, T is closed in X. Hence S is a discrete subset
of X. As C' is compact and S is a closed subset of C, the set S is compact. As S
is a discrete and compact set, it must be finite, a contradiction.

We only treat the case n > 1, the case n = 0 is analogous. Consider an element
[f] € mn(X, x0) represented by a pointed map f: (S™,s) — (X,zg). Then image
of f lies already in X; for some ¢ > 0. Hence [f] lies in the image of the map
Tn(Xi, o) — 7 (X, 20) induced by the inclusion X; — X. This implies that
[f] lies in the image of colimy_, oo n (Jr, To): colimy oo mp (Xk, o) — (X, 20).
Hence this map is surjective. To prove injectivity, we consider an element [g] in
its kernel. There exists ¢ > 0 and an element [¢'] € m,(X;,20) such that the
structure map m,(X;, o) — colim;_, 7, (X, o) sends [¢'] to [g]. The element
[¢'] lies in the kernel of the map 7, (X;, z9) = 7, (X, xo) induced by the inclusion
X; = X. Ifg': (S™,s) = (X, o) is a representative of [¢'], there is a nullhomotopy
h: 8™ x I — X for it. The image of h lies already in X for some j with i < j.
Hence the image of [¢'] under the map m,(X;,x0) — m,(X;,2o) induced by the
inclusion X; — X is trivial. This implies that [g] is trivial. d

3. Horr’s DEGREE THEOREM
In this section we give the proof of the following theorem.

Theorem 3.1 (Hopf’s Degree Theorem). Let M be a connected oriented closed
smooth manifold of dimension n > 1. Then the degree defines a bijection

deg: [M,S"] — Z.

3.1. Some basics about differential topology and the mapping degree.
Its proof needs some preparation. We recall some basic facts about differential
topology and the mapping degree.

e Let M and N be smooth manifolds. Then a (continuous) map f: M —
N is homotopic to a smooth map. If two smooth maps M — N are
homotopic, then one can find a smooth homotopy between them.

e Let M and N be smooth manifolds and L C N \ ON be a smooth sub-
manifold without boundary. Then any smooth map f: M — N with
f(OM)N L = ( is smoothly homotopic relativ M to a map g: M — N
which is transversal to L at every © € M, i.e., we have either f(z) ¢ L or we
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have f(x) € L and T, f(T M) + Ty L = Ty(z)N. If dim(M) + dim(L) <
dim(N) holds, then f is transversal to L if and only if f(M)N L = 0.

o If L ={y} for y € N\ ON, then we say that y is a regular value of f if f
is transversal to {y}.

e Every smooth map f: M — N has a regular value y € N \ ON. Actually
the points in N \ ON for which y is not a regular value has measure zero
in N by the Theorem of Sard.

If y € N\ ON is a regular value of f, M is compact, and dim(M) =
dim(N), then f~1(y) is finite and for every x € f~1(y) the differential
induces an isomorphism T, f: T, M — T, N.

e Let f: M — N be a map of connected oriented compact smooth oriented
manifolds of dimension n such that f(OM) C ON holds. Let y € N\ ON
be any regular value. For z € f~!(y) € M \ OM the orientations on M
and N yield orientations on the finite dimensional vector spaces T, M and
T,N. Define e(x) € {£1} to be 1 if T, f: T,M —» T,N respects these
orientations and to be —1 otherwise.

Recall degree of f is the natural number for which H,, (f): H,(M,0M) —
H,(N,ON) sends [M,dM] to deg(f) - [N,ON]. We get

(3.2) deg(f) = Y ela).

z€f~1(y)

This formula is well-known for M = ON = (). The proof in this case
extends directly to the more general case above. Or one considers the
map of closed oriented manifolds f Uss f: M Upyr M — N Usny N for
Of: OM — ON given by f|on.

e Let M be a smooth Riemannian manifold and x € M \ M. Then there
is an € > 0, an open subset U of M containing x, and a diffeomorphism
called exponential map

(3.3) exp,: DT, M :={veT,M]||z||<e} -U

such that the differential Tpexp, : To(ToM) — TuM of exp, at 0 € T, M
becomes the identity under the canoncial identification To(T, M) = T, M.

3.2. The proof of Hopf’s Degree Theorem. We prove Hopf’s Degree The-
orem by induction over the dimension n = dim(M). If n = 1, then M is
diffeomorphic to S! and elementary covering theory shows that the degree induces
a bijection deg: [S1, S!] =5 Z. The induction step from (n—1) ton > 2 is done as
follows.

Fix £ € M and an embedding i: D™ C M such that i(0) = « holds and

Toi: ToD™ = T, M is compatible with the orientations coming from the stan-
dard orientation on D™ and the given orientation on M. Define the collaps map
c: M — D"/S"~1 = §" by sending i(z) for 2 € D™ to the element given by z in
D"/S"~1 and every point y € M \ i(D") to the point S*~t/S"~1 in D"/S"~ L
We conclude from applied to the regular value z € D"/S"~1 = S" given by
0 € D™ of ¢ that deg(c) = 1. Given any d € Z, there exists a selfmap ug: S™ — S™
with deg(uq) = d. Tt can be constructed as the (n — 1)-fold suspension of the map
St — S sending z to z?. Then deg(ugoc) = d. This shows that deg: [M, S"] — Z
is surjective.

In order to show that deg: [M,S™] — Z is injective, we have to show that two
smooth maps f,g: M — S™ with deg(f) = deg(g) are homotopic. Since there is
diffeomorphism u: S™ — S™ with degree —1 and deg(u o f) = — deg(f), we can
assume in the sequel that d = deg(f) = deg(g) satisfies d > 0.
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We can change f and g up to homotopy and find y € S™ such that both f and
g are smooth and have y as regular value. Then we can write

f_l(y) ={xy,z9,...,zq} W{z], 2y ,..., 0} 2}

for some m > 0 such that e(z;) =1 for ¢ = 1,2,...,d and e(:v;t) = =1 holds for

i=1,2,...,m.
52

We next describe a procedure how to change f up to homotopy so that m = 0,
or, equivalently f~!(y) = {x1,%2,...,24} holds. This will be done by an inductive
procedure where we change f up to homotopy such that m > 1 becomes (m — 1),
in other words, we get rid of the points z;}, and =z, .

Choose an embedded arc in M joining x;}, and z,, that does not meet any of the
other points in f~!(y). Let U be an open neighbourhood of x;,, that is diffeomorphic
to R™. Now perform a local homotopy of f along this arc to move xs,,_1 so close
to wa,, such that z;} lies in U.
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Hence it suffices to prove the following: Given a map f: R™ — R™ such that f is
transversal to 0 € R", the preimage f~1(0) consists of precisely two points zg and x1
belonging to the interior of the disk D™ C R", the differential T}, f: T,,R" — TpR"
is bijective and reverses the standard orientations, and the differential T, f: T, R"™ —
ToR™ is bijective and preserves the standard orientations, then we can change f up
to homotopy relative R™ \ D" so that f~1(0) is empty.

Choose € > 0 so small that the image of S"~! C R™ under f does not meet the
interior of €- D™.
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Let pr.: R™ — €¢- D,, be the retraction that sends z € R" to HTGH cxif ||z]] > ¢,

and to z if ||z|| < e. Then pr_of induces a map of compact oriented manifolds

(D", S"71) — (e-D",e-S™~1). By inspecting the preimage of 0 € €- D™ we conclude
from (3.2)) that its degree is zero.

"NEO‘F‘D3'> £ 0*

C

Since the following diagram commutes and the vertical maps given by boundary
homomorphisms of pairs are isomorphism of infinite cyclic groups respecting the
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fundamental classes

Ho (D", 571 2 g (e pn e g

”J F

H, (5" 1) ————— Hy(e- 5™
Hn(f‘snfl)

the induced map (pr.of)|gn-1: S"™1 — €. S""! has degree zero and hence is
nullhomotopic by the induction hypothesis. This implies that the map fo: S~ —
R™ \ {0} induced by f is nullhomotopic and hence extends to a map f;: D™ —
R™\ {0}. Let f': R™ — R™\ {0} be the map whose restriction to D™ is f; and
whose restriction to R™\ D™ agrees with the restriction of f to R™\ D™. We obtain
a homotopy h: f ~ f’ of maps R” — R"™ by h(z,t) =t f'(x) + (1 —t) - f that is
stationary outside the interior of D™. Since the image of f’ does not contain zero,
the claim follows.

This argument applies also to g. If d = 0, then im(f) and im(g) are con-
tained in the contractible subspace S™ \ {y} of S™ and hence f and f’ are ho-
motopic. It remains to consider the case d > 1. Then we can find finite subsets
{@1,22,..., 24} and {x}, 2%, ..., 24} of M such that f~'(y) = {x1,22,...,24} and
g (y) = {z},7,...,2,} holds and the differentials Ty, f: To,, M — T,S™ and
Tyg: TI;M — T, S™ are orientation preserving isomorphisms for ¢ = 1,2,...,n.
Now we can construct a diffeomorphism a: M — M which is homotopic to the iden-
tity and satisfies w(x;) = 2} fori = 1,2,...,d. Then g and ¢’ = goa are homotopic,
I y) =g '(y) = {z1,22,...,24} and the differentials T, f: T,,, M — T,,S™ and
Ty,q: Ty, M — T,S™ are orientation preserving isomorphisms for ¢ = 1,2,...,d. It
remains to show that f and ¢’ are homotopic.

For this purpose we need the following construction. Let wug,u;: R = Rre
be linear R-isomorphisms which are orientation preserving. Then we can find a
homotopy h: R™ x I — R™ such that hy = up and h; = u; holds and h;: R — R”
is a orientation preserving automorphism for ¢ € I. This follows from the fact that
{4 € GL,(R) | det(A) > 0} is path connected for n > 1. Define the homotopy

hi(v) if |v]| < 15
H:R" > I, (08) = ha—joppe(v) 1< o] <2
uo(v) if ||v]| > 2.
Then we have
H7'0) = 0 fortel;
Hy = wup;
H:(v) = wug(v) forteland ||l >2;
u1(v) if vl < 1
Hy(v) = | he-jep() 1<l <2
ug(v) if ||v]| > 2.

So H is a homotopy between Hy = wo and H; which is stationary on {v € V|
|[v]| > 2} and satisfies H, *(0) = 0 for t € I and H,(v) = u(v) for |Jv|| < 1.

Using this construction and the exponential map 7 we can change g’ by a
homotopy to a map g”: M — S™, such that for « = 1,2,...,d there are disjoint
embedded disks Di* C M such that 0 € D} corresponds to x;, f|p» = g"|pn—; holds
and we have f~(y) = (¢"") ' (y) = {x1,22,...,24}. Let X be the complement in
M of the disjoint union ]_[‘;:1 D\ 9S8!, This is a manifold with boundary 0X =
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]_[;.121 571 such that f(X) and ¢g”(X) are contained in S™\ {y} and f|ox = ¢"|ox
holds. As S™\ {y} is contractible, the maps f|x and ¢’|x from X to S™ are
homotopic relative 8X. Recall that f and ¢g” agree on ]_[?Zl DP. Hence f and ¢”

are homotopic as maps M — S™. This implies that the maps f and g from M to
S™ are homotopic. This finishes the proof of Hopf’s Degree Theorem

3.3. The homotopy groups of the n-sphere in the degree < n.

Theorem 3.4. We get for every n > 1

i =2 L

There is an explicit isomorphism 7 =, T (S™) which sends 1 € Z to [idgn]. Its
inverse m,(S™) = Z sends [f] to the degree of f.

Proof. Suppose k < n. Let f: S¥ — S™ be any map. Since we can change any
map f: S¥ — S™ up to homotopy into a smooth map transversal to y € S™, we
can change f by a homotopy to map S™ — S™\ {y}. As S™\ {y} is contractible,
f is nullhomotopic. This implies 7, (S™, s) for every s € S.

The degree defines a bijection deg: [S™, S"] =, 7 because of Hopf’s Degree
Theorem for n > 1. By inspecting the proof of surjectivity of this map we see
that the forgetful map ,(S™,s) — [S™, S"] is surjective. We conclude from
and that the forgetful map 7, (S™,s) — [S™, S™] is injective. O

Example 3.5 (The Hopf map and 73(5?)). One may think that 7 (S™, s) vanishes
for k > n as Hy(S™) vanishes for k¥ > n. But this is not true as the following
example due to Hopf shows. We can think of S® as the subset of C? given by
{(21,22) | 2121 + 2272 = 1}. We get an S'-action on S3 by 2 - (21, 22) = (221229).
This action is free and the quotient space S®/S! is homeomorphic to S?. Thus
we get a projection p: S3 — S2. We will later show that 73(S?) = Z holds with
the class [p] of p as generator. One indication that [p] is not zero in m3(S?) is
the observation that the preimages of the north and the south pole of S? are two
embedded S'-s in $2 which are linked.

Example 3.6 (7, (S* Vv S") is not finitely generated.).
Consider X = S v 8™ for n > 2. Its universal covering X is obtained from R
by glueing to each element in Z a copy of S™ along the base point.
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The map X - Viez S™ given by collapsing R to point turns out to be a
point homotopy equivalence. This can be seen by a direct inspection. Hence
we conclude my(X) = my(X) = 72(Viez S™) from Theorem E For each k €
7 we have the pointed inclusion ji: S™ — \/,., S™ of the k-th summand and
the pointed projection pry: \/,.,S™ — S™ onto the k-th summand. Obviously
pry ojx is the identity and pryoj; is the constant map for & # [. Hence the
map P,y Tn(ji): Bicy T (S") = Tn(Viey S™) is injective. As m,(S™) = Z, the
abelian group ,(S! V S™) is not finitely generated.

Actually, we know that ,(S* U S™) is a Z[r1(S')]-module and it will turn out
that it is Z[m (S)]-isomorphic to Z[m (S1)].

Remark 3.7 (Outlook about m(S™) for k& > n). It is an open (and extremely
hard) problem to compute 7 (S™,s) for 2 < n < k in general. There is not even
a formula known which might give the answer. There is no obvious pattern in the
computations, one has carried out so far. At least one knows that 71 (S™) is finite
for k > n except for my;_1(S?") for i > 1 which is a direct sum of a copy of Z and
some finite abelian group.

4. THE CELLULAR APPROXIMATION THEOREM

In this section we want to sketch the proof of the following theorem.

Theorem 4.1 (Cellular Approximation Theorem). Let (X, A) be a CW -pair and
Y be a CW-complex. Let f: X —Y be a map whose restriction fla: A=Y to A
is cellular. Then f is homotopic relative A to a cellular map X — Y.

By a colimit argument one can reduce the proof of the Cellular Approximation
Theorem [£.1] to the proof of following lemma.

Lemma 4.2. Consider any k € {0,1,2,...}. Let f: X =Y be a map of CW-
complezes. Suppose that f(Xp_1) C Yi_1 holds.

Then we can change [ up to homotopy relative Xy_1 such that f(Xg) C Y
holds.

In order to arrange that f(Xj;) C Y holds, we must achieve for every closed
k-dimensional cell e of X by a homotopy of f|. relative de that e does not meet
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any cell of Y of dimension > k. Note that each compact subset of Y meets only
finitely many cells. Hence for a closed cell of e of X of dimension k there are
only finitely many closed cells ey, es, ..., e, of Y satisfying f(e) Ne; # 0. Choose
{i € 1,2,...,m} such the the dimension of e; is greater than dim(e). If such an
1 does not exists, we are already done for e. If such i exists, we can arrange that
dim(e;) > dim(e;) holds for all j € {1,2,...,m} and we have to change f|. up to
homotopy relative de such that f(e) meets only the cells e, es,...,€;-1,€i11,€m
of Y. Therefore it suffices to show the following lemma.

Lemma 4.3. Consider 0 < k < I. Let (W,V) be pair for which there exists a
pushout
sty

L, |

DI —= - W.
Consider any map f: (D*,S*=1) — (W, V).

Then f is homotopic relative S*~' to a map D* — V.

Consider any point z € W\ V. Then (W \ {z},V) is a strong deformation
retraction, i..e, there exists a homotopy h: W\ {z} x I — W \ {z} such that
h(y,0) = y and h(y,1) € V hold for y € W\ {z} and h(y,t) = y holds for y € V
and t € I. Hence Lemma, follows from the next lemma.

Lemma 4.4. Consider the situation of Lemma . Then there exists z € W\ V
such that f is homotopic relative S*¥~1 to a map D¥ — W\ {z}.

Sketch of proof. Fix r € (0,1). Let D! C D' be the open ball of radius r, i.e,
{x € D' | ||z|]| < r}. Then one can arrange by an improved version of the Whitney
Approximation Theorem that f is homotopy relative to D\ f~1(Q(D.)) to a map
g: (D', S~y — (W,V) such that the map induced by g from the open subset
F7HQ(DL)) of D to the open subset Q(DEL) of W, which we can be equipped with
the structure of a smooth manifold diffeomorphic to D, is smooth.

DZ
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Since by Sard’s Theorem this smooth map g has a regular value z and k < [, we
get g(D*) C W\ {z}. O

This finishes the sketch of the proof of the Cellular Approximation Theorem 4.1

Corollary 4.5. Consider n > 0. Let (X, A) be a CW -pair such that all cells in
X \ A have dimension > n. Then (X, A) is n-connected. In particular (X, X,,) is
n-connected for a CW -compler X .

Proof. We only deal with the case, where A is non-empty. The proof for A = ()
follows from the one, where A = {z} for any zero-cell {z} € X, since X is the
disjoint union of its path components and every path component contains a zero-
cell.

First we show that mo(f): mo(A) — mo(X) is surjective for n = 0 and bijective
for n > 1. Surjectivity follows from Cellular Approximation Theorem applied
to any map {e} — X using the fact that Xy = A holds. Note for the sequel
that any path component of a CW-complex must contain a zero-cell. By the
Cellular Approximation Theorem any path in X connecting two zero-cells in
A is homotopic relative endpoints to a path in A as X; = A holds if n > 1. This
shows the bijectivity of mo(f) if n > 1.

It remains to show that m;(X,A,a) = {1} holds for any base point a € A
and ¢ € {1,2,...,n} Since any path component of A contains a zero-cell, dia-
grams and imply that we can assume without loss of generality that a
is a zero-cell of A. Consider an element [f] € 7;(X, A, a) given by a map of triples
f: (D% S {s)) — (X, A, {a}). Equip S*~! with the CW-structure consisting of
precisely two cells, namely one 0-cell {s} given by the base point s and one (i — 1)-
cell. By the Cellular Approximation Theorem the map f|gi-1: S"71 — A is
relative {s} homotopic to cellular map. One easily checks that this implies that
f: (D% 81 {s}) — (X, A, {a}) is homotopic as a map of triples to a map f’ such
that f’|gi-1: S*~! — A is cellular. (This is a standard cofibration argument as we
will see later, or done by direct inspection.) By the Cellular Approximation The-
oremthe map f’ is homotopic relative S*=t to map f”: (D!, S71) — (X;, A).
As X; = A holds and hence 71(X;, X;,a) is trivial by the long exact sequence of
the pointed pair (X;, X;,a), see Theorem [2.11] we conclude [f] = [f'] = [f"] =1 in
7TZ'(X, A, (L) . O

5. THE WHITEHEAD THEOREM
In this section we want to prove the following theorem.

Theorem 5.1 (Whitehead Theorem). Let f: Y — Z be a map of pairs.
(i) Consider any n € {0,1,2,...}. Then the following assertions are equiva-
lent:
(a) The map induced by composition with f

f*:[va]%[XvZ]v [g]l—>[fog]

is bijective for every CW -complex X of dimension dim(X) < n and
is surjective for every CW-complex X of dimension dim(X) = n;
(b) The map f:Y — Z is n-connected;
(ii) The following assertions are equivalent:
(a) The map induced by composition with f

L (XY= [X,Z), [g] = [fogl;

is bijective for every CW -compler X ;
(b) The map f:Y — Z is a weak homotopy equivalence.
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Its proof needs some preparations.

Lemma 5.2. Let Y be a space which is n-connected for some n € {0,1,2,...} II
{oo}. Let (X, A) be a relative CW -complex whose relative dimension dim(X, A) is
less or equal to n.

Then any map f: A —Y can be extended to a map F: X — Y.

Proof. We construct for k = —1,0,1,2,... with k¥ < n maps fr: Xz — Y such that
fo1: X1 = A = Y is the given map f and we have fy|x,_, = fr—1 for & > 0.
Then Lemma is a consequence of the following argument. If n < co, then we
can take F' = f,. If n = oo, we define F' = colimy_, fr having in mind that by
the definition of a C'W-pair we have X = colimg_.oo Xp.

The induction beginning k£ = —1 is trivial. The induction step from (k — 1) to k
is done as follows. Choose a cellular pushout

icr
k—1 i€l
Hie]s ’Xk—l

J’ I—[iel Q7 J

H. Dk—}Xk.

We conclude from the pushout property that we can construct fi from fr_q if for
any i € I we can extend the composite fy_10g;: S¥~1 — X;_; to amap D*¥ — X;.
This can be done as Y is by assumption k-connected. O

Lemma 5.3. Let (Y, B) be a pair which is n-connected for some n € {0,1,2,...}11
{oo}. Let (X, A) be a relative CW -complex whose relative dimension dim(X, A) is
less or equal to n.

Then any map f: (X, A) — (Y, B) is homotopic relative A to a map f: (X, A) —
(Y, B) with g(X) C B.

Proof. We construct for k = —1,0,1,2,... with £ <n a map
hi: Xi X IUXkX{O} X x{0}>Y

such that the following conditions are satisfied:

® ho1: A X TUpyqoy UX x {0} — X sends (a,t) to f(a) for (a,t) € Ax I
and (z,0) to f(z) for z € X.

o We have hy(z,0) = f(z) for z € X;

e We have hy(z,1) € B for every z € X},

e For 0 < k <n we have hy|x,_,x1 = hr—1|x,_1x1I-

Then Lemma [5.3] is a consequence of the following argument. If n < oo, then
h = h, is the desired homotopy relative A from f to a map with image in B.
Suppose n = co. Since X = colimy_ oo Xi, we get X X I = colimy_,o (Xj x I) and
we obtain the desired homotopy h by colimg_ oo hg.

The induction beginning k£ = —1 is trivial. The induction step from (k — 1) to k
is done as follows. Choose a cellular pushout

H» qi
k—1 el
Hic; " ———————— Xy

J' Hiel Qi J’

[Lie; DF ——————— X,

Then we obtain a pushout
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HiEI ‘12

[Lic; S*71 x T Ugi-15 40y D* x {0} Xp-1 X TUx, <oy X x {0}

J ies Qi J

e D x 1 X x IUx,xqoy X x {0}

where ¢} is given by ¢; x id; Ug, xidgoy @i X idgoy. We conclude from the pushout
property that it suffices to construct for every ¢ € I an extension of the map

u=hp10q: S*M x TUgr-140y DF x {0} =Y

to amap U: D* x I — Y such that g(D* x {1}) C B holds. Up to homeomorphism
the pair (S* 71 x TUgk-1 (o3 D¥ x {0}, S*~! x {1}) can be identified with (D*, S¥~1).
So we can think of u as a map of triples (D¥, S¥=1 {s}) — (Y, B, {x}) for = = u(s).
Hence it defines a element in 7, (Y, B,z). As 7, (Y, B, x) is by assumption trivial,
there is a homotopy of maps of triples (S¥=1 x I Ugk—1x{0} DF x {0}, 8%~ x
{1}, {(s,1)}) = (Y, B,{z}) from wu to the constant map c,. Obviously the latter
map extends to the constant map c,: D* x I, D* x {1},{(s,1}) — (Y, B,{x}).
Hence we can extend u to a map U: (D¥ x I, D* x {1},{s}) — (Y, B, {z}).

T D3 (€T 0 8)T D'~T

This finishes the proof of Lemma [5.3 (]

Proof of the Whitehead Theorem [5.1] = The map mo(f): mo(Y) —
mo(Z) can be identified with the map f.: [{e},Y] — [{e}, Z]. Hence the claim is

true for n = 0. So it suffices to treat the case n > 1. Then mo(f) is bijective. It
remains to show for any y € Y that 7 (f,y): m(Y,y) — 7x(Z, f(y)) is injective for
1 < k < n and surjective for 1 < k < n.

Consider an element [v] € m1(Z, f(y)) represented by a pointed map v: (S¥,s) —
(Z, f(y)) for some k with 1 < k < n. By applying assertion in the case
X = S*, we can choose a map u: S¥ — Y and a homotopy h: Y x I — Z
such that hg = v and hy = f o u. Then we conclude from the diagrams
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and that [g] is in the image of 74 (f,y): mx(Y,y) — mx(Z, f(y)). This shows
that 7 (f,y): (Y, y) — m(Z, f(y)) is surjective for 1 < k < n.

Next we show that 7 (f,vy): m(Y,y) = 7x(Z, f(y)) is injective for 1 < k < n.
Consider [u] € m1(Y,y) represented by a pointed map u: (S*,s) — (Y,y) for some
k with 1 < k < n which lies in the kernel of 7 (f,y). By applying assertion |(i)a]in
the case X = S* we get a homotopy ho: S* x I — Y with hg = u and h; = c,.
We conclude from the diagrams and that [u] is the unit in (Y, y).

- This follows directly from the already established implication

= [)b

= and = Let cyl(f) be the mapping cylinder of f. Let
i: X = cyl(f) and j: Y — cyl(f) be the canonical inclusions and p: cyl(f) = Y
be the canonical projection. Then poi = f, poj =idy, and jop =~ id.ys). Hence
we can assume without loss of generality that f: Y — Z is an inclusion of pairs,
otherwise replace the given f: Y — Z by i: X — cyl(f).

GE
/ Y

) TS

The surjectivity of f.: [X,Y] — [X, Z] follows for dim(X) < n directly from
Lemmaapplied toamap g: (X,0) — (Z,Y). Finally we prove the injectivity of
f« under the assumption that either n = oo or dim(X) < n < oo holds. Consider
9o, 91: X = Y and a homotopy h: fogy ~ fog; of maps from X to Z. We obtain
a map of pairs (h,go 1 g1): (X x I, X x {0,1}) — (Z,Y). This map is homotopic
relative X x {0,1} to a map k: X x I — Y by Lemma [5.3] since dim(X x I) < n
holds. Obviously k is a homotopy of maps X — Y between gy and g;. This finishes
the proof of the Whitehead Theorem (]

Corollary 5.4. Let f: X — Y be a map of CW -complexes. Then f is a homotopy
equivalence if and only f is a weak homotopy equivalence.

Proof. We conclude from the diagrams and that f is a weak homotopy
equivalence if it is a homotopy equivalence. Suppose that f is a weak homotopy
equivalence. Theorem implies that f.: [Y, X] — [Y,Y] is bijective. Let
a:Y — X be map with f.([a]) = [f o a] = idy. Then a is a weak homotopy
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equivalence. Theorem again implies that a.: [X,Y] — [X, X] is bijective.

So we can choose a map b: X — Y with [a o b] = [idx]. This implies b ~ f o
aob~ f. Hence a is a homotopy inverse of f and in particular f is a homotopy
equivalence. O

Example 5.5 (5°°). Define the real vector space R™ := @;°, R. It inherits a
norm by

||<LL‘1,$2,$3,...)H =

In particular R* inherits a metric and the structure of a topological space. We can
identify the topological space R™ with the subspace consisting of points (z1, 22, .. .)
for which z; = 0 for ¢ > n holds. Let §°° C R* be the subspace consisting of
points z satisfying ||z|| = 1. Then S™ can be identified with S NR"*! for n > 0.
Moreover, we get:

(i) We have the nested sequence S° C S C §2 C ... C §* such that S is
the unions of the S™-s. The colimit topology with respect to this filtration
is not the subspace topology S C R*°;

(ii) S equipped with the colimit topology carries a CW-structure with S™
as n-skeleton;

(iif) S°° equipped with the subspace topology does not carry the structure of
a CW-complex;

(iv) S°° equipped with the subspace topology is contractible;

(v) S equipped with the colimit topology is contractible;

(vi) Consider the identity S*° — S°°, where we equip the domain with the
colimit topology and the codomain with the subspace topology. Then this
map is bijective and continuous and is a homotopy equivalence but is not
a homeomorphism.

For n > 1 consider the element a,, in S whose i-th entry is /1 —n~=! fori =1,
n~lfori=2...,n+1,and is 0 for i > (n +2). Let A = {a, | n > 1}. Since
the intersection of A with S™ is finite for n > 1, it is a closed subspace of S°°
with respect to the colimit topology. Since (1,0,0,...) does not belong to A and
lim, o0 an, = (1,0,0...) holds with respect to the metric above, A is not closed
with respect to the subspace topology. This finishes the proof of assertion

We leave the obvious proof of the assertion is left to the reader.

Assertionis proved as follows. Suppose that S with the subspace topology
has a CW-structure. Since then S is a metrizable CW-complex, it must be
locally compact by [Il, Theorem B on page 81]. This implies there is an € > 0 such
that that the intersection of S with the closed ball of radius € around (1,0,0,...)
is compact. Hence we can find § > 0 such that the sequence (z,)n>1 given by
n =v1—10 €1 +V3 e, with e; the i-th element of the standard base belongs to
the intersection of S with the closed ball of radius € around (1,0,0,...). Hence
it has a subsequence which is a Cauchy sequence. Since this is not the case, we get
a contradiction.

Next we prove assertion Let s: S — S° be the shift map sending
(x1,29,23,...) to (0,21, 29,23, ...) Define

t-s(z)+(1—-t) -z
It s(z)a+ (1 —1) -zl
This is a homotopy between idg~ and s. Now consider the homotopy
(1—t)-s(z)+t-er
1(T=1)-s(@) +t- el

h: S xI— 8% x—

k: S xI—S* x—
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for e; = (1,0,0,...). Then k is a homotopy between s and the constant map
S5 — 5 with value e;. Hence S°° with the subspace topology is contractible.

Asserti follows from Theorem Theorem and Corollary using

assertion (ii)} Alternatively, the proof for assertion [(iv)| does carry over to asser-

tion

Assertion [(vi)|is a direct consequence of the other assertions.

Example 5.6 (Warsaw circle). Let W be the Warsaw circle, i.e., the compact
subsets of R? given by the union of {(z,sin(27/x)) | z € (0,1]}, {(1,¥) | y € [-2,0]},
{(z,=2) |z € [0,1]} and {(0,y) | y € [-2,1]}.

Then the projection p: W — {e} is a weak homotopy equivalence but not a
homotopy equivalence. In particular W is a compact space which is not homotopy
equivalent to a CW-complex.

Remark 5.7 (Whitehead Theorem for pairs). There is the following version of the
Whitehead Theorem for pairs. Let (F,f): (Y,B) — (Z,C) be a map of
pairs. Then the following assertions are equivalent:

(i) The maps F: Y — Z and f: B — C are weak homotopy equivalences;
(ii) For every CW-pair (X, A) the maps of the homotopy classes of pairs in-
duced by composition with (F, f)

(F, ) [(X,A4), (Y, B)] = [(X,A),(Z,0)], [(G,g)l = [(FoG,go f)]
is bijective.
6. CW-APPROXIMATION

Definition 6.1 (n-coconnected maps). A map f: X — Y is called n-coconnected
for n € Z=° 11 {0}, if for any base point # € X the map m;(f,x): m(X,z) —
m;(Y, f(x)) is injective if ¢ = n, and is bijective if i > n.

Consider a natural number n and a map f: X — Y. Then f is a weak homotopy
equivalence if and only if it is both n-connected and n-coconnected.

Definition 6.2 (n-CW-model for a pair). Consider a topological pair (Y, A) such
that A is a CW-complex and n € Z2°. An n-CW-model for (Y, A) consists of
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an n-connected pair of CW-complexes (Z, A) together with an n-coconnected map
f: Z =Y satisfying f|a = ida.

Theorem 6.3 (n-CW-models). Consider a topological pair (Y, A) such that A is
a CW-complex and n € ZZ°11 {oco}. Then there exists an n-CW -model

(f.ida): (Z,4) — (Y, A)
such that Z \ A contains no cells of dimension < n.

Proof. We construct a sequence of nested spaces Z, C Z,11 € Zp42 C -+ and
maps f;: Z; = Y for ¢ > n such that the following holds:

e 7, =Aand f, =idyu;

o filz,, =ficifori=n+1),(n+2),..;

e There exists for i > n a pushout of the shape

J
]—IjieJi a;

]_[jEJi SZ Z7’
\ _ e, @ [
e, Dt dhad Zit1

such that the image of each map ¢; does not meet any closed cell in A of
dimension > i;

e For any base point z € Z;4; the map m;(fi+1,2) is injective for i = n,
bijective for n < j < ¢, and surjective for j = (i + 1).

Before we explain the construction of these data, we explain how we get the
desired n-CW-model from it. Namely, we define Z = colim; ., Z; and f =
colim; o0 fi: Z — X. Then (Z, A) is a CW-pair and the i-skeleton Z; of Z is
the complement of the union of the open cells of dimension > i of A in Z;. In
particular Z \ Z; contains no cells of dimension < 4. Since Z \ A contains no k-cells
for 0 < k < n, the pair (Z, A) is n-connected by Corollary We conclude from
Corollary again that the map m,,(Z;, z;) = mm(Z, z;) induced by the inclusion
Z; — Z is bijective for m < i and surjective for m = i for any ¢ > n and z; € Z;.
Hence the map f is n-coconnected.

Finally we carry out the construction of the sequence Z,, C Z,,11 C Z,42 C ---
and the sequence of maps f;: Z; — Y. The induction beginning is obvious, take
Z, = Aand f,, =id4. The induction step how to construct Z; 1 and f; 1, when Z;
and f; have already been established, is done as follows. For each path component
C of A choose a zero-cell ¢ in A which is contained in C'. Then for every element
u in the kernel of the map 7;(f;, x¢): m:i(Zi, xc) — mi (Y, z¢) choose a pointed map
qo.u: (8%, s) = (Zi,x¢) with u = [go]. The define Z/,; as the pushout

11 Cemo(A) qc,u
; u€ker(m; (fi,zc))
1T cemny S Zi
u€ker(m; (fi,zc))

|

I cenn Ditl Zi .
u€ker(m; (fi,zc))

Since each [gc ] lies in the kernel of m;(f;, z¢), each map ¢c, can be extended
to a map qo,: D! — Y. By the Cellular Approximation Theorem we can
additionally arrange that the image of each map gc,, has trivial intersection with
any open cell of A of dimension ¢ > i + 1.
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The collection of these extensions yield a map f;,,: Z;,; — Y by the pushout

property. We have for j < (i + 1) and C € my(A) the commutative diagram

7 (fi,xc)

mi(Zi,xc) (Y, z0)

7-‘-J‘(Zz(+1’ xc)

where the vertical arrow is induced by the inclusion Z; — Z;11. The vertical
arrow is bijective for j < (i — 1) and surjective for ;7 = ¢ by Corollary Hence
7 (fi41,zc) is injective for ¢ = n and bijective for n < j < (i—1), as 7;(fi, z¢) has
these properties by the induction hypothesis. Consider an element v in the kernel
of m;(fiy1,2c). Choose u € m;(Z;, x¢) whose image under the vertical arrow is v.
Then u lies in the kernel of m;(f;, z¢). By construction u lies in the kernel of the
vertical arrow. Hence v is trivial. Therefore 7;(f;,,2z¢) is injective. As m;(f;, zc)

is surjective by the induction hypothesis, m;(f;,;,z¢) is surjective. This implies

that 7;(f/, 1, 2c) is injective for i = n and bijective for n < j < for all C' € mo(A).
Now consider any C' € mo(A) and any element [we] € mi41(Y, z¢). Choose a
map wc: (S, s) — (Y, 2¢) representing [we]. Define the desired space Z;,1 and

the desired map f;11: Z;41 — Y by

Ziy1 = ZigV \V ST,
Cemg(A)
lwelemiv1(Yace)

firn = finV \/ we.
Cemg(A)
lwelemiy1(Yzo)

We have for j < (i + 1) and C € mp(A4) the commutative diagram

mi(fii1,zo)
(2l x0) — s (Y, 2c)

J, 7 (fi+1,2c)
7j(Zit1,2C)

where the vertical arrow is induced by the inclusion Zj,; — Z;;1. The left vertical
arrow is bijective for j < ¢ and surjective for j = ¢ by Corollary It is also
injective for j = 4, since the inclusion Z; ; — Z;;1 has an obvious retraction
Ziy1 — Zj ;. Hence the left vertical arrow is bijective for j <. This implies that
7j(fi+1,zc) is injective for i = n and bijective for n < j < i for all C' € mo(A).
Moreover, by construction any element [w¢] is in the image of 7;(fiy1,z¢). Hence
7i(fi+1,zc) is surjective for all C' € mo(A). Since mo(A) — mo(Z;+1) is surjective,
we conclude from the diagrams and that for any base point z € Z; 1
the map 7;(fiy1, 2) is injective for i = n, bijective for n < j < ¢, and surjective for
j=>G+1).

This finishes the proof of Theorem [6.3 (]

Remark 6.4. One can think of the n-CW-model f: (Z,A) — (Y, A) as a sort of
homotopy theoretic hybrid of A and X. If n = 0 and Y is path connected, then
the hybrid looks like Y in the sense that f is a weak homotopy equivalence. As n
increases, the hybrid looks more and more like A, and less and less like Y. If we
take n = oo, then the inclusion A — Z is a weak homotopy equivalence and can
actually be realized by Z = A and id 4.
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More precisely, if k: A — Z and l: A — Y are the inclusions and a € A is a base
point, we get a factorization

;i (k,a) ;i (f,a)

mi(l,a): (A, a) 7i(Z,a) ——— m;(Y, a)

such that the following holds:
e If i < n, then the first map m;(k, a) is bijective;
e If i = n, then the first map m;(k,a) is surjective and the second map
;i (f,a) is injective;
e If i > n, then the second map m;(f, a) is bijective.
Corollary 6.5. Consider a CW -pair (X, A) and n € N. Then the following asser-
tions are equivalent:
(i) There is a CW-pair (Z,A) such that (X, A) and (Z,A) are homotopy
equivalent relative A and Z \ A contains no cells of dimension < n;
(i) The paz’r (X, A) is n-connected.
Proof . = |(i1)| This follows from Corollary .
We obtaln from Theorem [6.3] an n-model (f,id4): (Z,A4) — (X, A)
such that Z \ A contains no cells of dimension < n. Since (Z, A) and (X, A) are
n-connected and f is n-coconnected, f: Z — X is a weak homotopy equivalence
inducing the identity on A. A version of the Whitehead Theorem relative
A implies that (X, A) and (Z, A) are homotopy equivalent relative A. O

In particular any path connected CW-complex is homotopy equivalent to a CW-
complex Z having precisely one 0-cell.

Example 6.6. Let X be path connected CW-complex and x € X a base point.
We conclude from Theorem [2.7] that a 1-connected CW-model for (X, {z}) is given
by the universal covering X — X.

For this section the case n = 0 is important which we treat next.

Definition 6.7. Consider a space Y. A CW -approxzimation (X, f) of Y is a CW-
complex X together with a weak homotopy equivalence f: X — Y.

Theorem 6.8 (Existence and uniqueness of CW-approximations). Let Y be a
topological space. Then:
(i) There exists a CW -approzimation (X, f) of Y;
(i1) Let (X, f) and (X', f') be two CW -approximations of Y. Then there ex-
ists a homotopy equivalence g: X — X' for which the following diagram
commutes up to homotopy

Xo—L v xy

N

The homotopy equivalence g is up to homotopy uniquely determined by the
property f'og =~ f.
Proof. Consider a path component C' of Y. From Theorem applied to the
pair (C,0) and n = 0 we obtain a CW-complex X and weak homotopy equivalence
fo: Xo — C. Then we get from X = HCGWO(C) Xc and f = HCewo(C) fcaCW-
approximation of Y.

We conclude from the Whitehead Theorem that there exists a map
g: X — X' which is uniquely determined up to homotopy by the property f'og ~ f.
The map g is a weak homotopy equivalence and hence a homotopy equivalence by
Corollary O
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Remark 6.9. One may think of Theorem[6.8]as the topological analogon of the fact
that any positive R-chain complex C, possesses a projective R-resolution fi: P, —
C,, i.e., a projective positive R-chain complex P, together with an R-chain map
f«: P. — C, inducing an isomorphism on all homology modules, and that for
two projective resolutions (Py, fx) and (P, f1) of C, there is a R-chain homotopy
equivalence g.: P, — P/ which is a up to R-chain homotopy uniquely determined
by the property f. o g. =~ fi.

Theorem 6.10. Let f: X — Y be a weak homotopy equivalence of spaces. Then
the induced map on singular homology H,(f): Hp(X) — H,(Y) is bijective for all
n > 0.

Proof. See [0, Theorem 9.5.3 on page 237]. O

Remark 6.11 (CW-approximations for pairs). Consider a pair (Y, B). Choose a
CW-approximation u: A — B for B. Let cyl(u) be the mapping cylinder of w.
It contains the CW-complex A as subspace. Let g: (X, A) — (cyl(f), A) be a 0-
CW-model which exists by Theorem Thus we obtain a pair of CTW-complexes
(X, A) together with a weak homotopy equivalence g: X — Y satisfying g|4 = ida.
Let p: cyl(f) — Y be the projection which is a homotopy equivalence and satisfies
pla = u. Let f: X — Y be the composite powv. Then f: X — Y and f|a =
u: A — B are weak homotopy equivalences. So we obtain a CW-approximation
(fyu): (X,A) — (Y, B) for pairs.

A relative version of the Whitehead Theorem see Remark shows
that for two such CW-approximations f: (X,A4) — (V,B) and f': (X', A") —
(Y, B) there is a homotopy equivalence of pairs g: (X, A) — (X', A’) which is up
to homotopy uniquely determined by the property that f and f’ o g are homotopic
as maps of pairs (X, A) — (Y, B).

7. THE CATEGORY OF COMPACTLY GENERATED SPACES

We briefly recall some basics about compactly generated spaces. More informa-
tion and proofs can be found in [4]. A topological space X is compactly generated
if it is a Hausdorff space and a set A C X is closed if and only if for any compact
subset C' C X the intersection C' N A is a closed subspace of C.

Every locally compact space, and every space satisfying the first axiom of count-
ability, e.g., a metrizable space, is compactly generated. If p: X — Y is an identifi-
cation of topological spaces and X is compactly generated and Y is Hausdorff, then
Y is compactly generated. A closed subset of a compactly generated space is again
compactly generated. For open subsets one has to be careful as it is explained in
Subsection [T.1l

7.1. Open subsets. Recall that a topological space B is called regular if for any
point « € X and closed set A C X there exists open subsets U and V with x € U,
ACVand UNV = 0. A Hausdorff space is called locally compact if every
x € X possesses a compact neighborhood. Equivalently, for every x € X and open
neighborhood U there exists an open neighborhood V' of z such that the closure
of V in X is compact and contained in U, see [3, Lemma 8.2 in Section 3-8 on
page 185].

Definition 7.1 (Quasi-regular open set and regular space). An open subset U C B
is called quasi-regular if for any x € X there exists an open neighborhood V, whose
closure in B is contained in U.

Lemma 7.2. (i) Let B be a compactly generated Hausdorff space. A quasi-
regular open subset U C B equipped with the subspace topology is compactly
generated;
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(ii) Let f: X =Y be a (continuous) map between (not necessarily compactly
generated) spaces. If V. CY is a quasi-regular open subset, then f~1(V) C
X is a quasi-regular open subset;

(iti) The intersection of finitely many quasi-regular open subsets is again a
quasi-reqular open subset;

(iv) A space is regular if and only if every open subset is quasi-reqular;

(v) Any locally compact Hausdorff space, any metrizable space, and every CW -
complez are regular;

(vi) Every open subset of a CW -complex is quasi-regular and, equipped with
the subspace topology, compactly generated.

Proof. See [4 page 135].

Consider a point € f~1(V). Choose an open set W of Y such that f(z) € W
and the closure of W in B is contained in V. Then f~!(W) is an open subset of
X which contains 2 and whose closure in X is contained in f~1(V).

Let Uy, Us, ..., U, be quasi-regular open subsets. Consider z € U := ﬂ:zl U;.
Choose for every i = 1,2...,r an open subset V; with x € V; such that the closure V;
of V; in B is contained in U;. Put V :=(),_; V;. Thenz € Vand V CNI_,V; CU.
Hence U is a quasi-regular open subset.

See [3, Lemma 2.1 in Section 4-2 on page 196].

This is obvious for locally compact spaces. Metrizable spaces are treated in [3],
Theorem 2.3 in Section 4-2 on page 198]. Every CW-complex is paracompact,
see [2], and hence in particular regular, see [3, Theorem 4.1 in Section 6-4 on
page 255].

This follows from assertions and O

7.2. The retraction functor k. There is a construction which assigns to a topo-
logical Hausdorff space X a new topological space k(X ) such that X and k(X) have
the same underlying sets, k(X) is compactly generated, X and k(X) have the same
compact subsets, the identity k(X ) — X is continuous and is a homeomorphism if
and only if X is compactly generated. Namely, define the new topology on k(X)
by declaring a subset A C X to be closed if and only if for every compact subset
of X the intersection A N C is a closed subset of C'.

7.3. Mapping spaces, product spaces, and subspaces. Given two compactly
generated spaces X and Y, denote by map(X,Y)x.,. the set of maps X — Y with
the compact-open-topology, i.e., a subbasis for the compact-open-topology is given
by the sets W(C,U) = {f: X = Y | f(C) C U}, where C runs through the compact
subsets of X and U runs though the open subsets of Y. Note that map(X,Y )k ,.
is not compactly generated in general. We denote by map(X,Y’) the topological
space given by k(map(X,Y ), ). Sometimes we abbreviate map(X,Y) by V¥
and denote for a map f:Y — Z the induced map map(idy, f): map(X,Y) —
map(X,Z), g+ fogby fX:YX — ZX_ If X and Y are compactly generated
spaces, then X x Y stands for k(X x, X), where X x, Y is the topological space
with respect to the “classical” product topology.

If A C X is a subset of a compactly generated space, the subspace topology
means that we take k(Ay) for Ay the topology space given by the “classical”
subspace topology on A.

Roughly speaking, all the usual constructions of topologies are made compactly
generated by passing from Y to k(YY) in order to stay within the category of com-
pactly generated spaces.
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7.4. Basic features of the category of compactly generated spaces. The
category of compactly generated spaces has the following convenient features:

e A map f: X — Y of compactly generated spaces is continuous if and only
if its restriction f|c: C' — Y to any compact subset C' C X is continuous;
o If XY and Z are compactly generated spaces, then the obvious maps

map(X, map(Y, Z)) =N map(X x Y, Z);
map(X,Y x Z) = map(X,Y) x map(X, 2),
are homeomorphisms and the map given by composition
map(X,Y) x map(Y; Z) — map(X, Z)

is continuous;

e The product of two identifications is again an identification;

o If X islocally compact and Y compactly generated, then X xY and X x,Y
are the same topological spaces;

e Let Xg C X; C Xy C -+ be a sequence of inclusions of compactly gener-
ated spaces such that X; is a closed subspace of X;1; fori=0,1,2,....

Then the colimit colim;_,~ X; exists in the category of compactly gener-

ated Hausdorf spaces. Moreover, if Y is a compactly generated space, then
colim;,~(X; X Y) exists in the category of compactly generated spaces
and the canonical map

colim; o0 (X; X Y) =, (colimi_>OO Xi) xY

is a homeomorphism,;
e In the category of compactly generated spaces the pushout of a diagram

X1 <£ X0 f—2> X, exists if f1 or fo is the inclusion of a closed subspace;

e Given a Hausdorf space Y, the canonical map ¥ — k(Y") is a weak homo-
topy equivalence and induces an isomorphism on singular homology.

e Given a pushout in the category of compactly generated spaces, its product
with a compactly generated space is again a pushout in the category of
compactly generated spaces.

e The product of two C'W-complexes is again a CW-complex;

Remark 7.3 (Compactly generated weak Hausdorff spaces). There is also the
category of compactly generated weak Hausdorff spaces, see [5]. The main advan-
tage in contrast to the category of compactly generated Hausdorfl spaces, see [4],
is that in the category of compactly generated weak Hausdorff spaces colimits for
small diagrams, for instance pushouts or filtered colimits, always exist, see [5, Corol-
lary 2.23]. In the category of compactly generated spaces one can define the pushout

of a diagram X ELN Xo EEl X5 only if for the pushout in the classical setting

XOL)Xl

T

X, fi
the space X is Hausdorff, since the retraction functor k digests only Hausdorff
spaces. Note that X is Hausdorff if f; or fy is an inclusion of a closed subspace.
Therefore in the case treated in the manuscript this condition is always satisfies
and the pushout exists in the category of compactly generated Hausdorff spaces.
The same discussion applies to the colimit colim; .., X; of a sequence of inclu-
sions of compactly generated spaces of Xg C X7 C Xo C---.



32 LUCK, WOLFGANG

For simplicity we will discuss these issues not anymore and will work in the
category of compactly generated Hausdorff spaces throughout this manuscript.
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