“Approximating L*invariants by their
finite-dimensional analogues”
by
Woltgang Liick

Abstract: Let X be a finite connected CW-complex. Suppose that its fundamental group = is
residually finite, i.e., there is a nested sequence ... C I'y,41 C 'y, C ... C 7 of in 7w normal subgroups
of finite index whose intersection is trivial. Then we show that the p-th L?-Betti number of X is
the limit of the sequence b,(Xy,)/[m : I'y,] where b,(X,,,) is the (ordinary) p-th Betti number of the
finite covering of X associated with I',.

Introduction and statement of results

Let X be a finite connected CW-complex with fundamental group 7 and A C X be a
CW-subcomplex. Let bl(f) (X, A) be the p-th L?-Betti number. Suppose 7 is residually finite,
i.e., there is a nested sequence of in 7 normal subgroups ... C I',,,; C '), C... C 7 such
that the index [7 : T',,] is finite for all m > 0 and the intersection N,,>l", is the trivial group.
Examples of residually finite groups are fundamental groups of compact Haken 3-manifolds
and finitely generated groups possessing a faithful representation into GL(n, F') for some
field F. Consider any such sequence (I';,)m>0. Let pn @ X, — X be the covering of X
associated with I', C m and put A,, = p,,'(A). Denote by b,(X,,, A,,) the (ordinary) p-th
Betti number of (X,,, A,,). The following theorem answers a query of Gromov [14, pages
13, 153].

Theorem 0.1 (Kazhdan’s equality) Under the conditions above

lim —bp(Xm’Am)
m—oo 1 :T,]

= (X, A). =m

% < b§,2) (X, A) for X a closed manifold and empty

A is discussed by Gromov [14, pages 13, 153] and is essentially due to Kazhdan [20].

The inequality lim sup,,, .,

There are estimates on the sum of the ordinary Betti numbers by the volume and
by the simplicial volume for a closed Riemannian manifold which satisfies certain pinching
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conditions on its curvature [12, page 12]. Provided that the fundamental group is residually
finite, these hold also for the sum of the L?-Betti numbers by Theorem 0.1.

Suppose that M is a closed Riemannian manifold. Let L?QF(M) be the Hilbert space
of square integrable p-forms on the universal covering M. The Laplace operator AP acting
on LQQ’“(M ) is essentially self-adjoint. Hence the spectral theorem applies and there is a
spectral family {P?|\ € [0,00)} associated to AP. Let PP(z,y) be a Schwartz kernel of P?.
Denote by trg (PY(z,z)) the trace of the linear endomorphism of the finite-dimensional real

vector space APT-M. Let F C M be a fundamental domain for the m-action. Define the
analytic p-th spectral density function of M by

F? : ]0,00) — [0, 00) A /jctrR (PY(z,x)) - dvol.

Notice that F?(0) = béz)(M) and that the spectrum of A? has a gap at zero if and only if
FP(X) — F?(0) = 0 for some A > 0.

Suppose that m = 7 (M) is residually finite with a nested sequence of normal sub-
groups of finite index (I';;,)m>0 with trivial intersection as above. Fix a C'W-structure on
M. Equip all finite coverings M,, with the induced CW-structure. The cellular C[I,,\7]-
cochain complex CP(M,,;C) inherits a C-basis and in particular a Hilbert space structure.
Hence the adjoint (¢?)* of its differential ¢? is defined. The combinatorial Laplace operator
AP CP(M,,; C) — CP(M,,; C) is defined by ®!(cP~1)* + (cP)*c?. Denote by NP (\) the
number of eigenvalues p of AP satisfying p < A counted with multiplicity. Notice that the
spectrum of AP has a gap at zero if and only if FP(\) = FP(0) for some A > 0. We get under
the conditions above

Theorem 0.2 (Kazhdan’s criterion) The spectrum of AP has a gap at zero if and only
if there is a A > 0 such that

L VB = N5 (0)

= 0.
mso [ Dol "

Theorem 0.3 (Logarithmic spectral density estimate) There are constants C > 0
and € > 0 (depending on M but not on \) such that for all A € (0,€)

C

FP(3) = F7(0) < o

Notice that zero is not in the spectrum of A? if and only if FP (0) = b,(JQ)(M ) =0 and
the spectrum of AP has a gap at zero, or equivalently, if and only if FP(\) = 0 for some
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A > 0. Hence Theorem 0.1 and Theorem 0.2 together imply the necessary and the sufficient
Kazhdan’ criterion in [14, page 14] for the question whether zero is not in the spectrum

of A?. Theorem 0.3 gives some evidence for [22, Conjecture 9.1] that the Novikov-Shubin
invariants of M are always positive. This means that one can improve the inequality in
Theorem 0.3 for some a > 0 to

FP(A) — FP(0) < CA.

All we have said about a closed Riemannian manifold M can be extended to compact
Riemannian manifolds with boundary by imposing absolute boundary conditions.

We give two applications to “middle” algebraic K-groups of Zm, provided that 7 is
countable and residually finite. Let N (7) = B(I*(), *()™ be the von Neumann algebra of
7 and denote by trjcv(w) its unique center valued trace.

Theorem 0.4 (Swan’ theorem for countable residually finite groups)

1. Let p € M(n,n,Zx) be an idempotent. If Iy is the unit element in N () and r is the
rank of the abelian group 7 ®z, im(p), then

T () (p)=r-1.

2. The change of rings homomorphism
Ko(Zr) — Ko(N ()

18 trivial. ]

Roughly speaking, Theorem 0.4 means for a finitely generated projective Zm-module P that
I2(7) ®z, P is m-isometrically isomorphic to the Hilbert N (m)-module mbox&!_,?(r) for r
the rank of Z ®z, P. Theorem 0.4 was already proven by Swan [31, Theorem 8.1]| for finite 7.
Notice that for finite m the von Neumann algebra N (7) reduces to Cr and |7 - tr§,, (p) for
an idempotent p € M (n,n, Zx) is the character of the complex m-representation C ®z im(p).
Bass [2, section 9] shows for a torsionfree linear finitely generated group I' the even stronger
statement that the Hattori-Stallings rank of a finitely generated projective ZI'-module is the
the Hattori-Stallings rank of the free ZI'-module of rank dimg(Q ®zr P).

Secondly, we show



Theorem 0.5 (Homotopy invariance of combinatorial L*-torsion)

1. If ™ is a countable residually finite group, then
® : Wh(mr) — R
given by the Fuglede Kadison determinant is trivial.

2. The combinatorial L*-torsion of a finite CW -complex with residually finite fundamental
group whose L*-Betti numbers are all trivial and whose Novikov-Shubin invariants are
all positive is a homotopy invariant.

Combinatorial L2-torsion was introduced and studied in [4],[23] and [25]. The equiva-
lence of the two assertions in Theorem 0.5 is proven in [23, Theorem 1.4]. In this context we
mention the conjecture that the combinatorial L?-torsion agrees with the analytic L?-torsion
defined by Lott [21] and Mathai [28]. The analytic L?-torsion is known to be a diffeomor-
phism invariant of closed Riemannian manifolds whose L?-Betti numbers all vanish and
whose Novikov-Shubin invariants are all positive. The considerations above make it plausi-
ble that the analytic L2-torsion is even a homotopy invariant. Notice that the isomorphism
conjectures by Farrell and Jones [10] imply both Theorem 0.4 and Theorem 0.5.

Let M be a compact connected orientable irreducible 3-manifold with infinite funda-
mental group which is Haken, Seifert or hyperbolic. Suppose that its boundary is empty
or a disjoint union of incompressible tori. Let M, ... M, be the hyperbolic pieces in the
decomposition by incompressible tori into Seifert and hyperbolic pieces. There is the [23,
Conjecture 2.3] for the combinatorial L?-torsion p(M)

This implies in particular that In(p(M)) is always non-positive. We can prove this last
statement in

Theorem 0.6 (Bound on combinatorial L-torsion for 3-manifolds) Let M be a 3-
manifold satisfying the conditions above or let M be a connected finite 2-dimensional C'W -
complex with residually finite fundamental group whose L*-Betti numbers are all trivial and
whose Novikov-Shubin invariants are all positive. Then we get for the combinatorial L?-
torsion

p(M) < 1.



The paper is organized as follows :

Review of L2-Betti numbers and residually finite groups

Proof of Kazhdan’s equality

Density functions and their invariants

Extending Swan’s theorem from finite to residually finite groups
References

Ll

1. Review of L?-Betti numbers and residually finite groups

We give the basic definitions of L?-Betti numbers and of residually finite groups and
state some important facts. For the remainder of this section let X be a finite connected
CW-complex with fundamental group 7 and A C X be a CW-subcomplex. Let p: X — X
be the universal covering and put A = p~1(A). We let operate 7 from the left on the universal
covering and on its cellular chain complex.

We recall the basic definitions about L2-Betti numbers. Let {?(7) be the Hilbert space
of formal sums ) A, - g with complex coefficients A, satisfying »- _[A[* < co. The von
Neumann algebra of

gem

N (r) = B(I*(m), (7))

is the algebra of bounded 7-equivariant operators from [?(w) to I(w). The von Neumann
trace of an element f € N (m) is defined by

trN(ﬂ)(f) = <f(€)7 6>

for e € 7 the unit element. For a bounded 7-equivariant operator f : @I, ?(7) — &7 ,1%(7)
define

try (f) = Z trnr(ey (fid) -

A finitely generated Hilbert N (mw)-module P is a Hilbert space with isometric m-action such
there exists an isometric m-equivariant embedding into @!_,/?(7) (which is not part of the
structure) for some r € N. Let pr: &!_;*(7) — &!_,I(7) be a projection whose image is
isometrically m-equivariantly isomorphic to P. The von Neumann dimension of P is defined
by

dimy(x)(P) = tram) (pr).

If we tensor the Zm-chain complex C/(X, A) with [2(), we obtain a chain complex C® (X, A)

of finitely generated Hilbert N (7)-modules with bounded m-equivariant operators c§,2) as
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differentials. Define the p-th L2-homology HS” (X, A) by the quotient ker(cg))/clos(im(cgl)).
Since we divide by the closure of the image, this is again a finitely generated Hilbert N (7)-
module. Its von Neumann dimension is the p-th L?-Betti number of (X, A). Notice that
L?-homology and L2-cohomology are the same up to isometric m-isomorphism. We give
some basic facts about L?-Betti numbers. For more information we refer to [14, section §].

The L?-Betti numbers are homotopy invariants.

If x(X, A) is the Euler characteristic, then [1]

XX, A) =D (=P bP(X, A).

p=>0

Let M be a compact Riemannian manifold. The space of harmonic L?-integrable p-
forms on M satisfying absolute boundary conditions is isometrically m-isomorphic to

H,(,Z)(M ) and its von Neumann dimension agrees with béz)(M ) [8] for closed M, [22,
section 6).

The von Neumann dimension is additive under exact sequences of finitely generated
Hilbert N (m)-modules. The von Neumann dimension of P is zero if and only if P is
zero. The von Neumann dimension is continuous, i.e., if P, D P, D ... is a nested
sequence of finitely generated Hilbert A-modules then

dim 4 (ﬂ Pn) = lim dim4(P,).
n=1

If the compact manifold M fibers over S*, then b,(M) = 0 for all p > 0 [24].

If 7m1(X) is an extension of a finitely presented group which contains Z as a subgroup
by an infinite finitely presented group, then ng) (X) =0 [24].

If m contains a normal infinite amenable subgroup and Bw is of finite type, then
b (Br) = 0 for all p > 0 [5].

Let M be a closed Riemannian manifold of dimension n with sectional curvature K

pinched by
n—2\>
—1§K§—02<1—( )

n—1
Then the L*-Betti number b,(M) vanishes if [p —n/2| > 1 [7].

If M is a symmetric space of non-compact type, then the L2-cohomology vanishes
possibly except for the middle dimension.
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e If M is Kéhler hyperbolic in the sense of [13], then the L?*-cohomology vanishes except
for the middle dimension where it is non-trivial [13].

e Let M be a compact 3-manifold with infinite fundamental group whose prime decom-
position M = M,§Msf...4M, consists of non-exceptional manifolds M; (i.e., which
are finitely covered by a manifold which is homotopy equivalent to a Haken, Seifert or
hyperbolic manifold). Then [22]

B (M) = 0

2 : 1 ~ o2
b (M) = (r_1)—;m(Mj)|—X(M)+|{Ce7ro(aM)s.t.czs}|
(@) _ - 1 ~ 2

b (M) = (r—l)—;W—H{Ceﬂo(aM)s.t.C’_S}\

b (M) = 0

Two of the outstanding conjectures on L2-cohomology are Singer’s conjecture that
the L2-Betti numbers of a closed aspherical manifold vanish possible except in the middle
dimension and Atiyah’s conjecture that the L?-Betti numbers of a compact manifold are
rational and, provided that the fundamental group is torsionfree, are integers. Atiyah’s
conjecture implies Kaplanski’s conjecture that the rational group ring of a group has no
zero-divisors if and only if the group is torsionfree.

A group 7 is called residually finite if for any g € 7 there is a finite group G and
a homomorphism ¢ : 7 — G satisfying ¢(g) # 1. If a group 7 is countable and residually
finite, then there is a nested sequences of normal subgroups ... C I',,,; C I',, C ... C 7 such
that I',,, C 7 is of finite index and NX°_,I",, = {1}. We list some basic facts about residually
finite groups, for more information we refer to the survey article [27].

The free product of two residually finite groups is again residually finite [16], [6, page
27].

A finitely generated residually finite group has a solvable word problem [29].

The automorphism group of a finitely generated residually finite group is residually
finite [3].

A finitely generated residually finite group is hopfian, i.e, any surjective endomorphism
is an automorphism [26], [30, Corollary 41.44].



e Let 7 be a finitely generated group possessing a faithful representation into GL(n, F')
for ' a field. Then 7 is residually finite [26], [32, Theorem 4.2].

e Let 7 be a finitely generated group. Let 7™/ be the quotient of 7 by the normal
subgroup which is the intersection of all normal subgroups of 7 of finite index. The
group 7"/ is residually finite and any finite-dimensional representation of 7 in a field
factorizes over the canonical projection 7 — 777,

e The fundamental group of a compact 3-manifold whose prime decomposition consists
of non-exceptional manifolds (i.e., which are finitely covered by a manifold which is
homotopy equivalent to a Haken, Seifert or hyperbolic manifold) is residually finite
[17, page 380] .

e There is an infinite group with four generators and four relations which has no finite
quotient except the trivial one [18].

2. Proof of Kazhdan’s equality
For the remainder of this section we fix the following

Data 2.1
e a countable residually finite group .
e a nested sequence ... C I'yyyy C I, C ... C 1 such that T, C 7 is a normal subgroup
of finite indez [w : I'y,] and NSS_ Iy, = {1}.

e a Zw-linear map f : &% Znw — ®°_Zxm ( of left Zm-modules).

We introduce the following notation. We have explained N (), trar(r) and dimy () in
section 1.

Notation 2.2

e Let B € M(a,b,Zm) be the matriz describing f, i.e. f(x) is given by zB.



o Let f,: & ,C[[,\7] — @®!_,C[,,\7] be the C-linear map induced by f. Denote by
f@ o P(r) — @Y 3(n) the bounded m-equivariant operator induced by f.

o Let {P(\) | A € [0,00)} be the right continuous spectral family of the positive operator
(f@)*f@ The spectral density function of f?) is defined by

F :]0,00) — [0, 4] A = dimpn (im(P(X))) = tra) (P(A)) -
o The L?-Betti number of f is defined by
@) (f) = dimpsr (ker (fP)) = F(0).

o Let E,(N\) be the ordered set of eigenvalues p of fr fu satisfying p < X\ listed with

50+

multiplicity.
e Define
E.(\
o - 50
Frf(\) = limsup FI/(\)
Fri(\) = 15@5%;}‘&)
Frit(\) = lim FrP(\+0)
()

lim F7(A+6). =
50+

Notice that all functions appearing in Notation 2.2 are monotone increasing and, pos-
sibly except F'/ and F7f, are right continuous. The main technical result of this paper
is

Theorem 2.3 1. F(\) = WWA) = FF (0.

2. The functions Frfoand Er are right continuous at zero. We have

FI(0) = F7(0) = F(0) = F/(0) = FF*(0) = Tim F7(0) = lim 120

m—oo m—oo [71' : Fm]

3. We have for 0 < A < 1 if K is the constant introduced in 2.4

a - In(K?)
=TTy



Before we give its proof, we explain how it implies Theorem 0.1, Theorem 0.2 and
Theorem 0.3.

We begin with Theorem 0.1. Let c,.; and ¢, be the differentials of C(X,A) Denote
by n, the number of p-cells in X — A. Then we get for any finite-dimensional complex
m-representation V' if c;/ is the linar map obtained by tensoring with V'

bp(X,A; V) = dime (ker(c;/)/lm( p+1))
= dimc (ker(c} )) — dime (im(c,,4))
dime (ker(cy)) + dime (ker(cy,1)) — npt1 - dime(V)
= dime (ker((cp®p11)")) — npy1 - dime(V).
Similiarly we get
bf)(X, A) = b2 ((cp P cp+1)(2)) — Npi1.

Now Theorem 0.1 follows from Theorem 2.3.2 applied to f = ¢, @ ¢, since

by(Xom, Am) _ by(X, 4; C[I',\ 7)) — FrH0) — n
[m: 1) [m: Iy For (0 =

and

b(X,A) = F(0) = np1.

Next we prove Theorem 0.2 and 0.3. Let f: Cp(]T/[/) — Cp(]T/[/) be the Cr-linear map
Cpr1Cy + cpcp for a given non-negative integer p. Then F and the analytic spectral den-
sity function F? defined in the introduction are dilitationally equivalent [9],[15] and [22] ,
i.e., there are constants € > 0 and D > 1 such that for all A € (0, ¢)

F(D™'-XN) < FPA) < F(D-\).

Hence it suffices to prove the claims in Theorems 0.2 and 0.3 for F' instead of FP. These
follow from Theorem 2.3.

The proof of Theorem 2.3 needs some preparations.
Foru=73% _ A;-g € Crdefine [uly = > . [A]. Recall that

B € M(a,b, Zx) describes f. For the sequel fix a real number K satisfying

24 K>a- Z_lmax{|B”|1|z 1,2...a}.

Lemma 2.5 The number K is greater or equal to the operator norm of f® and f,,.

10



Proof: We give the proof only for f, the one for f,, is completely analogous. Consider

zel?(mr)andu=> __ ), -g€ Cr. Then

gem
Juz| = D Ag-g-a| <D Dl lg-al <Y ][] < Jul, - 2]
gem ge™ geT
We conclude for z = (21, xa, ... 7,) € B, *(7)
2

b

|f(2)(a:)‘2 — Z in'Bm‘

j=1 |i=1
b a 2
< Z Z |z - Bi,j’)
j=1 \i=1
b a 2
< DD il \Bz',j\1>
j=1 \i=1
b a 2
< Z Z 2| - max{|B;;|, |1<i< a})
j=1 \i=1

(max{|Byl, |1<i<a})’ (Z "“')

(max{|Bi;|, [1<i<a})® o> |l
=1

M-

1

J

N

1

<.
Il

b 2
< (Zmax{|Bi7j|1 |1<i<a}- a) xf?

Jj=1

This finishes the proof of Lemma 2.5. ]

For 3° .. Ay g € Zm define

trz, <Z )\g : g) =X

gem

where e € 7 is the unit element. Recall that B € M(a,b,Zm) is the matrix describing f.
Put

trz, (f) = Z trz, (Bii)
i=1
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provided a = b. Denote by B* the matrix (B;;) in M(b,a,Zr) if ~: Zm — Zx is the
involution sending - Ay~ g to >0 . A;-g~". Let f*: &b\ Zm — @, Z7 be the Znr-
linear map described by B*. Notice that (f®)* = (f*). One easily checks that f*f is
described by BB* and

tra ((F@)fP) = trze (f°f).

The proof of the following lemma is the only place where we need the assumption that
I',, C 7 is normal.

Lemma 2.6 Let p(u) be a polynomial. There is a number mo ((I'y,)m>0,p) such that for all
m 2 mo (F'm)m=0,p)

trz- (p(f*f)) = -tre (P(ffm)) -

[ :

Proof: Recall that the matrix B € M (a,b,Zr) describes f. Fix elements go,g1,...,9- €T
and Ao, A1, ..., A\, € C such that gg =€, g #e and \; #0 for 1 <i <r and

a

Z (p(BB*))j,j = Z AiGi-

=1

We get:
trzx (p(f"f)) = Ao

and
tre (p(f.fm)) = tre (Z Ai-1(gi) : ClLp\m] — C[Fm\ﬂ>

where 7(g;) is right multiplication with g;. Since the intersection of the I',,-s is trivial, there
is a number mg such that for m > mg none of the elements g; for 1 <7 < r liesin I';,,. Since
I',, C 7 is normal, we conclude for m > mgand 1 <i<r

tre(r(g;) : C[T'y\w] — C[[,,\7]) = 0.

This implies for m > my

trze (p(f*f)) = tre (p(fnfm)) . m

[ T

Lemma 2.7 Let p, (1) be a sequence of polynomials such that for the characteristic function
X[ (1) of the interval [0, ] and an appropriate real number L

Tim po (1) = X (1) and - [pu(p)] < L
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holds for each p € [0,|fP|?]. Then

Ttz () = F(V).

Proof: Let {P()\) | A € [0,]f® ]2} be the right continuous spectral family of (f®))*f?. We
get using Lebesgues Theorem of Majorized Convergence and the fact that the von Neumann
trace is linear, monotone and ultraweakly continuous

lim trz (pu(f7f)) = lim texe (pa((F2)7 )

[1£11?
— lim o ( / pa(N) dP()\))
n—oo 0

IIf112
= lim pa(N) dF(N)
n—oo 0
II£112
— / (nm pn()\)) dF(\)
0 n—oo
I1f11
= / Xio) dF(A)
0
= F()
This finishes the proof of Lemma 2.7. |

Lemma 2.8 Let g:V — W be a linear map of finite-dimensional Hilbert spaces V' and
W. Let p(t) = det(tid — g*g) be the characteristic polynomial of g*g. Write p(t) = t* - q(t)
for a polynomial q satisfying q(0) # 0. Let K be a positive real number such that K > 1
and K > ||g|| and let C' be a positive real number such that C < |q(0)|. Let E(\) be the
ordered set of eigenvalues p of g*g satisfying p < X listed with multiplicity. Then we get for
0< A<
[EQ] = EO)] _ —In(C) In(K?)
dime(V) = dime(V) - (—=In(A))  —1In(N\)’

Proof: Let 0 < o < p11 < ... < pigime(v) be the eigenvalues of g*g listed with multiplicity.
Let r be the integer for which p; = 0 for ¢ < r and p; > 0 for 2 > r holds. Let s be the integer
for which p; < A for ¢ < s and p; > A for ¢ > s is valid. Then

dim¢ (V)

awy= [ -

i=r+1
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and
[EN)| = [E0)]=s—r

We conclude for A < 1 ( and hence In(\) < 0) since p; < K2 for all i

dim¢ (V)
II —#) = a0
i=r+1
S dimC(V)
1w = o I w!
i=r+1 1=s+1
S dlmc(v)
[I» =c¢ I] £
i=r+1 1=s+1
NEVI=IEO > ¢, g—2dime(V)
(IEN)| = E0)]) - In(\) ge In(C) — dime(V) - In(K?)
[EQ)—EO)]  _ — In(C) In(K?)
dimc(V) — dimc(V) - (—=In(N\))  —In(A)
This finishes the proof of Lemma 2.8. [ |

Next we proof Theorem 2.3.1. Fix A > 0. Define for n > 1 a continuous function

1+1/n p< A
fo:R—R p— 1+1/m—n-(p=XA) A<p<i+1
1/n A+Li<p

Obviously xjo (1) < fas1(r) < fu(p) and fo(p) converges for n — oo to xpoa(p) for all
p € [0,00). For each n choose a polynomial p, such that xo(@) < pn(p) < fu(p) holds
for all € [0, K?]. Such polynomial can be found by approximating f, 1 sufficiently close.
Hence

X (1) < Pa(p) <2 and - lim p,(p) = xpu(p) for pe€ [0, K7,

Recall that E,,(\) is the ordered set of eigenvalues p of f* f,, satisfying p < A listed with
multiplicity. We conclude since K2 > ||f* f.,|| by Lemma 2.5

—r e (ulF )
= [ :1F ] Z pn(p)
T pEBM (K?)
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- [ T + [ : Tl
( > (palw)—-1) + > palp) + > pn(u))
HEEm(X) HEEm (A+1/n)—Em(X) HEEm (K?)=Em(A+1/n)
This implies B\
) Ep(X 1 .
FF(\) T < o e (P (frnfim))
We conclude further
[7‘(‘ : Fm] “tre (pn(f:nfm»
[En (M| sup{pn(p) =1 | p € [0,A]} - [Em(N)]
S e m T
L supdpn(p) [ € M A+1/n]} - [En(A+1/n) = Bn(M)]
[m: T
L supipa(p) [ p € A1/ K2} - | B (K7) = Bn(A + 1/n)]
[m: T
[En(M] 1/ [En(M], A4+1/0) - [En(A+1/n) — En(M)]
S mnl T men, Tl *
1/n-|En(K?) — En(A+1/n)|
[ T
< [EaQ41n)| 1 [En(KY)
- [ Tl n [w: Tyl

1
< FYO+1/n)+—-a
n

Because of Lemma 2.6 there is for each n € N a number m(n) such that for all m > m(n)

[7‘( ; Fm] -tre (pn(f:nfm>> = trz, (pn(f*f)) )

Hence we get for m > m(n):

1
Fi (V) < trze (0a(£71)) S B/ A+ 1/n) + ~-a
Taking for fixed n the limit superior respectively limit inferior for m — oo gives

FI() < trze (0u(£1) < EXO 4 1/m) +
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Now we take the limit for n — oo and obtain because of Lemma 2.7
Fri(\) < F(\) < Fr77 ()
We have for all € > 0

FON<ET "N <E'A+6) <FT(A+¢) < F(A+e)

Since lim,_gy F(A+€) = F(\) we get
F) = F7"(A) = 77 ().
This finishes the proof of Theorem 2.3.1. |

Next we show Theorem 2.3.2 and 2.3.3. We want to apply Lemma 2.8 to the functions
fm simultaneously. Let p,, be the characteristic polynomial of f,, and p,,(t) = t™ - g,,(t) for
appropriate 7, and ¢,,(t) with ¢,,(0) # 0. Since f is a Zn-linear map, the matrix describing
fm has integers as entries. Hence p,, is an integer polynomial and |¢,,(0)| > 1. We get for
0 < A <1 from Lemma 2.8 and Lemma 2.5 with the constants K and C' = 1 which are
independent of m

Fil(\) = F;/(0) —In(1) In(K?)
a S T —mO)) T ()

and hence
a-In(K?)

—In(\) ~

Taking the limit inferior and limit superior for m — oo gives:

a - In(K?)
—1In(\)

Fil (0 < Fl(0) +

F () < F(0) +

and
a - In(K?)

—In(\)

Fri(\) < Fri(0) +

Taking the limit for A — 0 gives
Fr1(0) = F77(0)
and L .
Fri(0) = Frf (0).

We already know WJF(O) = F(0) = F"/(0) from Theorem 2.3.1. This proves Theorem 2.3.2.
a-In(K?)

Since = 6]

is right continuous, we conclude:

a-In(K?)

FriT(\) < F(0) + oy

16



Now Theorem 2.3.3 follows from Theorem 2.3.1. This finishes the proof of Theorem 2.3.
|

3. Density functions and their invariants

We consider density functions and their invariants like Betti numbers, Novikov-Shubin
invariants and determinants. We show that these invariants are not changed if the density
function in question is made right continuous. This is useful in connection with Theorem
2.3.1. We apply this to the spectral density function of f (given in Data 2.1) and will express
these invariants for £ in terms of the f,,-s. We will prove Theorem 0.5 and Theorem 0.6.

Definition 3.1 A density function is a monotone increasing function F : [0,00) — [0, 00).
Put
VD (F) = lim F(\).

A—0+

Define

In(F(\) — b@(F
a(F) = liminf n(F() (£))
A—0F In(\)
provided that F()\) > b (F) holds for all A > 0. Otherwise, we put a(F) = oo™. Suppose
there is a K satisfying F(\) = F(K?) for all A\ > K?. If the integral

K2 F(A) — b®@(F)
/0 ) : A

€ [0, o0,

exists as real number, put

K? — 52
det(F) = exp (%( /0+ )~ 6r) dA))

If the integral does not exist, define det(F') = 0. [

It is not hard to check that the definition of det(F’) is independent of the choice of K
and that the integral exists as real number if a(F) > 0. If g : ®7_,1*(7) — @®L_,[*(7) is an
invertible bounded m-equivariant operator its Fuglede Kadison determinant is defined by [11]

det(g) = e (5 tiwin ((5°9) ) € (0.0).

It coincides with the determinant of Definition 3.1 applied to the spectral density function
of g by [23, Lemma 4.2].
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Lemma 3.2 Let F :[0,00) — [0,00) be a density function. Define the right continuous

density function
F*:]0,00) — [0, 00) A= lim F(\+9).

5§—0+
Then

VO(F) = b (FY) = FH(0), a(F) = a(F*) and det(F) = det(F").

Proof: Obviously we have b3 (F) = b (F+) = F*(0). We have for all A > 0

FO)SFT\) <F(2-))

and hence for 0 < A < 1

F(\) —b3(F) - FH(\) — b (F)

> =
In(\) - In(\) -

F(2-))—b?(F) F(2-\)—b?(F)
In(\) In(2 - \) (

Now the we get by taking the limit inferior for A — 0+

a(F) > a(FT) > aF)

and thus the claim

a(F) = a(FT).

For e > 0 and 6 > 0 we estimate

0 < /K2 FO+0) = b(F) /K2 FO) = W(F) |

In(2)
+ ln()\))

< : -

_ / "F(A+ ;\S)Jr—éb(Q)(F) _ )\;\L(S D /K2 F()\) —)\b(Q)(F) o

[ FO ) = () K2 P(A+6) — b (F) K R — b (F)

B / )\+5 A F 6’/ (/\+5) A / 3 dX
K246 F(X) —b 2(F) K? FOA+3) — b(F)

B /EM / Ao / Do A

_ K2+6F<)\)_b d)\ B /e+6 —b (F>d>\ 5./[(2 F()\(‘;i)dgb(j\)(F)d)\

< 9 Fg2>+5'K2~F(€2

= 9 < K2 €2 )

18



We conclude from Lebesgue’s Theorem of Majorized Convergence

K2 pv()\) — p@(F+
[,

K? _p@
_ / hmF()\—l—5) b (F)d)\
6—0 A

K? —p®?
o [EO+8) b

0—0 J, A

_/“ﬂ»wwmﬁ

d\

A

From Levi’s Theorem of Monotone Convergence we conclude

/K2 FH ) = 0(F)

. A
K? 1t _ 12+
= lim ) )\b (7 )dA
K? — 52
= lim F) /\b (F)dA
0+ A

This finishes the proof of Lemma 3.2. |

Now we consider Data 2.1 and use Notation 2.2

Lemma 3.3

1.
K2 _ K? _
/ M d\ < liminf/ Fn(A) = Fn(0) dA
0+ A mee Jo+ A
2. 1If
K2
F.,.(\)—F,
/ sup{ () (0)'m20} d\N < o0
0+ A
then o 2
[TEOZEO ) gy [ EO-EO),,
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/K2 PV =FO) 0~ Jim tim () = Fu(0) d\

+ )\ e—0 m—oo ¢ )\

Proof: 1.) We get from Theorem 2.3, Lemma 3.2 and Levi’s Theorem of Monotone Con-
vergence

/W FO)=F(0) |

" A
K? + +
FriT(\) = ¢
. [FEO-ErO,
0+ A
K2 pri(\) — Ff
L [ E-E,
0+ A
K2 . . .
_ / imin (A) — lim (0) I\
0+ A
K Fr(A) = F(0)
= / lim inf —2 n d\
0y ™Moo A

_ /:2%5%0 (inf{w

K2 (F,(\) — F,(0)
inf { By

K2 B
< lim (inf{/ Fn(2) X F(0) d\
m—0o0 0

+

K2 B
= liminf/ Fn(A) = Fu(0) d\
0

m—00 + )\

L

an} dA

o)

= lim

2.) We get from Theorem 2.3, Lemma 3.2 and Lebegues Theorem of Majorized Con-
vergence

K2
F.(\) — F,
limsup/ () (0) d\
m—o00 0+ A

K? _
= lim [ sup / F(A) = 1. (0) d\

K2 _
< gim [ s { Bl = 5l0

m—oo Jo4

=)

an} dA
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- /K lim. (sup{Fnu);Fn(O)

K2

F.(\) —F,

= / lim sup () (0) d\
0+ m—o00 A

B / imsup,,_,. Fin(A) — lim,, . F7,(0) I\
0

. )

K2 () — T
_ / N =F7(0)
0+ A

[ 7
Jos
N

A)

)

K2 F(X\) = F(0)
/O+ S dA

— FT(0)

d\

Now assertion 2.) follows using assertion 1.)

3.) If we substitute the lower bound 0+ in the calculations of assertion 1.) and assertion
2.) by € > 0, they remain true without the additional assumption in assertion 2.) that a
certain integral is smaller than oo. Hence we get

K? K?
F\) - F F, — F,
/ —O\) (0) d\ = lim m(A) m(0) d\

j ) m—oo J. A
Now we derive from Levi’s Theorem of Monotone Convergence
K? _ K2 _

/ FA = F(0) d\ = lim FN = F(0) d\.
0+ )\ e—0 € )\

This finishes the proof of Lemma 3.3. [ ]

The main technical result of this section is

Theorem 3.4 1. Let p(t) = detc(t — [} fm) be the characteristic polynomial of the C-
linear endomorphism fr fm. Write p(t) =1t" - q(t) for appropriate r and q satisfying
q(0) #0. Then

1
2:[m:Tm])

det(F,) = | = |g(0)[zFrn > 1

HEE, (K2),u>0

where E,,(K?) is the ordered set of eigenvalues of f7 f,, counted with multiplicity.
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det(F") > limsup det(F,) > 1.

m—00

3. Suppose there are constants a > 0, € > 0 and C' > 0 such that for all A € (0,¢) and

m >0
F.(A\) — F,(0) < C -\~
Then
alF) > «
det(F) = lim det(F},).

Proof: 1.) follows from the definition of det(F;,) by an elementary calculation since F,,(\)
is a step function and

=TI -m.

HEEM (K?2)

Since f,, is described by a matrix with integral coefficients, p(t) is an integer polynomial.
Hence ¢(0) an integer and |¢(0)| > 1.

2.) From Theorem 2.3.2 and Lemma 3.3.1
2-In(det(F)) =

K2 iy )
— () (PR 0P - [ HEED

d\

In(K?) - (F(K?) — lim F,(0)) — lim inf < Fn(A) = Fn(0)

m— oo m—oo Jgy A

— limsup (ln(KQ)-(Fm(K2)—Fm(0))—/O+ Fm(A);Fm(O) d>\>

v

m—00

= limsup 2-In(det(F,,))

m—00

and the claim follows.

3.) We get from the assumption and Theorem 2.3 for small 0 < A < 0.

Fri(\) =@ (Frf) = limsup F,(A\) — lim F,(0) < sup { Fu(\) — F,(0)|m >0} < C -\

m—oo m—oo
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Hence a(F7f) > o Since a(F) = Q(WJF) — a(F"f) by Theorem 2.3.1 and Lemma 3.2 we
get a(F') > a.. Because

K? B K2 \a
/ sup{Fm()\) Fm(O)‘mZO} d)\SC-/ /\—d)\<oo
0+ A o+ A

holds, det(F') = lim,,, . det(F,,) follows from Lemma 3.3.2. This finishes the proof of The-
orem 3.4

Now we can prove Theorem 0.5. We have already mentioned in the introduction that
assertions 1.) and 2.) are equivalent so that we only have to prove assertion 2.). Suppose
that f : @) Zm — @} _,Zm is a Zm-automorphism. Choose K such big that the inequality

2.4 holds for both f and f~'. Then the operator norms of f®), (f(Q))fl, fm and f-! for all
m > 0 are less or equal to K. In particular F,(\) = F,,,(0) = 0 holds for A < K~'. From
Theorem 3.4.3 we get for the Fuglede Kadison determinant of f?) which is det(F) if detc
denotes the determinant of a linear automorphism of a finite-dimensional C-vector space

det(F) = lim dete(f5, f) T,

Since f is described by a matrix with coefficients in Zm, the matrix describing f,, has integer
entries. Hence detc(f,,) = £1 and therefore detc(f} fn) = 1 for all m. This implies
det(F') = 1 and finishes the proof of Theorem 0.5.

Finally we prove Theorem 0.6. The proof of [23, Theorem 2.4] shows that for an
appropriate Zm-endomorphism f : @¢ Zm — B Zm

p(M) = det(F)™

holds. Now apply Theorem 3.4.2 ]

4. Extending Swan’s theorem from finite to residually finite groups

This section is devoted to the proof of Theorem 0.4. We mention that it is not hard
to prove Theorem 0.4 using Bass [2, remark 6.11]. We begin with explaining the meaning of
assertion 1.) and why it does imply assertion 2.)

Denote by trf,, the center valued trace of the finite von Neumann algebra N () [19,
Theorem 8.2.8]. Two idempotents p € M(n,n, N (7)) and ¢ € M (m, m, N (m)) are called sta-
bly equivalent if p® 0 = xy and ¢ & 0 = yx for some | > m,n and z,y € M(l,1, N (7)) holds.
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This is equivalent to the statement that im(p) and im(q) are isometrically m-isomorphic
Hilbert N (7)-modules. Moreover, p and ¢ are stably e quivalent if and only if they have
the same center valued trace [19, Theorem 8.4.3]. Hence the first assertion in Theorem 0.4
means that for any idempotent p € M(n,n,Zx) the idempotent p(® is stably equivalent to
the idempotent given by the identity matrix I, € M (r,r, N(r)) for r the rank of the abelian
group Z ®z, im(p). Equivalently, im(p®) is isometrically 7-isomorphic to @_,/%(7)). Hence
assertion 1.) implies assertion 2.) and it remains to prove assertion 1.)

We have to show for an idempotent p € M(n,n,Zn) that 0 () (p®) = rI; for I, the
unit element in N (7). Consider an element u in the center Z(Zn) of Zx. Denote by ul,
the diagonal (n,n)-matrix with all diagonal entries equal to u. From Lemma 2.6 applied
to f =ul,p and f = ul; we obtain the existence of a positive integer m satisfying (in the
notation 2.2)

trn () (ul, -p)) = ~tre ((uln - p)m)

[ : Ty
and

1
tr_/\[(ﬂ-)(ujl) = ﬁ . trc (Umll) .

By Swan’s result [31, Theorem 8.1] applied to the finite group I';,\7 the image of p,, is a
finitely generated free C[I',,\7]-module of rank r. Hence we get

tre (uly - p)m) = tre (uly)m) = rum 1.

This implies
() (Wly - p) = tonm) (rudy).

From the universal property of the center valued trace [19, Proposition 8.3.10],
trn () (uly - p) = tra(m (u[l v (p)) .
Hence we get for all u € Z(Zn)
trarn (wly - () (P) — rl)) = 0.

For g € m denote by (g) the set of elements of m which are conjugated to g. The center
valued trace applied to gI; gives 0 if (g) is infinite and I(T})I . <Z he(o) h) I, otherwise. Hence

() (p) — r1; = vl for an appropriate element v in Z(Zm). We conclude for v = v*
tIA () ((trjc\/(ﬂ) (p) —rl)"- (trfv(ﬂ) (p) — 7"[1)) = 0.
Since tra(r is positive,
(tr% () (P) — T11)" - (ty(y (P) —711) =0
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and hence

trf\/(ﬂ) (p) — T'Il = 0.

This finishes the proof of Theorem 0.4. ]
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