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Abstract: We introduce for a finite CW-complex whose L?-Betti numbers are all trivial
and whose Novikov-Shubin invariants are all positive a positive real number called combinatorial
L?-torsion. It behaves like a “multiplicative Euler characteristic”. Tools for the computations
of L2-Betti numbers, Novikov-Shubin invariants, Fuglede-Kadison determinant and combinatorial
L?-torsion are given. For example combinatorial L?-torsion can be computed for an irreducible
Haken 3-manifold from a presentation of the fundamental group without using further topological
information. There are the conjectures that combinatorial L?-torsion agrees with analytic L2-
torsion for closed manifolds and with Gromov’s simplicial volume up to a constant for prime
3-manifolds whose boundary is empty or a disjoint union of incompressible tori.

0. Introduction

In this article we assign to a pair of finite CTV-complexes (X, A) a positive real number called
combinatorial L?-torsion provided that (X, A) is admissible, i.e., all its L?*-Betti numbers
vanish and all its Novikov-Shubin invariants are positive. Examples are compact irreducible
Haken 3-manifolds whose boundary is empty or a disjoint union of incompressible tori,
compact manifolds with fixed point free S'-action such that the inclusion of an orbit induces
an injection on the fundamental group and closed odd-dimensional hyperbolic manifolds. The
combinatorial L?-torsion behaves like a “multiplicative Euler characteristic”, it is a simple
homotopy invariant, satisfies sum, fibration and product formulas and is multiplicative under
finite coverings.

One motivation for the study of this invariant are the following conjectures. Combina-
torial L2-torsion is designed to be the topological counterpart of analytic L2-torsion defined
by Lott [21] and Matthai citeMathai (1991) and there is the conjecture that combinatorial
and analytic L?-torsion agree for a closed manifold. In particular this would imply that the
combinatorial L?-torsion of a closed odd-dimensional hyperbolic manifold is its volume up
to a dimension constant. For a closed orientable aspherical manifold we conjecture that the
combinatorial L2-torsion is one if Gromov’s simplicial volume vanishes. Moreover, we con-
jecture that the logarithm of the combinatorial L2-torsion agrees with Gromov’s simplicial
volume up to a constant for prime 3-manifolds whose boundary is empty or a disjoint union
of incompressible tori.

One of the main items of this article is to give tools for the computation of combinatorial
L2-torsion. Computations of analytic L2-torsion or simplicial volume are very hard in general
whereas combinatorial L?-torsion much easier to handle.



Combinatorial L2-torsion is a generalization of the classical notion of Reidemeister
torsion and is a special case of Reidemeister-von Neumann torsion introduced in Liick-
Rothenberg [26] In Section 1 we give a quick definition of combinatorial L*-torsion. We list
its main properties. Roughly speaking, it behaves like a “multiplicative Euler characteristic”.

In Section 2 we consider a compact connected orientable irreducible Haken 3-manifold
M whose boundary is empty or a disjoint union of incompressible tori. We show that its
combinatorial L?-torsion is the product of the invariants of the hyperbolic pieces of finite
volume in the JSJT-decomposition, i.e., in the decomposition into Seifert pieces and hyper-
bolic pieces along incompressible tori. We explain the conjecture that the logarithm of the
combinatorial L2-torsion of the hyperbolic pieces of finite volume is just the volume up to a
constant. This would imply that the combinatorial L2-torsion measures the size of the hyper-
bolic pieces of finite volume in the JSJT-decomposition and is Gromov’s simplicial volume
up to a constant. We show how to compute the combinatorial torsion from a presentation
of the fundamental group of M without using further information on M.

In Section 3 we give a survey about the combinatorial L2-torsion and its relations to
Reidemeister von Neumann torsion, analytic L2-torsion and simplicial volume. We explain
L?-Betti number and Novikov-Shubin invariant and the role of the condition admissible.

In Section 4 we study L?-invariants like L2-Betti number, Novikov-Shubin invariant and
Fuglede-Kadison determinant of bounded 7-equivariant operators @, 1*(m) — @72, 1*().
We define them from the operator point of view. These definitions are suitable for theoretical
considerations, but hard to deal with for concrete calculations. The point is that they require
the knowledge of the spectral density function of the operator i n question. It measures the
distribution of the spectrum over the non-negative numbers and is very hard to determine.
However, the situation simplifies if the operator comes from a matrix A over the complex
group ring Cr of a group w. This is the case in the definition of combinatorial L2-torsion
where the operator comes from the differentials in the cellular chain complex of the universal
covering. We assign to A and any positive real number K which is greater or equal to the
operator norm a monotone decreasing sequence of non-negative real numbers c¢(A, K),, called
characteristic sequence. It is given by the formula

(A, K), = treq (1 — K72 AA*)T)

where the Cr-trace tre, of an element »° gen Ag - g is defined to be A, for e € 7 the unit
element. Notice that these traces can be computed by a computer program if one has an
algorithm to solve the word problem in 7. If 7 is the fundamental group of an appropriate
manifold like a 3-manifold or a hyperbolic manifold, this can be done. Let a(A) be the
Novikov-Shubin invariant of A. In the case where A comes from the cellular chain complex
of the universal covering of an appropriate manifold M it can be computed from the topology
of M and is a homotopy invariant of M. Let b(A) and det(A) be the L2-Betti number and
the Fuglede-Kadison determinant of the operator given by A. Then there is for any real



number 0 < o < «(A) a constant C' such that we have for all positive integers L:

0<c(AK),—bA) < %
and
0<—2-In(det(A))+2-(n—>b(A)) In(K) — Z% “(c(A,K), —b(A)) < %

In particular b(A) and det(A) can be computed as limits of monotone decreasing sequences of
real numbers and the speed of convergence can e read off from the Novikov-Shubin invariants.
At any rate one gets estimates from above for the L?-Betti numbers and the Fuglede-Kadison
determinant if one can compute the first L elements of the characteristic sequence.

The paper is organized as follows:

L2-torsion

3-manifolds

Relation to other L2-torsion invariants and Gromov’s simplicial volume
L2-invariants for operators

References

Ll e

The first two sections are of topological nature and the third one is a kind of survey
on L2-invariants. Section 4 contains the operator theoretic part and is independent of the
other sections.

The author wishes to thank Michel Boileau, John Lott and Mikael Rgrdam for helpful
comments and fruitful discussions.

1. L%torsion

We want to assign to a pair of finite CTW-complexes (X, A) a positive real number
called (combinatorial) L*-torsion:
p(X,A) e R™?
provided that (X, A) is admissible, i.e., all its L?-Betti numbers vanish and all its Novikov-

Shubin invariants are positive. We give examples of admissible pairs and list the basic
properties of the L2-torsion which behaves like a “multiplicative Euler characteristic”.

In order to define the invariant we need the notion of L?-Betti number and Fuglede-
Kadison determinant. The following definitions are not the original ones and will be identified

3



with them later in Theorem 4.4. Define the Cr-trace of an element > _ A, - g € Cr to be
the complex number:

trCW(Z Ag-g) = A

gem

where e is the unit element in 7. Let B = (b;;) be a (n, m)-matrix with entries in Cr. If
n = m, define its Cr-trace by:

trea(B) = Y _ trca(bi).
=1

Let the adjoint B* be given by (b;;) where > gen Ag g 18 defined to be dew)‘_g -g~%. The
operator norm of the bounded m-equivariant operator Rp : @I [*(r) — ®,I*(7) induced
by right multiplication with B is denoted by || Rp ||«- In the sequel K is any positive number
satisfying K > || Rp ||oo. For u = > _ A, -w € Cr define || u ||y by > .. [A\w|- Then a
possible choice for K is given by:

wem wem

Jj=1

The sequence tre, ((1 — K=2.BB* ) is a monotone decreasing sequence of non-negative
real numbers and we define the L2-Betti number of B to be the non-negative real number:

b(B) = lim tre, ((1— K%+ BB*)").

p—00

Define the Fuglede-Kadison determinant of B to be the positive real number:

det(B) = KB . exp <_% S (tres (1 - K2 BBY) - b(B)))

p=1 p

if the infinite sum of non-negative real numbers > =, i < (trex ((1 = K72- BB*)") — b(B))
converges to a real number and to be zero otherwise. The L?Betti number b(B) and the
Fuglede-Kadison determinant det(B) These invariants are infinite-dimensional generaliza-
tions of classical notions. Namely, suppose that 7 is finite. Then || - b(B) is the complex
dimension of the kernel of the C-linear map Rp : ®j_,Cr — @7L,Cr and det(B)?!7l is the
ordinary determinant of BB* provided b(B) is zero.

In order to be able to define the invariant and to ensure that it is an invariant of the
simple homotopy type we need the following condition:

Definition 1.1 An admissible pair (X, A) is a pair of finite CW -complezes (X, A) such
that for each path component C' of X all L*-Betti numbers b,(C,C' N A) vanish and all
Nowikov-Shubin invariants o, (C,C N A) are positive. n
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We will explain L2-Betti numbers and Novikov-Shubin invariants and discuss the con-
dition being admissible later. At the moment it suffices to know the following examples (see
[11], [21, Proposition 4.6], [22, Theorem 4.8, Theorem 7.1}):

Theorem 1.2 A compact connected orientable manifold M is admissible if it satisfies one
of the following conditions:

1.) The dimension of M 1is three and M satisfies:

(a) m (M) is infinite.
(b) M is homotopy equivalent to an irreducible 3-manifold or S* x S* or RP*fRP?.
(c¢) If the boundary of M is non-empty, it consists of tori.

(d) If the boundary of M is empty, M 1is finitely covered by a 3-manifold which is
homotopy equivalent to a hyperbolic, Seifert or Haken 3-manifold.

2.) There is a fived point free S*-action on M such that for one (and hence all) orbits
SY/H in M the inclusion induces an injection on the fundamental groups.

3.) M is a closed hyperbolic manifold of odd-dimension. ]

Notice that the conditions a.) to c.) in item 1.) are necessary for a connected compact
orientable 3-manifold M to have vanishing L2-Betti numbers [22, Corollary 7.7] and the
condition d.) would always be true if Waldhausen’s conjecture or Thurston’s geometrization
conjecture holds. Moreover, there is the conjecture that the Novikov-Shubin invariants of
all connected compact manifolds are positive rational numbers [22, Conjecture 9.1].

Let (X, A) be an admissible pair. Assume that X is connected. Denote the universal
covering of X by p: X — X and define A to be p~*(A). Let C(X, A) be the celullar Zn-
chain complex where 7 is the fundamental group of X. Let ¢, be the p-th differential of
C ()? , Z) We define for each p the combinatorial Zm-Laplace operator

A, Co(X, A) — Cp(X, A)

by A, = ¢py1 04y + ¢ 0. We mention already here that we will show in Theorem 4.4
that the p-th L2-Betti number of (X, A) can be computed by:

bp(X, A) = b(4,)
and the Novikov-Shubin invariants a,(X, A) of (X, A) satisfy:
2 -min{a,_1(X, A),0,(X,A)} = a(),) <
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sup {8 € RZ0 | lim, oo p® - (trz- ((1 — K72 A3A,)7) = b(4,)) =0}

and we conjecture that the inequality above is an equality. Hence the condition admissible
ensures that b(A,) = 0 and the supremum above is positive for all p. We will prove in
Theorem 4.4.5 for admissible (X, A) that det(A,) is a positive real number for all p. Hence
we can define:

Definition 1.3 The combinatorial L-torsion of an admissible pair (X, A) is defined to be
the positive real number

p(X, A) = [[det(a) 0" m
n=0

For non-connected X define p(X, A) by the product of the L2-torsions p(C,C N A)
where C' runs over the path components of X.

One may think of combinatorial L3-torsion as a generalization of classical Reidemeister
torsion. In the classical case one has to pick a finite-dimensional unitary representation. Here
we use the regular representation [?(7). In the classical case the homology with coefficients
in this representation has to be trivial. The condition admissible resembles this assumption.

Next we state the basic properties of this invariant. It behaves like a “multiplicative
Euler characteristic”. We make comments on the proofs later when we will put this invariant
into context with other torsion invariants in Section 3.

Theorem 1.4 (Homotopy invariance) Let f: (X, A) — (Y, B) be a homotopy equiva-
lence of pairs of finite CW -complexes. Suppose one of them is admissible. Then both are
admissible and there is a natural homomorphism:

® = d(m(Y)): Wh(my(Y)) — R [B] +— det(B)

such that . B)
pY.B) o
(X A) o(r(f))

where Wh(mi(Y)) is the Whitehead group of m(Y') and 7(f) is the Whitehead torsion of f.
]

Theorem 1.4 shows that p(X, A) is a simple homotopy invariant for admissible pairs.
This enables us to define L2-torsion p(M,d,M) also for a compact manifold M whose
boundary OM is the union of two codimension zero submanifolds dyM and 0; M satisfy-
ing O(OyM) = 9oM N O, M = J(OM;). Namely, define it by the L*-torsion of (K, Kj) for any
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triangulation (K; Ko, K1) — (M; oM, 0y M). This makes sense because two such triangu-
lations differ by a simple homotopy equivalence, i.e., a homotopy equivalence with trivial
Whitehead torsion. In connection with Theorem 1.4 the following conjecture is interesting:

Conjecture 1.5 1.) The map ® : Wh(n) — R>Y is trivial for finitely presented .

2.) The L?-torsion p(X, A) is a homotopy invariant for admissible pairs. |

The assertions 1.) and 2.) of the conjecture above are equivalent. Namely, Theorem
1.4 shows that 1.) implies 2.). The other implication is proven as follows. Choose a finite
CW-complex Y with fundamental group m. Then Y x S! is admissible by Theorem 1.2.
If 4, : Wh(m) — Wh(7 x Z) is the injection induced by the inclusion, the composition of
O (7 x Z) with i, is ®(7). Hence it suffices to prove the claim for ®(7m x Z). As any element in
Wh(7 x Z) is the Whitehead torsion of a homotopy equivalence f : X — Y x S, assertion
1.) follows from Theorem 1.4. For residually finite m conjecture 1.5 is proven in [24].

Theorem 1.6 (Sum formula) Consider the push out of finite CW -complezes such that j;
s an inclusion of CW -complexes and jy is cellular:

J1
XO — Xl
ja | ‘ | i1
()
X2 — X

Assume that Xy, Xy and Xo are admissible and that fori =0, 1,2 the map m(X;) — m(X)
induced by the inclusion is injective for all base points in X;. Then X is admissible and we
get:

p(X) = p(X1) - p(X2) - (p(X0) . m

Theorem 1.7 (Pair formula) Let (X, A) be a pair of finite CW -complexes such that the
map induced by the inclusion m (A) — m(X) is injective for all base points in A. Suppose
that two of the three pairs A = (A,0), X = (X,0) and (X, A) are admissible. Then all three
pairs are admissible and we get:

p(X) =p(A)-p(X,4). =

Theorem 1.8 (Fibration formula) Let FF — (E, Ey) — (B, By) be a fibration of pairs
of finite CW -complezes (E, Ey) and (B, By) with a connected finite CW -complex F' as fiber.
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Suppose that F is admissible and the inclusion induces an injection m(F) — E. Then
(E, Ey) is admissible and we get:

p(B, By) = p(F)X55)

where x(B, By) is the Euler characteristic of (B, By). [

Theorem 1.9 (Product formula) Let (X, A) and (Y, B) be pairs of finite CW -complexes.
Suppose that (X, A) is admissible. Then (X, A) x (Y, B) is admissible and we get:

p((X,A) x (Y, B)) = p(X, APOP.  m

Theorem 1.10 (Multiplicativity under finite coverings) Let p : X — Y be a finite
d-sheeted covering of finite CW -complezes. Suppose that X orY is admissible. Then both
X and Y are admissible and we get:

Theorem 1.11 (Poincaré duality) Let M be a connected compact orientable manifold.
Then M is admissible if and only if (M,0M) is admissible. Suppose M is admissible. Then
we get:

p(M) = p(M,0M) D"

In particular we get for an admissible closed manifold of even dimension p(M) = 1. [ ]

Theorem 1.12 (S'-actions) Let M be a connected compact manifold. Suppose that there
is a fized point free smooth S'-action on M such that for one (and hence all) orbits S*/H
m M the inclusion induces an injection on the fundamental groups. Then M is admissible
and

p(M) = 1. u

2. 3-manifolds

Let M be a compact orientable connected irreducible 3-manifold with infinite funda-
mental group and incompressible boundary. Jaco and Shalen [19] and Johannson [20] have
shown for such a manifold that there is a finite family of disjoint, incompressible 2-sided tori
in M which splits M into pieces which are either Seifert 3-manifolds or admit no embedded
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incompressible torus except possibly parallel to the boundary. A minimal such family of tori
is unique up to isotopy. If all pieces of the second kind admit a hyperbolic structure, i.e.; a
complete Riemannian metric on its interior with sectional curvature which is constant —1,
then we call such a decomposition the JSJT-decomposition of M.

Let N be a piece of the second kind. If NV is Haken, i.e., 0NN is non-empty o r N
contains an embedded incompressible orientable surface different from S?, the torus theorem
says that N is atoroidal, i.e any subgroup of 71 (/N) which is isomorphic to Z X Z is conjugate
into the fundamental group of a boundary component. Now Thurston has proven that any
such manifold has a hyperbolic structure. (For more information about 3-manifolds we refer
to the survey article of Scott [33].) Hence M has a JSJT-decomposition if M is Haken.
Thurston’s geometrization conjecture says that M always has a JSJT-decomposition.

Notice that p(7?) is 1 by Theorem 1.11 or Theorem 1.12. Since any connected Seifert
3-manifold is finitely covered by a compact orientable connected 3-manifold admitting a free
Sl-action such that the map on the fundamental groups induced by the inclusion of an orbit
into the manifold is injective, we conclude from Theorem 1.10 and Theorem 1.12 that p(M;)
is 1 for any Seifert piece M; in the JSJT-decomposition of M. Notice that the volume of a
compact connected orientable irreducible hyperbolic 3-manifold is finite, if and only if OM
is empty or is a disjoint union of incompressible tori and M is not T2 x I. (see Morgan [29],

Theorem B on page 52). We derive from Theorem 1.2 (or more precisely from the proof of
[22, Theorem 7.1]) and Theorem 1.6:

Theorem 2.1 Let M be a compact connected orientable irreducible 3-manifold with infinite
fundamental group such that OM is empty or a disjoint union of incompressible tori. Suppose
that M has a JSJT-decomposition. Then M is admissible and we get:

p(1) =TT (1)

where My, ... M, are the hyperbolic pieces of finite volume in the JSJT-decomposition of
M. |

For the hyperbolic pieces of finite volume we expect the following answer:

Conjecture 2.2 Let M be a compact connected orientable hyperbolic manifold of dimension
m. Assume that either m is odd and OM is empty or that m equals 3, the boundary OM 1is a
disjoint union of incompressible tori and M is not T? x I. There is a constant C,, depending
only on m satisfying:

In(p(M)) = C,, - Vol(M)

if Vol(M) is the volume. The constant C,, is zero if and only if m is even. [ |
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Notice that this conjecture is true for even m because then C,, = 0 follows from
Theorem 1.11. Hence the only interesting case is the case where m is odd. We will later give
evidence for this conjecture when we explain the relationship of L?-torsion and its analytic
counterpart in Section 3. The constant C} is expected to be —3%.

Given a compact orientable manifold M, let || M || be its simplicial volume as defined
by Gromov [15].

Conjecture 2.3 Let M be a compact connected orientable irreducible 3-manifold with in-
finite fundamental group possessing a JSJT-decomposition such that the boundary of M is
empty or a disjoint union of incompressible tori. Then M is admissable and there are con-
stants Cs and Ds different from zero satisfying:

In(p(M)) = Cs - Z Vol(M;) = D5 - || M ||

where My, ... M, are the hyperbolic pieces of finite volume in the JSJT-decomposition of
M. In particular p(M) is 1 if and only if there are no hyperbolic pieces of finite volume in
the JSJT-decomposition. [ |

Notice that the Conjecture 2.2 together with Theorem 2.1 implies
In(p(M)) = C5- Y Vol(M;).
i=1
It is already known [34] that there is a constant Dj different from zero satisfying:

IM|= D5 - Vol(M,).
i=1
Hence Conjecture 2.2 for m = 3 and Conjecture 2.3 are equivalent. We will generalize them
in Section 3 .

In general analytic L2-torsion and the simplicial volume are very hard to compute.
In comparision with them one can get good information on the combinatorial L?-torsion as
illustrated by the results of Section 1. Next we want to explain how one can read off the
combinatorial L?-torsion in terms of a presentation m = (s, Sg,... S, | R1, Ra, ... R,) of the
fundamental group m of M. We begin with recalling Fox derivatives.

Let *,Z be the free group of rank g with standard generators s7,5;,...5,. Denote by
¢ 1 *4Z — 7 the epimorphism sending s; to s;. The i-th partial Fox derivative is the map

75 : LlxgZL) — Zm

which is uniquely determined by the following properties for u, v € Z[x,Z]
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where € : Z[*,Z] — Z is the augmentation sending > A; - g to > A, the ring homomor-
phism induced by ¢ from Z[*,Z] to Zm is denoted by ¢ again and the Kronecker symbol ¢; ;
is 0 for ¢ # j and 1 otherwise. Here are further properties useful for concrete calculations
where m,n € Z,n > 1 and w € *,Z:

4.) aii (m)=0
5 ) 821- (wil) =—w'- 821- (w)

6.) s=(w") =1 +w+...+w") =(w)

7.) 8%(w‘”) =—(w 4., 0w %(w)

The Fox matriz of the given presentation is the (r, g)-matrix with entries in Zm

ORy ORy

0s1 T Osg
F=|

ORy ORy

0s1 T 889

Theorem 2.4 Let M be a compact connected orientable irreducible 3-manifold with infinite
fundamental group m. Let m = (s1,82,...5, | R1, Ra,... R,) be a presentation of m. Denote
by as(M) the second Novikov-Shubin invariant of M. Now there are two cases:

1.) Suppose OM is non-empty. We make the assumption that OM

2.) Suppose OM is empty. We make the assumption that a finite covering of M is homotopy
equivalent to a hyperbolic, Seifert or Haken 3-manifold and that the given presentation
comes from a Heegaard decomposition. Then M

Let K be any positive real number satisfying K >|| Ral|c where || Ralls is the operator
norm of the bounded m-equivariant R; whose Fox derivatives appear in A.
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Then the sum of non-negative rational numbers Z;L,=1 é g (1= K72 AA*)P) con-
verges to the real number In(p(M)) + 2(g — 1) - In(K). More precisely, there is a constant C
such that we get for all L > 1:

0<In(p(M))+2(g—1) In(K) — Z% e (1 - K2 AA%)") < %

p=1

Proof : 1.) We deal first with the case where M is non-empty. As M is irreducible and
has infinite fundamental group, M is aspherical by the Sphere

Theorem [18, page 40]. Since M is 3-dimensional and has boundary there is a homo-
topy equivalence g : Y — M for a finite 2-dimensional aspherical C'W-complex Y. Let
X be the 2-dimensional CW-complex with fundamental group 7 and 1 cell of dimension
zero, g cells of dimension one and r cells of dimension two associated to the given pre-
sentation. Let f: X — Y be a map inducing the identity on the fundamental groups.

Let C(f) : C(X) — C(Y) be the induced Zr-chain map. We have H;(C(X)) = {0} and
Hp(C’(?)) = {0} for p = 1,2 and C’(f) induces an isomorphism on Hy. We derive from the
long exact homology sequence that the algebraic mapping cone of C' (f) is a finitely generated
free 3-dimensional Zm-chain complex whose homology is trivial except in dimension 3 where

it is Ho(C(X)). Hence there is an isomorphism of Zm-modules
Hy(C(X)) & (@1 Zm) — & Zn

where a = g 4 dimz(Co(Y)) + 1 and b = r + 1 + dimz,(C1(Y)). Since the Euler character-
istic of Y satisfies x(Y) = x(M) = x(0M)/2 =0 and g = r + 1 holds, we conclude a = b.
This implies by Kaplansky’s theorem that Hy(C'(X)) = {0}.

We give a short proof of this fact using dimension theory over the von Neumann algebra
of 7 as explained in Section 4. Namely, let P : ®{ ,Zr — @®}_,Z7 be any projection whose

kernel is Zm-isomorphic to Ho(C'(X)) and whose image is Zm-isomorphic to @&¢_,Zm. Let
P® @2 1?(1) — @%,12(7) be the induced bounded m-equivariant operator. Then we get:

dim(ker(P®)) + dim(im(P?)) = a

dim(im(P?)) = a

We conclude dim(ker(P®))) = 0 so that the kernel of P is trivial. Hence the kernel of P
which is Hy(C(X)) is trivial.

We conclude that f : X — Y and hence go f : X — M are homotopy equiv-
alences. If M — M is a finite d-sheeted covering of M, the composition of the map
¢(mi(M)) : Wh(m(M)) — R>® of Theorem 1.4 with p* : Wh(m(M)) — Wh(m(M)) in-
duced by restriction is the same as the composition of ¢(m1(M)) : Wh(m (M)) — R>? with
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the map R>? — R>? sending r to r?. From our assumptions on M and [35, Theorem

19.4 on page 249 and Theorem 19.5 on page 250] and [13] we conclude for an appropriate
finite covering M of M that the Whitehead group Wh(m(M)) vanishes. Hence the map
o(m (M) : Wh(m(M)) — R>? is trivial. We derive from Theorem 1.4

The cellular chain complex C'(X) looks like

A0} — @l Zr — @, I ————— Im

where Ry, 1 : Zm — Z7 is given by right multiplication with s; —1 and F' is the Fox matrix

of the given presentation. Consider the Zm-chain complex C' concentrated in dimensions 1

and 0
ng,1

I —— 77

and the Zm-chain complex D concentrated in dimensions 2 and 1

Y /N
where A is obtained from F' by deleting the g-th column. There is an obvious exact sequence
of Zm-chain complexes 0 — C — C(X) — D — 0. It induces an exact sequence of
Hilbert N(7)-chain complexes by tensoring with [?(). Since D is obtained from the cellular
Z|7Z]-chain complex of the universal covering of S by induction with respect to the injective
homomorphism Z — 7 sending the generator in Z to s,, we conclude from [22, Lemma 4.6,

Example 4.11] and Theorem 1.12: (Notice that the Novikov-Shubin invariants defined here
are two times the one defined in [22].)

b,(S1) =0
a1 (D) = ay(S") = 2.

p(D) =p(5') =1
We derive from the long weakly exact L*-homology sequence [6, Theorem 2.1], the additivity

inequalities for the Novikov-Shubin invariants [22, Theorem 2.2] and the chain complex
analogue of Theorem 1.6:

bp(C) = bps1 (D)
1 1 1

This implies:



2. Oé2(M)
)= i -2

p(M) = p(X) = p(C) = det(RyRa) 2 - det(RaR})*

We conclude from Lemma 4.2.1:
In(p(M) = —2 - In(det(R4)).
Now the claim for non-empty M follows from Theorem 4.4.5.
2.) Suppose M is closed and the presentation comes from a Heegard decomposition. Then
the cellular Zn-chain complex of M looks like:

(Rsfl_l)izl,...,r F @lest—1

/i &_ Zr — @ Lr ———— ZIr

Now one shows as above by constructing appropriate exact sequences of Zr-chain complexes

that a(R4) < % and In(p(M)) = —2 - In(det(R4)) holds. This finishes the proof of

Theorem 2.4. ]

Remark 2.5 The main problem in orientable surface as fiber. Then there is an exact

sequence of groups
{1} = m(F) —mM) —2Z— {1}

In order to check whether a word represents the unit element in (M), one maps it to Z
first and checks whether it represents the unit element there. If it does, it can be rewritten
as a word in standard generators of 7 (F') and one has to solve the word problem in 7 (F).
This is always possible and in particular easy if OF is non-empty since in this case m(F') is
a free group. In this context Conjecture 2.2 is interesting. Namely, it would give together
with Theorem 2.4 a way of computing the volume of a hyperbolic 3-manifold which is the
mapping torus of a . ]

Remark 2.6 Notice that the complement M(K) of a knot in S? is admissible by Theorem
1.2. Hence one obtains a new nvariant for knots in S* by

p(K) := p(M(K))

If the knot is trivial, then p(K) = 1. Otherwise M(K) does satisfies the hypothesis of
Theorem 2.4 and one can compute the invariant from a presentation of the knot group.
The invariant is 1 for torus knots by Theorem 2.1. It should give up to a constant the
volume for hyperbolic knots because of Conjecture 2.2. One can heck that this invariant
is multiplicative under the connected sum of knots in S3. The invariant for a knot and its
mirror image are the ame. In a certain sense this invariant is the Alexander polynomial, but
not for the maximal abelian covering but for the universal covering of the knot complement
[26, Example 4.7]. n
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Example 2.7 Let K be the figure eight knot. Its complement is a hyperbolic 3-manifold.
It fibers over S! and the fiber is a surface whose fundamental group is the free group F; in
two generators s; and s;. The monodromy is up to homotopy determined by the induced
automorphism of F; up to inner automorphisms of F;. Two automorphisms of F5, differ by
an inner automorphism if and only if they induces the same map on the abelianization Z & Z
[27, Proposition 1.4.5]. The automorphism of F; belonging to the figure eight knot induces
on Z @ 7 the automorphism given by the matrix [2, page 73]

0 -1

1 3
Hence the automorphism of F, given by mboxs; — s, and s, +— s3s7 ! is appropriate for the
computation of the knot group 7 of the figure eight knot. We get the presentation:

™ = <81, Sg,t | t81t715271 — t32t71818273 _ 1>

If we delete from the Fox matrix the column belonging to sy, we obtain the matrix
t 1—s5
4= <s3sl 1—532 )
251 251

The number K = 4 is greater or equal to the operator norm of the bounded m-equivariant
operator induced by A. Define:

B - 13+32+s2_1 —1+32+sls§—323152_3—153132_3
T\ Sl syt sdsyt = sdsyleyt — sdsy ! 13+ s3s7! + s185°
Since B = 16 — AA*, we get:
tr((1— K- AA*)") = 1677 - trz.(B")

and

In(p(Ks)) = —81n(2) Z o " trze(B)

As mentioned before we have not yet implemented a computer programm to compute the
numbers trz,(BP). We get 26 for p = 1 and 352 for p = 2 by a direct calculation. Since the
volume of the complement of the figure eight knot is known, this is a good test for Conjecture
2.3. The second Novikov-Shubin invariant of the knot complement of an hyperbolic knot
such as Kg is bounded from below by % [22, Theorem 6.17] and probably is equal to 2.
(Notice that the Novikov-Shubin invariants defined here are two times the one defined in
[22].) |
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3. Relation to other L?-torsion invariants and Gromov’s simplicial
volume

In this section we relate the combinatorial L?-torsion to Reidemeister-von Neumann
torsion and explain the proofs of the results of Section 1 and the condition “admissible”.
Then we discuss the connection to analytic L?-torsion and simplicial volume and state some
interesting conjectures.

The combinatorial L2-torsion may be viewed as a special case of the Reidemeister-von
Neumann torsion of [26, Definition 3.9]. It assigns to a pair of finite CW-complexes (X, A)
and a unitary representation p : m(X) — Iso4(V) into a finitely generated Hilbert module
V over a finite von Neumann algebra A an element in the weak Ki-group of A:

PN (X, A V) € KY'(A)

To keep the discussion simple we assume from now on that A is the von Neumann algebra
N(7) of the fundamental group m = m;(X) and p is the regular representation [*(7) and
we abbreviate pftN (X, A) := p®N (X, A; [?(7)). The K;-group K¥(N(r)) is the K;-group of
weak endomorphisms of finitely generated Hilbert A (7)-modules where an operator is called
weak isomorphism if its kernel is trivial and its image is dense [26, page 221]. We remark
that an endomorphism 7' is a weak isomorphism if and only if its L2-Betti number b(T)
(which we will define for an operator in Section 4) is zero. Define K"“(N(m)) to be the
Kj-group of weak endomorphisms of finitely generated Hilbert N (7)-modules which have
positive Novikov-Shubin invariant (which we will define for an operator in Section 4). Now
Lemma 4.2 shows that the Fuglede-Kadison determinant induces a split epimorphism

det : K{"*(N (7)) — R"

The Reidemeister-von Neumann torsion p®V (X, A) takes values in K;"“(N(r)) if and only
if all Novikov-Shubin invariants of (X, A) are positive. Hence the construction in [26] yields
a well-defined element

Pt (X, A) € K"(N(m))

provided all Novikov-Shubin invariants of (X, A) are positive. Moreover, all the results of [26]
remain true when interpreted in K;”“(N (7)) provided that all Novikov-Shubin invariants of
(X, A) are positive. The combinatorial L*-torsion p(X, A) € R>? Hence the results of Section
1, namely homotopy invariance 1.4, sum formula 1.6, pair formula 1.7, product formula
refproduct formula, multiplicativity under finite coverings 1.10, Poincaré duality 1.11 and
the result on Sl-actions 1.12 follow from the analogous statements for Reidemeister-von
Neumann torsion [26, Theorem 3.11, Theorem 3.14, Lemma 3.17, Theorem 3.16, Theorem
5.13, Corollary 3.21] except for the statements about the positivity of the Novikov-Shubin
invariants which are not at all treated in [26]. The homotopy invariance of L?-Betti numbers
and Novikov-Shubin invariants follows from [10], [17], [22]. The statements on them in the
sum formula 1.6, the pair formula 1.7 and the product formula 1.9 come from the long
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weakly exact L?-homology sequence [6, Theorem 2.1] and the additivity inequalities for the
Novikov-Shubin invariants [22, Theorem 2.2]. Poincaré duality 1.11 is a consequence of [22,
Proposition 4.2]. The fibration formula 1.8 follows from the sum formula 1.6 by induction
over the cells of B. These remarks give the proofs of the results of Section 1.

At this point we mention the article [3] of Carey and Mathai where a construction using
the Fuglede-Kadison determinant is described in order to generalize classical Reidemeister
torsion to the L2-setting. There is an error in the definition which was corrected in the
preprint [4] and the corrected version is the square root of the combinatorial L?-torsion
defined here. Some of the results of Section 1 are also proven in [4].

Lott introduces in [21, Definition 2] analytic torsion for a closed Riemannian manifold
which is the L?-analogue of the analytic torsion defined by Ray and Singer [32] (see also [28]).
The definition makes only sense if all Novikov-Shubin invariants of the closed Riemannian
manifold are positive. This condition is necessary to control the large time behaviour of the
heat kernel of the universal covering. Combinatorial L*-torsion is the L?-analogue of the R-
torsion defined in [32] using Milnor’s version of Reidemeister torsion. Cheeger [5] and Miiller
[30] have shown independently that the difference of analytic torsion and the logarithm of
R-torsion of a compact Riemannian manifold M is zero provided M has no boundary. This
difference has been identified with @ - x(OM) for a compact Riemannian manifold M in
[23]. This leads to the obvious conjecture:

Conjecture 3.1 Let M be a compact Riemannian manifold whose boundary is the disjoint
union OM = yM [[ 01 M where 0yM and 0; M are disjoint unions of components of M.
Then we get for combinatorial and analytic L2-torsion:

In(p(M, DoM)) = pun(M, 30M) + 22

- x(OM). [

The analytic L*-torsion of a closed hyperbolic 3-manifold M is computed in [21, Proposition
16] by

Pan(M) = —3% -Vol(M).

Hence the equivalent Conjectures 2.2 and 2.3 would follow from Conjecture 3.1. Notice that
Reidemeister-von Neumann torsion takes values in K;"“(N(m)). We have not carried out
the details of defining analytic L?-torsion taking values in these K-groups but it can be done
using the center valued trace of the von Neumann algebra N (7) and by extending the calcu-
lations of [25] to K}"*(N(m)). Notice that the invariants taking values in Kj-groups i nstead
of the positive real numbers are much more refined. For example Reidemeister-von Neu-
mann torsion gives the Alexander polynomial Ag(t) of a knot K C S3 when applied to the
infinite cyclic covering of the knot complement [26, Example 4.7] whereas the combinatorial
L?-torsion gives just the real number [, In (Ag(2) - Ag(Z)) dvol.
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Before we discuss the condition admissible, we give an overview over the notions of L2-
Betti number, Novikov-Shubin invariant and analytic L2-torsion. Let M be a compact Rie-
mannian manifold and assume for simplicity that it has no boundary. Let A, be the Laplace

operator on the universal covering acting on smooth p-forms. Denote by e_tﬁp(:v,y) the
kernel of the operator e *A». Then e~ ' (x, z) is an endomorphism of the finite-dimensional

vector space APT*M and hence its trace tr (e’tgp (x, :1:)) is a well-defined real number. If

F is a fundamental domain for the 7 = 7 (M )-action on the universal covering, define the
m-trace by:

Tr. (e’tﬁp) =Ftr (e’tz? (x,x)) dvol.

The L?-Betti number is defined by Atiyah [1] as

by(M) = lim T'r, <€—th> :

t—o0

The p-th Novikov-Shubin invariant is (up to a factor 4) defined by Novikov and Shubin [31]
as N
&,(M) = sup {ﬁp | T, (e%p) ~by(M) is Ot /) as t — oo} € [0, o).

Given a pair (X, A) of finite CW-complexes, the combinatorial analogues are defined as
follows. Let C(X,A) be the cellular Zr-chain complex of the universal covering for m =
m1(X) as explained in Section 1. Tensoring with [*(m) yields the cellular L*-chain com-
plex C(X, A;1%(r)) whose Hilbert N (m)-structure is defined using a cellular basis and is
independent of this choice. The p-th differential

¢y Co(X, A; () — Cp_i (X, A; 1P(7))
and the combinatorial L?-Laplace operator
Ap=cioc,+ 0,y Cp(X, AP (m)) — Cp(X, A; 1P(m))

are bounded m-equivariant operators and we define the combinatorial analogues by applying
the definitions of Section 4 to A, and c,:

bp<X7A) = b(Ap)
(X, A) = ale)
&,(M) = min{a,(M), 0,1 (M)}

Of course the combinatorial and analytic versions of b,(M) and &,(M) agree (see [10], [12]
and [17]) and we have [22, Lemma 2.3.1]:

2-@,(M) = a(8,)
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Analytic L*-torsion is defined by Lott [21, Definition 2] using a regularization process for
the first integral by setting:

) = L1 pe (5

where I'(s) is the I'-function and € is a positive real number. The condition that the Novikov-
Shubin invariants are positive ensures that the second integral converges to a real number.

Recall that the construction of analytic L2-torsion of a compact Riemannian manifold
M is only well-defined if all the Novikov-Shubin invariants of M are positive. Reidemeister-
von Neumann as defined in [26] does not need this assumption. However, the computations
of Ki"(N(m)) in [25] show that these groups vanish if and only if A(7) is a von Neumann
algebra of type I/. Hence the condition that all Novikov-Shubin invariants are all positive
appears also on the topological side, it is needed to ensure that the K;j-groups where the
invariant takes values in is always non-trivial. We mention without proof that the von Neu-
mann algebra of a finitely generated group = is of type [ if 7 is a crystallographic group, i.e.,
contains a finitely generated free abelian group of finite index, and is of type I1 otherwise.
If the fundamental group 7 is crystallographic, no conditions are needed on the topological
side. However, in this case the conjecture that all the Novikov-Shubin invariants of a com-
pact manifold are positive [22, Conjecture 9.1] follows from [21, Proposition 39] and the fact
that the Novikov-Shubin nvariants do not change under finite coverings. Moreover, in this
case Conjecture 3.1 follows from the corresponding result for analytic and R-torsion of [5],
23] and [30] since for finitely generated free abelian 7 one can express the L*-invariants in
terms of the original invariants for all 1-dimensional complex representations @ — S and
the L?-invariants are We have explained above the condition that all the Novikov-Shubin
invariants are positive. Next we discuss the condition that the L?-Betti numbers are 11 zero.
This assumption is not needed for the definition of Reidemeister-von Neumann torsion, com-
binatorial L2-torsion or analytic L2-torsion if one considers a compact Riemannian manifold.
However, in general these invariants depend on the Riemannian metric and it turns out that
they are independent of the Riemannian metric if and only if all L?-Betti numbers are trivial.
Since we want to deal with the topological aspect of L?-torsion, we always assume that the
L2-Betti numbers are trivial in order to get a simple homotopy invariant (see Theorem 1.4).

We recall the definition of simplicial volume of an m-dimensional oriented closed mani-
fold M [15, Section 0.2]. Let C¥"9 (M, R) be the singular chain complex of M with coefficients

in the real numbers R. An element c in C’]‘jmg (M, R) is given by a finite R-linear combination
c= >0 1 o; of singular p-simplices o; in M. Define the [*-norm of ¢ by setting

S
[elli= Z|7”z'|
=1
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The simplicial volume of M is defined to be:
| M| = inf {||c|l1 | c € C"(M;R) is a cocycle representing [M]}

where [M] is the image of the fundamental class of M under the change of ring homomor-
phism on singular homology H,,(M;Z) — H,,(M;R). We mention the following extension
of a conjecture of Gromov [16, page 154]:

Conjecture 3.2 Let M be a closed aspherical orientable manifold with vanishing simplicial
volume. Then M is admissible and its combinatorial L-torsion is one. |

This conjecture is based on a variety of calculations and similiarities of the properties
of combinatorial L?-torsion and simplicial volume. For example, suppose M is a closed
aspherical orientable manifold with non-trivial S'-action. Then its simplicial volume vanishes
[15, Section 3.1]. The map induced by evaluation 1 (S') — 71(M) is injective [8]. Hence M
is admissible and p(M) = 1 by Theorem 1.12. Conjecture 3.2 follows from Theorem 2.1 for a
compact connected irreducible 3-manifold with infinite fundamental group whose boundary
is empty or a disjoint union of incompressible tori, provided M has a JSJT-decomposition.

4. L?-invariants for operators

In this section we introduce L?-invariants for bounded m-equivariant operators between
finitely generated Hilbert N (m)-modules, namely, L?-Betti numbers, Novikov-Shubin invari-
ants and Fuglede-Kadison determinants. We investigate their basic properties. We show
how their computations simplify if the operator comes from a matrix over the group ring Cr
with complex coefficients.

Let 7 be a countable group. Denote by [?(7) the complex Hilbert space of formal sums
Zg@ Ag - g which are square summable, i.e., deﬂ | Ay ||* converges to a real number. This
is the Hilbert completion of the pre-Hilbert space Cm with respect to the inner product:

<Z)\w-w,z,uw-w> :Z)\w-,u_w

wem wem wem

The von Neumann algebra N (r) is the algebra B(I?(7),*(7))™ of all bounded 7-equivariant
operators [?(7) — [*(m). The standard trace on N (m) for T € N(r) is given by

tr(T) = (T'(e), e)r2(m)
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where e € 7 is the unit element. A Hilbert N'(m)-module is a separable Hilbert space M
together with a left m-action by unitary operators such that there exists an isometric -
equivariant embedding (which is not part of the structure) into H ® (*(r) for a separable
Hilbert space H. We call M finitely generated if H can be choosen to be C" for some positive
integer n. Consider a bounded 7-equivariant operator T : @, *(7) — ®"_,1*(7). Define
its von Neumann trace by:

tr(T) = Z tr(T},;)

The von Neumann dimension
dim(M) € R="

of a finitely generated Hilbert N (m)-module M is the non-negative eal number tr(pr) for
any projection in M(n,n,N(7)) = B(®! (), ,*(7))™ whose image is isometrically
m-isomorphic to M. Consider a bounded m-equivariant operator 7' : M — N of finitely gen-
erated Hilbert A/ (7)-modules. The operator T*T : M — M is a positive operator. Denote
by {ET"T |0 <\ < oo} its right continuous spectral family. The spectral density function
associated to T is the right continuous monotone increasing function

F(T):R — R=" A= tr(ETT)
The Betti number of T is:
b(T) = dim(ker(7")) = dim(ker(7"T)) = F(0)
which is zero if and only if T" is injective. The Novikov-Shubin invariant of T'
a(T) € RZ° U {oo}

is defined to be (FON) — F(0
a(T) = liminf n(F()) — F(0))
A—0+ In(\)

provided F'(A) > b(T) holds for A > 0. Otherwise put a(7") = oo. Roughly speaking,
the L2-Betti number measures the size of the kernel of T and the Novikov-Shubin invariant
measures how fast the spectral density function appoaches for A\ — 0+ ts limit F'(0) and thus
how concentrated the spectrum of 7*T near 0 is. (Notice that the Novikov-Shubin invariants
defined here are two times the one defined in [22].) The Fuglede-Kadison determinant

det(T) € R=°
is defined to be the positive real number
1 o0
det(T) = exp (— : / In(\) dF)
2" Jos

if the Lebesgue integral focj In(\) dF converges and to be 0 otherwise. Here dF' is the measure
satisfying for a < b:
dF(a,b]) = F(b) — F(a)
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and we use here and in the sequel the convention that fab, f:+, [ respectively [ means
integration over the interval [a, b], |a, b], [a, co[ respectively |a, co[. Notice that there is only
a problem of convergence near zero where In(\) goes to —oco but not at oo because we have
F(\) = F(||Ral|2) for all A >|| R4 ||%. The next lemma explains why the definition above
extends the well-known definition of the Fuglede-Kadison determinant for invertible 7" [14]
and gives a criterion for the convergence of the Lebegues-Stieltjes integral.

Lemma 4.1 Let T : M — N be a bounded mw-equivariant operator of finitely generated
Hilbert N (m)-modules.

1.) We have for 0 < e < a:

/ () dF — / ’ % (F(\) = F(0))-d\ + In(a)- (F(a) — F(0)) —In(e) - (F(e) — F(0))

/ In(A) dF = lim [ In()\) dF
0

+ e—0+ €

and
/ £ (FO) = FO) -dA = lm [ £ (FQ) ~ F(0) )

+ A e—0+ /.
2.) If «(T) > 0 and a >||T'||, the integrals
/ In(\) dF
0

+

and

do converge to the same real number and we have det(T") > 0.

3.) If T is invertible, we get:
1
exp (5 . tr(ln(T*T))) = det(T).

4.) Let T : ker(T)t — N be the injective bounded -equivariant operator induced by T.
Then we get:
a(T) = a(T)

and

det(T') = det(T").
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Proof : 1.) The second and third equations follow from Levi’s theorem of monotone
convergence. The first one is a special case of the equality for f a continuously differentiable
function on R>% and 0 < € < a:

/ CFO) dF = - / "PO PO -dh + fla) - Fla)— £(€) - F(e

We give the elementary proof of this certainly known equation because we lack a good
reference for its proof. Let ¢ be any positive real number. Since f, f’, F' and hence f’ - F
are Riemannian integrable, we can find a positive integer n such that for the partition
€= X < A\ <...\, =asatisfying \; — \;_1 = % the following holds.

I
o,

A) - d\ — Z F 1) - Fi—1) - (A — Ait)

A) - dF — if()\z) (FN) = F(A-1)| <06
- | fic) = f&) | < 0

where here and in the sequel ; is an element in [\;_1, \;]. Now we estimate:

dF+/f )-dX — f(a)- F(a)+ f(e) - F(e)

IN

+Zf i1) 1) (A= 11+Zf — F(Ai1))
—f() F(a) + f(e) - F(e)]

n

= 20+ Z i) - F(hica) - (N = Aica) — Z(f@\z) — f(hic1)) - F(Ai1)

=1

n

= 20+ > (f’(Ai_l) )= f(A“)) T F(Aio1) - (N = A1)

i=1 )\7, - >\i—l
= 20+ Z (f'(Niz1) = f1(&)) - F(Nim1) - (A = Aica)

< 20+ 0-F(a)
< (24 F(a))-§
Since 0 > 0 was arbitrary, assertion 1.) follows.

2.) Because of assertion 1.) it suffices to show:
a
1

lim [ S (FO) = F(0)-dX < oc
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and
Jlim In(e) - (F'(€) — £(0)) =0

Since a(T) is assumed to be positive, there is 0 < § and 0 < o < a(T") such that
F(\) — F(0) < )\
holds for 0 < A < 4. We get from 1'Hospital’s rule:

61_1)1g£r In(e) - e* =0

We have

“ 1 1
lim N ledotd\ = lim — - (a® — €*) = — - a®
e—0+ /. e—0+ v «

and assertion 2.) follows.

3.) Since the trace is linear and ultra-weakly continuous, we get:

te(In(T*T)) = tr ( /0 Y dEA) _ /0 T d(te(By)) = / T () dF

+ + 0+

4.) If F' is the spectral density function of 7", then we have:
F(\) = F'(\) +b(F)
and the claim follows. This finishes the proof of Lemma 4.1. [ ]

Lemma 4.1.3 shows that the L?-Betti numbers and the Fuglede-Kadison determinant
are infinite-dimensional analogues of classical notions. Namely, suppose that =7 is trivial.
Let T : M — N be a C-linear map of finite-dimensional complex vector spaces. Then b(7T)
is just the complex dimension of the kernel of 7. Provided that 7" is injective, det(T") is
the ordinary determinant of T*7T. The Novikov-Shubin invariant of 7' is oo in this case
and is only relevant in the infinite-dimensional setting. The next lemma contains the basic
properties of the Fuglede-Kadison determinant.

Lemma 4.2 Let M be a finitely generated Hilbert N'(w)-module. Let S, T and R be bounded
m-equivariant operators M — M. Suppose that S and T have trivial kernel. Then we get:

1.) det(S) = det(S*) = \/det(S*S) = /det(S5*).
2.) If0 < S (i.e., S is a positive operator), then:

lir(l)%r det(S + €) = det(95).
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3.) If0 < S <T, then:
det(S) < det(T).

4.) det(ST) = det(S) - det(T).

5.) det ( o ) — det(S) - det(T).

Proof : 1.) One easily checks for spectral density functions [22, Lemma 1.12.5]:

FS(N) = FS'(\) = FSS(V) = FS5' (V)
and the claim follows.

2.) We have:
FYSte(A) = FYS(A — )

Since FV5(0) = 0, we get:

/ In(\)dFVSte = / In(\ + €)dFvS
0+ (—e)+

0 o)
= / In(A + €)dFY® + / (A + e)dFYs
—€e+ o+

= In(e) - FY5(0) + /

o+

In(A + €)dFYs = / In(A + €)dFVv®
o+

We conclude from Levi’s theorem of monotone convergence for small b > 0:
g
b

b
lim [ In(A+e)dFYs = / In(A\)dFV?s
=0+ Jo 0+

and from Lebesgues’ theorem of majorized convergence:

lim [ In(A+e)dFYS= [ In(\)dFYS
e—0+ b+ b+

We conclude: - -
lim [ In(\A+e)dFYS = / In(A)dFY>s
e—0+ 0+ 0+

This shows:
lim det(v/S +¢) = det(VS)

e—0+

Since we have det(S) = det(v/S)? by assertion 1), assertion 2.) follows.

25



3.) As S + € is invertible for positive €, we can assume by assertion 2.) without loss
of generality that S and T are invertible. Since det(ST) = det(S) - det(7") holds for for
invertible 7" and S. Next we want to prove for positive S and positive T" the claim:

det(ST?S) = det(S)? - det(T)2.
There is a positive constant C' satisfying for small € > 0:
ST?S < S(T +€)*S < ST?S+C - ¢
We conclude from assertion 2.) and 3.)
det(ST?S) = lim(det(S(T + €)%S)
Suppose S is invertible. Since then S and T + € are invertible, we have:
det(S(T + €)2S) = det(S)? det(T + ¢)?

and the claim follows from assertion 2.) We get from assertion 1.) that det(ST?S) =
det(T'S?T) holds. Hence we have shown the claim provided S and T are positive and one of
the operators S and T is invertible. Now suppose that S and T are positive. Since (T + ¢)
is invertible, we conclude

det(ST?S) = lim det(S(T + €)%S) = lim det(S)*det(T + €)? = det(S) - det(T)

e—0+ e—0+

and the claim follows for positive S and T

To prove assertion 4.) we use the polar decomposition S = UA and T = BV where
U and V are unitary and A and B are positive. Since det(V~15%V) = det(S?) holds for
unitary V' and invertible positive S, it is true for unitary V' and positive S n general because
of assertion 2.) We get using the assertions 1.) to 3.) proved above:

det(ST) = det(UABV) = \/det((UABV)*(UABV)) = \/det(V-1BA2BYV)

= \/det(BA2B) = \/det(A)? - \/det(B)? = \/det(5*S) - det(TT*) = det(S) - det(T)

5.) The claim is obvious if R is trivial. Because of assertion 4.) and the equation:
S RY_(10Y) (1 RY (50
o7 ) \0T 0 1 0 1

1 R
det 0 1
0 0

it suffices to prove:

— o O
I
—_

Since this matrix is a commutator, the claim follows. This finishes the proof of Lemma 4.2.
[ |
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In general it is very hard to compute these invariants. However, the operators appearing
in geometry come from the cellular chain complexes of certain coverings and live therefore
over the integral group ring. This simplifies the computations as explained below.

Let A € M(n,m,Cr) be a (n, m)-matrix over Cr. It induces by right multiplication a
Cm-homomorphism of left Cr-modules

Ry:e,Cr — @ ,Cr x— A
and by completion a bounded m-equivariant operator
Ra: @, (1) — @, ()
both denoted by R,. Notice for the sequel that Ryp = Rp o R4 holds. We define an

involution of rings on Cr by

YDENTTIS perti

weT wem
Denote by A* the (m,n)-matrix obtained from A by transposing and applying the involution
above to each entry. As the notation suggests, the bounded m-equivariant operator R« is
the adjoint of the bounded m-equivariant operator R4. Define the Cr-trace of an element
U= crtw-wE Cr by

treq(u) = A € C

for e the unit element in 7. This extends to a square (n,n)-matrix A over Cr by
trea(A) =Y treq(ais)
i=1

It follows directly from the definitions that the Cr-trace tre,(A) agrees with the von Neu-
mann trace tr(R4) of the bounded m-equivariant operator R4.

Let A € M(n,m,Cr) be a (n, m)-matrix over Cr. In the sequel let K be any positive
real number satisfying

where || R4 || is the operator norm of the bounded m-equivariant operator R4. For u =
Y wer Aw - w € Cr define || w |1 by >, o || Aw |- Then a possible choice for K is given by:

wEeTT
K=+vm -max{||a;;|1]|1<i<n1<j<m}

The bounded 7-equivariant operator 1 — K2+ Ry R4 : @I ,[*(7) — @ ,1*(7) is positive.
Let (1 — K2 A*A)” be the p-fold product of matrices and (1 — K~2- R%R4)" the p-fold

composition of operators.
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Definition 4.3 The characteristic sequence of a matric A € M(n,m,Cr) and a non-
negative real number K satisfying K > || Ra || 1S the sequence of real numbers

(A K)y = trer (1— K 2-AA")") =tr (1 - K- RyRA)") . n

Next we want to prove:

Theorem 4.4 Let A € M(n,m,Cnr) be a (n,m)-matriz over Cr. Denote by F the spectral
density function of Ra. Let K be a positive real number satisfying K > || Ra ||oo. Then:

1)

2.)

3.)

4)

5.)

The characteristic sequence c(A, K), is a monotone decreasing sequence of non-negative
real numbers.

We have:
b(R4) = lim ¢(A, K),.

p—0o0

Define 3(A) € R=°U {oo} by

) = sup {5 € B2 | i ({4, ), — ) = 0

Then we have:

a(Ra) < B(A).

Let K be any positive real number satisfying K > || Ra ||. Then the sum of positive

real numbers
oo

S5 (A, Ky — b(Ra))

p=1 p

converges if and only if the integral

does converge. If both converge then:

2 In(det(Ra)) = 2+ (n — b(Ra)) - In(K) — 3 = - (c(A, K), — b(Ra)) .

p=1 P

Suppose a(R4) > 0. Then det(R4) is a positive real number. Given a real number «

satisfying 0 < a < a(A), there is a real number C such that we have for all L > 1:

0 < e(A, K)p — b(Ry) < LQ
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and

Mh

’BIH

0 < —2-In(det(Ra)) +2-(n—0b(Ra)) —b(Ra)) <

Sla

S
Il
—

Proof : 1.) The bounded m-equivariant operator

1— K2 RYRa: @ 12 (7) — @, 1%(n)

is positive and satisfies:
0<1-K? RiR;<1

This implies for 0 < p < ¢:
0<(1-K? RyRa)"<(1-K7? RyRs)"

and the first assertion follows as the trace is monotone.

Before we can continue with the proof we need the following lemma.

Lemma 4.5 If F()\) is the spectral density function of Ry or A € M(n,m,Cr) and K
satisfies K > || Ra ||oo, then we get for all A € [0, 1]:

(L= (F(E*-\) = F(0)) < (A K),=b(Ra) < F(E*-X)=F(0)+(1=\)"(n—F(0))

Proof : We have for p € [0, || R4|%]:

(T=XP XK p) < (1= K2 )P < xpon(E 2 p0) 4+ (1=A)P

Hence we get by integrating over u:

IR AllI%

IR All2
/ (= AV o (K2 ) dF < (1— K- pp dF
0

/o
/IRAllio
0

< X (B2 ) + (L= NP dF

Now we have:
/OR“‘”2 (1= AP xon(K2-p)dF = (1= (F(K*-)) - F(0))
/0||RA2 (1- K2 g dF = tr((1— K2 RyR,)") — dim(ker(R,R.))
/0||RA2 o (K2 1)+ (1= NP dF = F(K?-\) - F(0)
+I = NP (F([Rall%) — F(0))
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This finishes the proof of Lemma 4.5. |

2.) If we apply Lemma 4.5 to the value A = 1 — </% we obtain for all positive integers

0<c(A K)p —b(Ra) < F (Kz- (1 - {/g)) — F(0) + ”_Tfm)

We get lim, o, z - In(z) = 0 from "'Hospital’s rule. This implies:

1
lim 1—</j:()
p—00 D

Since the spectral density function is right continuous assertion 2.) of Theorem 4.4 follows.

3.) Let § and « be any real number satisfying
0<fB<a<alRy).

Choose a real number ~ satisfying

g

—<vy<L
a
We conclude from Lemma 4.5 for A = p~7
0 < (A, K), — b(Ra) < F(K? - p™) = F(0) + (1= 5" - (n — F(0))
By the definition of a(R4) there is § > 0 such that we have for 0 < A < ¢:
F(\) — F(0) <)\
The last two inequalities imply for p satisfying p™ < 9:
0 <P (A K), ~ B(RA) < p” - (K- p)" + (L—p 7 - (n— F(0))

We get using I’'Hospital’s rule:

limz-In(l—277) = —o0
|
m — 2@
g—oo zln(l — x77)
, G ln(x)
1 —+1) =1
e (xln(l — ) *
lim fln(z) +2zIn(l —277) = —o0
lim 2°(1 —27)" = 0

Since # — ya < 0 holds we have:

lim (K?-2)777* =0

r—00
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Hence we get:
lim p” - (K- p™)*+ (1 =p77)"- (n = F(0))) =0

p—00

This implies using the inequality above:

lim p” - (c(A, K)p — b(Ra)) = 0

p—00

We have shown § < (B(A). Since [ was an arbitrary number satisfying 0 < # < a(Ra),
assertion 3.) of Theorem 4.4 follows.

4.) We get the following chain of equations where a sum or integral is put to be —oo if and
only if it does not converge.

WE

[l Q=

2-(n—=0(Ra)) - In(K) — - (e(A, K)p = b(Ra))

ki
L

= 2-(n—b(Ra)) - Wm(K) =Y = (trer (1= K72 AA")") — b(R4))

= 2. (n—b(R4)) - In(K) — Z% (e (1= K72 RyRA)”) — b(R1)

[e.e]

= 2 (n—b(R) W(E) - L ( / Gk dEA>

p=1 p

Since the trace is linear, monotone and ultra-weakly continuous, we get further:

> IR All2,
— 2 (n—b(Ra)) - I(K) — Z% . /0 (1- K-\ du(Ey)

o)

IR AllZ,
_ 2.(n—b(RA))-1n(K)—Z%./O+ (1— K2\ dF

We can put the sum under the integral sign because of Levi’s theorem of monotone conver-
gence since (1 — K~2- \)” is non-negative for 0 < A <|| R4 |2, < K*:

IRAlZ 2 q
—- (1=K N’ dF
1P

— 2. (n—b(Ry)) - In(K) — /

0+ -
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The Taylor series —» >, i (1 — p)? of In(u) about 1 converges for |1 — u| < 1.

= 2 (n—b(Ry)) - In(K) +[f40% (K2 \) dF

IR Al 4112

= 2-(n—">0(Ra)) - In(K) +/ In(\) dF — / In(K?) dF
IR AlIZ,
= 2-(n—>b(Ra)) In(K) + /0+ In(A) dF —In(K?) - (F(|| Al1%) — F(0))
IR AllZ
— 2 (n—b(Ra)) - In(K) + / In()) dF — n(K2) - (n — b(R4))
_ /RAHgo 1n()\) iF
0+
= / In(\) dF
0+

5.) Let a be any number satisfying o« < a(R4). Then we conclude from assertion 3.)

lim p® (¢(A, K), — b(R4)) = 0.

p—00

Let C be any positive number such that for all p:

P (c(A, K)p = b(Ra)) <C
We conclude:
Y

0 e(4, K)p —b(Ra) < 2

Next we estimate

L
1
0 < —2-In(det(A)) 4+ 2(n — b(R,4)) - In(K) — Z]; (c(A,K), —b(Ra)) =
p=1
— 1
D (A K), —b(Ra)) =
p=it1 P
S P (0 (A K)y — B(RA)) <
p=L+1
C . Z pflfa <
p=L+1
C / e = 9 L
L (6]
This finishes the proof of Theorem 4.4. [ ]



Remark 4.6 We conjecture that the inequality a(R4) < 3(A) of Theorem 4.4.3 is a equal-
ity. Define a number

) = int {5 € B | i p7 (e, ), — b)) = o6

If F' denotes the spectral density function of R4, define the number @(R4) to be

() = o 1n<F<1An>(;)F<0>>

provided F(A) > b(R4) holds for A > 0. Otherwise put @(R4) = co. Then one can check
analogously as in the proof of Theorem 4.4.3 that

a(Ra) < B(A) < B(A) <a(Ra)

holds. We conjecture that all these four numbers are the same for a (n, m)-matrix A over

Cr.

Notice hat there are no known counterexamples to the equality of o and @ if one

considers the large time behaviour of the heat kernel of the universal covering of a compact
Riemannian manifold (see [17]). em n

References

[7]

Atiyah, M. : “Elliptic operators, discrete groups and von Neumann algebras”, Aster-
isque 32, 43 -72 (1976)

Burde, G. and Zieschang, H.: “Knots”, de Gruyter studies in math. 5 (1985)

Carey, A.L. and Mathai, V.: “L%-acyclicity and L*-torsion invariants”, Contemp.
Math. 105, 141 - 155 (1990)

Carey, A.L. and Mathai, V. : “L%-torsion invariants”, J. of Funct. Anal. 110, 377
- 409 (1992)

Cheeger, J. : “Analytic torsion and the heat equation”, Annals of Math. 109, 259-322
(1979)

Cheeger, J. and Gromov, M. : “Bounds on the von Neumann dimension of L>-
cohomology and the Gauss Bonnett theorem for open manifold”, J. of Diff. Geom. 21, 1
- 34 (1985)

Cheeger, J. and Gromov, M. : “L%-cohomology and group cohomology”, Topology
25, 189 - 215 (1986)

33



[19]

[20]

[21]

[22]

[23]

[24]

Connor, P. and Raymond,F.: “Actions of compact Lie groups on aspherical mani-
folds”, in “Topology of manifolds”, , Markham, Chicago: Cantrell and Edwards, 227 -
264 (1970)

Dixmier, J. : “von Neumann algebras”, North-Holland (1981)

Dodziuk, J. : “DeRham-Hodge theory for L*-cohomology of infinite coverings”, Topol-
ogy 16 , 157 - 165 (1977)

Dodziuk, J. : “L?-harmonic forms on rotationally symmetric Riemannian manifolds”,
Proc AMS 77, 395 - 400 (1979)

Efremov, A.: “Combinatorial and Analytic Novikov Shubin invariants”, preprint
(1991)

Farrell, F.T. and Jones, L.E.: “Algebraic K-theory and dynamics I”, Annals of
Math. 124, 531 - 569 (1986)

Fuglede, B. and Kadison, R.V. : “Determinant theory in finite factors”, Annals of
Math. 55, 520 -530 (1952)

Gromov, M.: “Volume and bounded cohomology”, Publ. Math. IHES 56, 5 - 100(1982)

Gromov, M.: “Asymptotic invariants of infinite groups”, preprint, IHES/M/92/8
(1992)

Gromov, M. and Shubin, M.A. : “Von Neumann spectra near zero”, Geom. Anal.
and Funct. Anal. 1, 375-404 (1991)

Hempel, J.: “3-manifolds”, Annals of Math. Studies 86, Princeton University Press
(1976)

Jaco, W. and Shalen, P.B. : “Seifert fibred spaces in 3-manifolds”, Mem. AMS
(1979)

Johannson, K. : “Homotopy equivalences of 3-manifolds with boundary”, lecture notes
in mathematics 761, Springer (1979)

Lott, J.: “Heat kernels on covering spaces and topological invariants”, J. of Diff. Geom.
35, 471 - 510 (1992)

Lott, J. and Liick, W.: “L2-topological invariants of 3-manifolds”, preprint, MPI
Bonn, to appear in Inventiones Math. (1992)

Liick, W. : “Analytic and topological torsion for manifolds with boundary and symme-
tries”, J. of Diff. Geom. 37, 263 - 322 (1993)

Liick, W.: “Approzimating L?-invariants by their finite-dimensional analogues”,

GAFA 4, 455 - 481 (1994)

34



[25]

[26]

[27]

[28]
[29]

Liick, W. and Reerdam, M. : “Algebraic K-theory of von Neumann algebras”, K-
theory 7, 517 - 536 (1993)

Liick, W. and Rothenberg, M.: “Reidemeister torsion and the K-theory of von
Neumann algebras”, J. of K-theory 5, 213 - 264 (1991)

Lyndon, R.C. and Schupp, P.E.: “Combinatorial Group Theory”, Ergebnisse der
Mathematik und ihrer Grenzgebiete 89, Springer (1977)

Mathai, V. : “L2*-analytic torsion”, J. of Funct. Anal. 107, 369 - 386 (1992)

Morgan, J.W. : “On Thurston’s uniformization theorem for three-dimensional mani-
folds”, in “The Smith conjecture” edited by Morgan, J.W and Bass, H., Academic Press
(1984)

Miiller, W. : “Analytic torsion and R-torsion of Riemannian manifolds”, Adv. in
Math. 28, 233-305 (1978)

Novikov, S. and Shubin, M. : “Morse inequalities and von Neumann invariants of
non-simply connected manifolds”, Uspekhi. Matem. Nauk 41 no. 5, 222 (1986)

Ray, D.B. and Singer, 1. : “R-torsion and the Laplacian on Riemannian manifolds”,
Adv. in Math. 7, 145-210 (1971)

Scott, P. : “The geometry of 3-manifolds”, Bull. London Math. Soc. 15, 401 - 487
(1983)

Thurston, W.: “Geometry and topology of 3-manifolds”, lecture notes Princeton
(1978)

Waldhausen, F.: “Algebraic K-theory of generalized free products I,I1”, Annals of
Math. 108, 135 - 256 (1978)

Current address:

Wolfgang Liick*
Johannes Gutenberg-Universitat
Fachbereich Mathematik
Staudingerweg 9
55099 Mainz
Bundesrepublik Deutschland
email-address: lueck@topologie.mathematik.uni-mainz.de

FAX: 06131 394389

* Partially supported by NSF Grant DMS - 910332

35



