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0. Introduction.

A. Assrnncr. Given a fibration F -- EL B with B and E connected and
F of the homotopy type of a finitely dominated CW-complex, we define
algebra ic  t ransfer  maps pI :  K, (Z lnr(B) ] )  - -  Kn(Zlnr(E) ] )  for  n:0,1.
If  p is a Pl--bundle pf reduces to the geometric transfer pt:  Wh(zr(B))
-' Wh(zt (E)) constructed in Anderson [2]. The homomorphism p! sends
the Whitehead torsion r(f) e Wh(z,(B)) of a homotopy equivalence
f : B , --+ B between finite simplicial complexes to r (n e Wh (2, (E )) if /- is
the map induced by the pull-back-construction applied to f and p:

T

J_-

The projective class group transfer p$ agrees with the geometric transfer p!
constructed in Ehrlich [9] for a fibration F --+ E --+ B with F and B of the
homotopy type of a finitely dominated CW-complex and B and E
connected. Given a finitely dominated CW-complex B L with Wall
obstruct ion w(Br)  andamap f  :  Br- -sB,  Ehr l ichdef ines:  pt ( . f * ( r ( f r ) ) )
:  T*(* (E ' ) ) .

One can find algebraic computations of pt in special cases in Anderson
[1]. Ehrl ich [8],  [9],  Munkholm [1a], Munkholm-Pedersen [15] using
the homology of a certain covering of the fibre. By writing down
explicit matrices representing elements in the K-groups, an algebraic
descript ion of p! is stated in Munkholm-Pedersen Llb_1, Munkholm-
Ranicki [17] if the fibre is the one dimensional sphere S1. Our goal is to give
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an algebraic description in general. This can be used to calculate the wall

obstruction of the iotal space from the one of the base space and similarly

for the Whitehead torsion.

B. A uonvnrroN AND suRVEy oF THE coNSTRUCTION on P*. In order to

compute the geometric transfer we have to get some information about the

cellular Zlnre\-chain complex C'*(E) of the universal covering of E in

terms of F and-l. It suffices to do this in a special situation since an

elemenr n e Ko(Zf?T1(B)]) respectively Wh(ft r(B)) can be geometrically

realized in tne ioilowin"g simple way. One constructs a space Br by

attaching cells to B only in dimensions k and k+I for k 22 and a map

rr ' .  Bt - B with ,r ln I  ID such rhat r1-(118t \)  :  4'  respectively t(rt)

- rr, Lolds (Theorem 2.1). Given a pair of fibrations

F - ( E r , E ) 9 ( B r , B ) ,

we have only to calculate C1F t,E1 in terms of the fibre and the cellular

Zlnr(B)]-.Jtuin comple x C'*18,, B; concentrated in two dimensions'

L e t p : E - - , B b e t h e c o m p o s i t i o n o f p : E - . B a n d t h e u n i v e r s a l
covering of E. This is a er, (E)-equivariant fibration' The transport of the

fibre f-: p- t (b) along paths in B defines a homomorphism

tI: Ttt (B) - [F, F] ' ,1ry

intothemonoid of nr(E)-homotopyclasses of nr(E)-self  mapsof F' Over

a cell D of (1l,, ;ith. ;;. t, f oof.t l ike F x D. It turns out that C'*(B t,E)

and u determin. .o-pl.tely how these pieces F x D are glued together'

Namely, we assign to u a functor

U : Z[n, (B)] - BMOD -- '  Zln'  (E)l  -  CC

from the category of based free Zln 1(B)]-modules into the homotopy

category of prtiet üve Zlnr lE)]-chain 
complexes such that for the non-

trivial differenrial ct of b; (E r:b and a representative e* of U (d) the

mapping cone of €* is (simple) homotopy equivalent to C'*(E.,E)

(Theorem 2.2).
In section 3 we will assign to U a homomorphism

LI *: K,(Z["t (r)])  --+ K,(Zl l t '  (E)l)

in a purely algebraic manner such that

u*(n(c '*  6r ,b)) :  n ' (c ' *  (Et ,E))
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respectively t /*(r( C'*(Er,E))): t(C; (Et,E)) is val id. This map U* is the

algebraic transfär'. 1if one is interested only in the algebraic construction it

suffices to read the self contained sections 3 and 4')

C. RpvlBw oF RESULTs. The main result of this paper is that the geometric

and algebraic transfer coincide (Theorem 5.4). We explain in section 6 how

u'. irr(b) -- [F, F],,(r) is determined by the homotopy operation of nt(E)

on the poinGd fibrä. We will use this algebraic description to make some

computations of the transfer in part II (to appear in J' Pure Appl' Algebra)'

It turns out that all the results for orientable S1-fibrations in Munkholm-
pedersen [16] can be extended to fibrations which are untwisted i. e. the

homotopy action of n, (E) on the pointed tibre is trivial. This includes

orientable fibrations with a connected H-space as fibre.

One of the most interesting results will be the following' Let F --+ E -+ B

be an untwisted fibration with nJF) infinite and nt (B) finite. Then pf is

zero for n : 0,I in all cases except the one where fttF) = Z, Jt 
(E) finite

and n: t  holds. In this special case pf is xF)'  p with xv) the Euler

characteristic of the universal covering of F and B the transfer of an

orientable Sl-fibration with the same fundamental group data. The

homomorphism p is extensively discussed in Oliver [18] and not zero in

general.

D. FunrssR pRoBLEMs. It is possible to write down an algebraic transfer

for L-theory and lower K-theory but it is not clear whether there exists a

transfer homomorphism for higher K-theory. As the general behaviour of

an untwisted fibration with a finite odd dimensional PoincarÖ complex as

fibre corresponds to the one of an orientable Sl-fibration it would be

interesting to have an example of such a fibration for which one could

prove -oi. easily than for an orientable S1-fibration in Oliver [18] that the

induced transfer on K, is not trivial. In this context the question arises how

to construct an untwisted fibration p: E --+ B for which the kernel of

p*.. f t ,(E) - nr(B) is cycl ic and the transfer on K, is not induced by the

transfer of an S1-fibration with the same fundamental group datas.

This paper essentially is a part of the author's Ph. D. thesis (Göttingen

1984). Some details which are not explained here can be found in it. I would

like to thank Prof. Tammo tom Dieck for his help'

The paper is divided into the fbllowing sections:

1. The chain homotopy representation associated to a fibration'

2. Computations of cellular chain complexes'

3. Invariants for chain complexes in Ko and Kt'
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1. The chain homotopy representation associated to a fibration.
Let p: (E,e)--(B,b) be a f ibrat ion with connected E and B andwith

f ibre F :  p_-r (b\ .  Let  4n:  (E.d)-  (E,e)  be the universal  cover ing of  E
and le t  p ,  (E,d)  n (B,b)be the composi t ion porJu wi th f ibre F : i - ,  Qr .
one easi ly checks that p is a f-f ibrat ion for f  :nr(E,e), that is:

woLFGANc r_ücr

4. The algebraic transfer.
5. The algebraic transfer induced by
6. The homotopy operation of nt(E)

chain homotopy representation.
7. Proof of Theorem 2.2.

a fibration.
on the pointed fibre determines the

f be a discrbte group. A f-fibration is a f-
-, B' such that f acts trivially on B,and p, has the f-
lifting property for any f-space X

DEprNrrroN 1.1. Let
equivariant map p' : E'
equivariant homotopy

X N E '
|  / l
iro ./ in,

x ;7 ------, b,

Here / is the unit interval with the trivial action and the diagram is a
diagram of f-spaces. We have made the assumption that f acts trivially on
B', as it is always fulfilled in the cases we will regard. For f : r a f -
fibration is a usual fibration (see Switzer 124, i.szf, whitehead [2g,p.291). Given a f-fibration p' : E' -- B' , theflequivariänt transport of the
fib1e F' along paths in the base space defines a homomorphism nJB,)
--,lF',F']; into the monoid of f-homotopy classes of f-self maps of F,
(see section 8A, Switzer 124, p.343f, whitehead [2g, p. 1g6]). Applying
t h i s  t o  p : p o e E ,  w e  g e t  a  h o m o m o r p h i s m  u ' ; n _ + l p , p 1 - r - f *
f t  :  TTr(B,b)  and f  :  f t r (E,e) .Now we assume that  F has th i  homotopy
type of a cw-complex so that we can choose a f-complex y and a f-
homotopy equivalence Ä: y -- F. Let lC,*(y),C,*(y)];  be the r ing of
Z[1-]-homotopy classes of Z[f]-self nräpr of the cellular Zfrl-ciain
complex of Y. For a ring R we denote by R" the dual ring i. e. the
multiplication r ' s in R' is given by r . r in R. we define
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U 0,": Zl"l -- [C'* (Y),C'*(Y)]i

w  + lC ' * ( t r - r  o  u ( r - t ) "  2 ) ] .

97

by

DEp'rNrnoN 1.2. We call U 0,": Zl"l -- [C.* (y),C,*(y)]i the chain
homotopy representation associated to the f ibrat ion p: (E,e) - (B,b).

Up to conjugation with aZlff-homotopy equivalence (I p," is uniquely
determined by p and e. We will see that Ur," contains the whole
information needed to describe the geometric transfer algebraically. If
zlnl-BMoD is the category of based zln]-modules and z[f]-cc the
homotopy category of Zlf]-chain complexes, we can interprete (J : Ll o,o
as a covariant functor

U : ZIz]-BMOD--+ Zlrl-CC

also denoted by (l and compatible with @. A morphism @ ,27"1
-- €) , Zlnl of based (left) modules given by a matr ix (di,,) with entries in
Zl"] is mapped by U to the homotopy class

(u (d))t ' C'*(Y) C ' * (Y) '

We denote by tr the transposed matrix. One should notice that in the first
case (r/r,r) operates from the right and in the second case (u (dt))" from the
left.

2. Computations of cellular chain complexes.
This chapter contains two theorems which connect geometry and

algebra and lead to an algebraic description of the geometric transfer. The
first one gives us a very simple geometric realization of elements in
Ks(Zlnf) and Wh(z) for a connected space B with n: nJB) and
universal covering F.

THEonerra 2.1. Let (D*,d*) be a based free zlnl-chain complex
concentrated in dimension k and k+I for k22. Then there exist arelat iue
n-CW-complex (Er ,E)  and a n-map r r :  E,  - - '  E wi th r r l * r :  ID such
that C'*(Er,E) is based isomorphic to (D*,d*).

Pnoor. We write (D*, d*) as

zl"l -@;f @
J

Zl"l * 0 --

. -9' @

- ' 0 - - @
I
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For  each  ieJ  we  a t tach  a  copy  o f  T*So  to  B  by  "3 t {1 }

- - ,8  ( * , , x )  ' -+  w .E  fo rsomeba lepo i lÄx inSk  and | in f r . .  Weget  (Bo ,B)

wit lr  theobviousretraction ro : Eo-- E. Wewrite d;,ras L".n a(i , i , lv) '  vv'

Let
a ( i , i ,w ) :  (Sk , * )  -  (So , * )

be a map of degree a(i , i ,w). The maP

u(w, i ) :  (Su ,  x )  -  1Eo ,w '8 )

identifies Sk and the part {r} * Sk of the 7th cell zr x Sk in Eo' Let

P( i , i ,w )  :  (Sk ,  x )  -  (8o ,6 )

be a map homotoPic to

a (w, i )  "  a ( i , j ,w )  :  (Sk ,  * )  -  1Eo ' ,w  '61

a longapa th inE f rom 6 tow '6 .  Foreach  f  e  I  choosearepresen ta t i ve

7 i :  (Sk '  * )  -  (8o ,6 )

of I  P(i , i ,w)in nu(Bo,E,6), where the sum is taken over al l  (7, w\ e J x n

with a(i , i , ,v) + 0. Now attach a cel l  nx Dk+ 1 to Bo by n x Sk

- -Bo  (w ,x )  *>  w 'Yr (x )  fo r  each  i  e  / '  As

rs* :  n t (8o,6)  - '  nu lE ' ,6)

maps [y,] to zero we can extend rs to rt'

The next theorem contains the computation of the cellular chain

complex of the universal covering of the total space in the situation of

Theorem 2.1.
The mapping cone Cone (/* )* of a chain map .f *: C * - D * is defined as

Cone (/* )"

il
il

C ' - r  @  D '

The suspension 2 C*

suspension.

Cone(/*)"-  t

- )  C n - z  @  D n -  r

is Cone(C* - 0*) and Eu C* is the k-fold

l-':: ,ll ll
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Let (pt,p): (Et,E) - (Br,B) be a pair of f ibrat ions (respectively pL-
bundles) with

f t :  f t t  (B )  :  n r (B)  and  f  :  f t r (E ) :  n r (Er ) .

Let (gr,g): (Br ,B)n (Ar,A) be a homotopy equivalence (respectively
simple homotopy equivalence) into a pair of Cw-ro-plexes such that the
cellular chain complex C'*(Är,Ä) of the pair of universal coverings is
concentrated in  d imension k and k+7 for  k>2.  Then i ts  (k+r) th_
differential

t t

defines a morphism in Zlnf-BMOD. Let U
be the functor defined by the chain homotopy
p: E --+ B in section 1.

The proof of Theo rem 2.2 is referred to secti on 7.
the _following construction of the algebraic transfer
of the chain homotopy representation. corollary 7.5
appearance of the chain homotopy representation in

zl"f

: Zlnf-BMoD -- Zlrf-CC
representation associated to

The theorem leads to
and explains the role
is responsible for the
Theorem 2.2.

@
J

, 1 : @

-- €)
J

r * '  @
I

zl"l n,T

Tuponnrra 2.2. Then there exisls a pair of f-homotopy equiualences
(respectiuely simple homotopy equiualences) (f1,f ): (E r,E) _- (X ,, X) into
a pair of f -CW-complexes and a Zlff-chain map

C'*(Y) c'*(Y I

sych that r* represents (r@) and c'*(xr,x) is based isomorphic to
Cone (f k s* )* .

3. Invariants for chain complexes in Ko and K, .
Let R and S be associative rings with unit. A functor F between the

corresponding categories of finitely generated projective modules com-
patible with @ induces a homomorphism F*: Kn(R) - K,(S) for all
n 2 0 (see Quillen [20, p. 95]). we want to generalize this for ko and K,.
Namely, we will assign to a functor F: R-BMOD _- S_FDCC lrom the
category of finitely generated based R-modules into the homoropy
category of finitely dominated projective S-chain complexes compatible
with @ a map F*: K,(R) * Kn(s) for n :0,r.  The main dif f icurtv l ies in
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the fact that s-FDCC is an additive category but not an exact category n

the sense of Quillen [20, p.g2)o, u .ut.gory with cofibrations in the sense

of Waldhausen |zs].Namely, *..un,,ot define a kernel or cokernel of a

homotopy class of chain maps' We will approximate the notion of a

cokernel by taking the mapping cone of 
-some 

representative of the

homotopyc lass . r t r i sw i l l no tde te rmineaun iquecha incomp lexbu ta

,"ält'i1""#;"iJiil:;,,t F* can b,. "".111,:d as rorows: we will assign

to each self-homotopy equivalence (respectively homotopy projection)

f * :C* -C*  in  S-ppCC un  e lement  { f ; )e  K t (S)  ( respec t i ve ly

Ttf. f .  ro(s)).  Then we can define:

D e r t N t r t o N 3 . l . G i v e n a f u n c t o r F : R - B M O D _ . ' S . F D C C o f a d d i t i v e
categories we define F*: K,(ä; - '  k"ts) fbr n :0,r in the fol lowing

way: Ler n e Kr(R) respectrveiy Ko(R) be represented by an automor'

p h i s m l ' . R ^ - ' R ' ( r e s p e c t i v . t y t n . i m a g e , o f u p r o j e c t i o n f : R . _ ' R '
(that is , / ' .  f  

--  f)) .  Then a.nnä O*(r) u'  r(r1l; i  respectivelv '(r(/)) '

B e f o r e w e g i v e t h e d e f i n i t i o n o f r a n d w w e i n t r o d u c e s o m e n o t a t i o n :
Modules are always left modules' Each chain complex c* is positive and

pro jec t i ve ' , i . e .  Cn ' :0  fo r  n t0  undC" isp ro jec t i v l fo t  nZ0 '  Weca l lC*

finite if C*is finite dimensional u"ä each C" trnitely generated and

projectiv.. w. ;;;;;c.".n : ö^lt " una coao I @ ' c'n* ' '

DsrtNrrtoN 3.2. Let J'*: C*'9* b:. u self-equiv"ttl::^:f a finitely

dominated projective chain Ä*pr&. choose a finite projective s-chain

complex P* and homotopv tq" iären: :s  h* .  C*-  P* and'  gx:  P* ' ! r

with h* " I * = g* o h*.If .*'is the differeniial and 7* a chain contractton

of Cone(g*)* define

rp : Cone(g*)oaa ---' Cone(8*)'u'n

by (r* * y*)' Then^rp is an automorphism of the finitely generated

projectiv. *oaur."'b',p". p.n" e t(f*) e Kt(S) as the class of E'

onecaneasi lyproveusingGersten[11] thatr iswel ldef ined.Compare
also with the definition of trre wrritetread torsion in cohen [5, p. 52] and of

the absolute torsion in Ranicki [21] and Ranickil22)'

Now we consider a hom"t"pv pr-ojection p*, c\-.c* (that is pa o P*

' = p * \ . W e c a l l ( D * , r * , ; - 1 " ' p r l i o ü i t - t t r o t i - i f b * i s a p r o j e c t i v e c h a i n

complex and r* :  C*t  D* una i * "  D*t  C"  chain maps wi th i *  o  / *
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= P,r and t* o i* - IDx. A split object is the homotopy theoretic
summand of c* defined by p*. Namely, one can easily prove that c* is
homotopy equivalent to D* @ Cone(i*)*.

DBrrNrrroN 3.3. Given a homotopy projection p* : C* -_+ C* in S_FDCC
we define w(p*) e K6(s) as the wall obstruction w(D*1 ior any split
ob jec t  (D* , r * , i * ) .

We recall that the Wall obstruction w(D*) of a finitely dominated chain
complex D* is defined as lt-l)'[p,] for any finite projective chain
complex P* homotopy equivalent to D* (see wall 127,p.1s1, wuil 126l).The Definition 3.3 makes sense because of the following lä--u. It is a
special case of Freyd [10] We will,, however, give an explicit construction.

Lnuua 3.4. Each homotopy projection p*: C*-- Cx possesses a split
object (D*,r*, i*).  I f  (D'*,r '*, i '*)  is another one, there exists a homotopy
equiualenre f*: D*-- D'* with f* " r* = r'* and i,* o .f* = i*.

Pnoop'. Defining -f* by r'*o i* and f;t by t*o i,* one shows
uniqueness. Hence only the existence remains to be proved. we will
construct D* by a kind of Eilenberg swindle:

Le t  E f  and  E$  becop ieso f  @I=oC* .  Le t  a * :  E r * - - ,  E?  berhecha in
map defined by the matrix

lD *  -p *  0

P,r ID* - P*

0 p *

0

0

0

0

ID*  -p *  0

Px ID* - P*

Let s*: E$ -- Ef be given by the transposed matrix At, and
b y  ( p * , 0 , . . . , 0 )  a n d  u * : C * - - E g  b y  ( I D * , 0 , . . . , 0 ) , . .

homotopy h*: p* o px = p* and define chain
Et . :  E t .  - '  E l * ,  and  E? ,  n l  - -  E l * ,  and  ü* ,  E I - - '  C | * ,

A _

00

:

u*: Eo* --t C*
Now choose

homotopies

by:
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Qo* |

E t * :

h*
- h *

0

0

2h*
- h *

0

0

- h * 0 0

2 h *  - h *  0
- h *  2 h *  - h *

0  - h *  2 h *

- h *  0  0
2 h *  - h *  0
- h *  2 h *  - h *

0  -h *  2h*

ü  * :  ( - h * , 0 , 0 ,  . . . ) .

One  eas i l y  checks  tha t  g ! : ID*  -  u * "  u * l4x  "  s *  a r ld  q t * :  s * .  q r
- ID* and (r * 1 u* o e* = 0* are valid. Then the following maps are chain
maps:

f x l C* torJp Cone (q*) : El -, @ E3

Cone (q*)* 
w._i j  C*.

Define the chain homotopy Q*: Cone (q*)** ,  by

f o r  t { . :  - u * + r "  Ü * - e * * t "  e r x - E ? - "  Q * .  T h e n  @ *  i s  a  h o m o t o p y
between ID* and r* o ir* and we have i* " r* : p*. Therefore
(Cone(q*)* ,r*, i*) is a spl i t  object for p*.

Since we have constructed for a homotopy projection p*: Cr*--C*
together with a homotopy h*: p* " p* - p* an explicit domination
r * :  C * - - D * ,  i * t  D * - - C a ,  a n d  @ * : I D *  -  T , p o  i *  o n e  c a n  u s e  t h e
instant Wall obstruction in Ranicki l23l to get a finitely generated
projective module defined by a square matrix A with A2 : A and
representing w(p* ).

The next theorem collects the main properties of r and w and ensures that

l rx  I

Cone(q*)*  -

['i-'' * l
E'. l
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b) Addtttuity. The following diagram with exact rows commutes:

ia,, p,r, Ui (r)* such that for
and commutes strictly (not

103

Definition 3.1 makes sense. For its proof use Gersten [11], Ranicki l2rf,Ranicki 122f, wall r27, p. 13g], cohen [5, p.48]. If ie write tvil
(respectively w(J')) we assume that J'*: C*_-C* is a self equivalence
(respectively homotopy projection) of a finitäly dominated chain complexc*.

THEonBu 3.5. a) Homotopy inuariance.

i l  f* = gx + t(f*): t(g*) respectiuely w(f*): w(8*).
i i) Let h*: C*-- D* be a homotopy equiuale:nrc ori ' . f*: C*_- C,, and

g*:  D*-,  D* sel f  maps with h*" f*  = g*o h*.  f ien t i f*) :  t (g*)
(respectiuely w (f*) : w(g*)).

0- . - - . f l * f io  
? i_o

fll f:I f:l
o --=----bl - 

L* bg l- br. -_____. o

Then t(f;) - t(f:) + t(f:) :0 respectiuely w(f:) - *(ff) + w1y3 : 0.
c) Logarithmic property

t ( f * "  8 * ) :  t ( f * )+ t ( s ) .

4. The algebraic transfer.
Using Definition 3.1 it is easy to define the algebraic transfer as a pairing:

we introduce a category R - S-FDCC molivated by Definition L.2.
objects are pairs (C*,U) consisting of a finitely dominäted projective S-
chain complex C* and a ring homomorphism U: R * [b*,-r_]3. A
morphism lf*], .(c*,u) 

- (D*,v) is a homotopy class of ,i-cirair, -up,
f * :  C* - rD*  w i th  V( r ) *o  . f * - . f * "  U( r ) *  fo r  a l l  r  e  R .  Weca l l

(C'* , ,Ut*)  [ i * ]  > Q\,U?) [P*] ,  e?,,Ur*)

exact, if there exists a choice of representatives
all r e R the following diagram has exact rows
only up to homotopy).

I
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DsnNr1oN 4.1. The Grothendieck group of R - S-FDCC is denoted by

K'o(R - S).

We recall that the Grothendieck group of a small category with exact

sequences is the quotient of the free abelian group generated by the

isomorphism classes of objects and the subgroup generated by elements

tX] - [ f] + lZ) for all exact sequences X -- Y -' Z '
-  

öiu.n an objeät (C *,U)of R - S-FDCC let U : R-B MoD - '  S-FDCC

be the corresponding functor (see section 1). Using Definition 3.1 we get a

homomorphism U* : K,(R) --+ K,(S) for n : 0,I"

DBrINtrtoN 4.2. The Pairing
RTs:  Kä(R -  S)  a K,(R)  - -+ K,(S)

is defined by
^ T t ( [ C *  L I f , x )  : :  U * ( t )  f o r  n : 0 , I .

For y € Kä(R - S) let ^41 , K,(R) -- K,(S) be given by *Tt(y'  ?) '

we sometimes write simply T for RTs. This pairing is compatible with

the additive relations in Kä(R - S) because of Theorem 3.5. Given an

object (C*,U)of R - S-FDCC, the map Tlr*,u1 is the composit ion of

t/* :  K,(R) - K"([C*, C*]3)

and a homomorphism K,([C* ,C*]") -r K,(S) defined by the obvious

functor lC*,C*i '-  BMOD -+ S-FDCC according to Definit ion 3.1.If

C* is concentrut.a in dimension 0 then Ce is a S - R-bimodule and the

second homomorphism is the usual Morita homomorphism (curtis-

Rainer [6]) and Tr-,rt is just given as Ce 8^ ?'

Now we regard trrä'äiu-ple of a ring S with a pseudostructure. This is a

ring S with an automorphism s r'-+ st and an element o e S such that the

relations 6I : o and sto : o.s hold for each s e S. Then the left ideal

(o) generated by o is a twosided ideal. Let C * be the S-chain complex

S s) S concentrated in dimension 0 and 1. We define a chain map

,f (t)*:  C* -- C* for s e S bY

, f ( s ) ,  :  S  S  S  a n d , f ( t ) o  :  S  5  S .

WOLFGANC I -ÜCT

Q -_=--+ ?i - ?'. 
u 

?'. 
-,

Ir',',,. Juo,',. Iu-,',-
Q ---+ b'- -1= C? ,. 

- C2* ------' 0
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A nullhomotopy for f (o)* is given by the identity on S. Hence we get a ring
homomorphism U : Sl@) - lC*,C*]3 and thus homomorphisms

\r . , r ) :  K, (Sl@))  - -  K, (S)  for  n:  0 ,1 '

One easily verifies that this is the homomorphism stated in Munkholm-
Ranicki [17] for n :0 respectively Munkholm-Pedersen [16]for n : I
which describes the transfer induced by a Sl-fibration algebraically. In
Oliver [18] one can find a detailed study of the Kr-transfer of an orientable
S1-fibration with finite fundamental groups. It contains examples for which
the Kr-transfer is not zero (see also Munkholm-Pedersen [15, p. 423]).

Now we state the natural properties of these pairings. Let F be a functor
from the category of projective S-modules into the category of projective
S'-modules which is compatible with @ and sends S to a finitely generated
projective S'-module (for example localization or completion). Then F
induces an exact functor F : R - S-FDCC -- R - S'-FDCC and therefore
homomorphisms F*: K'o(R - S) - Kä(R - S') and F*: K,(S) -- K,(S').

Lptrtua 4.3. The following diagram commutes for n : 0,1:

Kä(R

Kä(R

K"(f )
Jr-

K,(S'�)

-s)  
?

F * O I D j

- s ' )  I

:h
Kä(R'�- S) 

?
' i *A ID  

I
Kä(R - s) I

ro e ,l,.l
Kä(R - s) I

K,(R)  
^ t t  

,

K"(R) 
* rs' ,

Especially this can be applied to a ring homomorphism E: S -- S' and
the induction functor ind(E). Then we write E* instead of ind (d*.

A ring homomorphism ,lt: R'--+ R induces a homomorphism

ü*:  K 'o(R -  S)  -  Kä(R' -  S)

by [C* ,LI l  -  lC*,U "  ü1.

Lnuue 4.4. The following diagram commutes for n : 0,7:

K" (R ' )  
R 'TS  

,

K,(R')

K"(R)  
^ r t  

n

I
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This yields the formulas rp* o T, : TEJyI and 7]' " Ü * : Tü.oI

For applications in geometry we defiriö''for two groups n and f '

DnnNrrroN 4.5. The map 0 r:  K'o4l"f  -zlr)) -- HoM(n, wh(r)) is

defined by

g,  ( [C*,  U]) :  x  - -+ Pr( r (U(x) :  C* - -  C*))

for the canonical projection pr : Kr(Zlf]) -' Wh(f )'

Let Ki Glnf -'zlrfl be the kernel är ä,. The pairing of Definition 4.2

induces a pairing

zlnlTzfr l :  Ki,(Z[zr]-ZLrl I  Wh(n ) --+ wh(r) '

5. The algebraic transfer induced by a fibration'

L e t p : ( E , e ) . ( B , b ) b e a f i b r a t i o n o f c o n n e c t e d s p a c e s w h o s e n o t
necessari ly connected f ibre has the homotopy type of a f ini tely dominated

cw-complex. Let K' �ö(p,e) be an abbreviat ion fbr K's(Zln I (B' h)l

-Zfn, (f ,  r) ])  and analogously for Kä(p' n) '  The chain homottt 'y

representation (J o,n of petrnltio n 1.2 determines an isomorphism class ol

objects in zi i ' i ts,b)l  -  Zln r(E, t))- FDCC and thus a class

(l  (p,e) e K'r(P,e).Define

0 r(p,,e) :  K'oig' ,e) --+ Ht (B,Wh(nt (E)))

as the composition of the homomorphism g, of Definition 4'5 and the

isomorphism

HOM @ r@,b) 'wh(ru '  (8 , ' ) ) )  - ' �  HOM(A'  1n; 'wh(n '  (E)) )

- -  H1(n,wn(z ' (E)) ) .

DnnNtnoN 5.1' For n - 0,1

p* :  K^(Zln r(8,,b)l)  - '  X,(Zln, (E, u)l)

denotes the homomorphism Tue*) of Defini rion 4.2. Tf 0 r(p,' t)((l (p, e))

vanishes, then U (p,e) is an element of Kä(p' e) and defines

p * :  W h ( n l B , b ) )  -  W h ( n , ( E , e ) )

by Definition 4.5.

Now we want to get rid of the base points' The problem of the choice of

the base points unJ th. models of the universal coverings is extensively

d iscussed inCohen [5 ,pp .63-65 ] fo rWh i teheadgroups .
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Let n'be a path in E from e, to eo and w- the inverse path. conjugation
with !t,, respectively p " w-, defines a homomorphism

c w :  n r ( E , e J  - +  n r ( E , e r ) ,

respectively co,,w-: 7rr(B,,br) --+ nr(B,b). For a group homomorphism
E we denote bV ZlEl the induced map on the group rings. Now one verifies
that

Z l r * ] *  "  Z l r  r . , , _ ] *  :  K i (p ,e )  _+  K6@,er )

maps U(p,eo)  to  U(p,er)  and that

0  r (p ,  e r )  o  Z l r * l *  "  Z l t  r " , ,_ ] *  :  0  r (p ,eo)
is val id. Hence we get a well-defined cohomology class
Vr (p )  e  H t ( f ,Wn(z r , (E ) ) )  by  0 r (p , t ) (U(p ,e ) ) .Because  o f  Lemmata  4 .3
and 4.4 the following definition makes sense.

DsprNrrroN 5.2. Let

p* :  Ko (Zlnr(B)l) -- xo(Zfnr(E)l)

be induced by the collection of homomorphisms of Definition 5.1 for
e e E .

We call p simple if Vt (p) vanishes. For simple p let

p*  :  Wh(nr(B) l - -  Wh(2,  (E))

be induced by the homomorphism of Definition 5.1.

A consequence of Lemm a 4.3 and 4.4 is:

Conorranv 5.3. The algebraic transfer is compatible with pull backs.
N omely, for u pull back

the following diog

E o L E

,,1 I,
ao -J--_t*B

ram commutes

*t l_T,(ro)l) I. , xo\lf,(E)l)
oäl ln.

Ko(Z[", (Bo)]) xo(zfnr(B)l)

If p and po ere simple the same is true for whitehead groups.

I
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Pnoor. For es e Eo and e e E with f(td:€ oneverif ies:

Z ln ' ( / - ) l .  (U (p o,  eJ)  :  Z ln r ( /  ) l .  (U (p,  n) ) .

The  c lass  V tb )  e  H ' (B ,Wh(z ' (E ) ) )  :  HOM(n ' (n ) ,wh(z ' (E ) ) )  can

be described in the following more familiar way if there exists a homotopy

equivalen ce )": Y - Fa from a finite CW-complex into the fibre of p over b,

l f  r  is the Whitehead torsion, @:ltr(B,b) -- lF6,F6f the homotopy

operation of nlB,b) on the fibre, i: Fr--+ P, the inclusion and c1

conjugation with 7, one gets the following commutative diagram

lF r ,Fo l I Y, r] ---:-----,

Vr(p)

Obviously Vr(p) vanishes for an orientable fibration (that is rr;-0) and

for a f ibrat ion with Wh(n,(Fr)):0. Each Pl-bundle and each local

tr ivial t ibre bundle with a f ini te CW-complex as f ibre is simple as the t ibre

tr lpspo;t is giverr by homeomorphisms which i tre sirr-rple homotopy

ecpr i ra lcnces (Chapman [4] ,  Cohetr  [5 .  p .  102]) .

Now we can state the main result.

THeonBlrr 5.4. Wheneuer the geometric transfer pt fo, a fibration
respectiuely PL-bundle p : E --+ B is defined the same is true for the algebraic

transfer p* and pt and p* coincide.

Pnoon. This is a consequence of the definitions of p* and p! and of

Theorems 2.L and 2.2.In the Ko-case one can assume w(B) :  w(E) :0

since p*, respectively pt, are compatible with pull-back by Corollary 5.3,

respectively definition. Given a projection p: R'-' R' with image P one

gets an explicit free resolution of P by the Eilenberg swindle. This

corresponds to the explicit construction of a split object in Lemma 3.4.

One should notice that for a coverin g p: E -- B with a finite set as fibre

the transfer p* is just the classical transfer induced by restriction with

(B' l
I
I

(B

f t 1

H r

, b \ 4
,^ , -iji,(v))

-lli'(r'))
wh(n, (E)) .

Zlp*f  :  Zlnl  (E) l  -  Zlnr(B)1.
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Each fibration E -L B can be written as a composition

B _ \ B o & - , 8

of a fibration p1 with a connected fibre and a coveringpo. Because of pt
: pi" pLit suffices to study fibrations with connected fibres.

6. The homotopy operation of ftr(E) on the pointed fibre determines
the chain homotopy representation.

Let  p:  (E,e)  -  (B,b)  be a f ibrat ion wi th f ibre F :  p- t (b)  and
connected spaces E and B. Although it is not necessary we assume for
simplicity in this section that F is connected. we write ft : nr(B,b), r
:  f tL(E,e), and I for the kernel of p*: f  -)  n. The epimorphism
ö:  rcr (F,e)-+ I  is  induced by the inc lus ion F c E and Qr:F - -+F is  the
cover ing corresponding to A.  Let  QB: (E,4-  (E,e)  and qu:  (E,6)
-- (ä,b) be universal coverings. Define p, (E,d)-(B,b) as p o q" and
F ,  ( E , l - -  ( E , f i  b y  Q n "  F :  0 . L e t  n  -  p - r 1 6 y  b e  t h e  f i b r e  o f  t h e  f -
fibration p.

we can identify F- with the fibre F-'(b) of the l-fibration /. we get the
fol lowing diagrams:

-----,-+ F-
I
I

J
U E

+ I :

It n
J'

=- ----+ E 
Qo '

Obviously F is contained in F as a l-space and

h :  f  ,  o F  - -  F ( c , x )  -  c x

is a f-homeomorphism.
Now @ : Tt-- [F,F] (respectively o :  f  --  [(F, e),(F,e)]*) is the

homomorphism into the monoid of (pointed) homotopy classes of
(pointed) self-maps of the fibre. Given a loop w in (E,e) a representative of
o (w) is defined by Ho for a solution H of the homotopy lifting problem

u { r } t 1  ' t ' }

F
I
I
J
E
Iy,
B .

F F
l l
I I
r J
E a n d E
l _ l
l e  p  I

Y Y

B E

I
I
J
f
I
J
I L

C_-.-+.)

ID.'----..-)

Qn

E
I
l e
I
B .

{uF x

I
I
j

F x

H

1 -
P 

" |9 " 
Pf r

I
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Artalo-uor-rs lbr cr.r (see Whitehead [28, pp. 35+185+186], Swrtzer 124,
p. 3a3]). In Whitehead [28, pp. 98-100]) an operarion

F :  n r ( F , e )  t  [ ( t o ' ,  e ) , ( F , n ) ] *  -  l ( F , r ) , ( F , t ) l n

is defined. We denote bv
J

p :  f t  r (F ,  e)  - -  [ (F,  e) ,  (F ,  e) ]+

the homomorphism given by the evaluation of p on the identity on (F, e),
Let G ,(F,e) be the kernel of p (compare Gott l ieb U2, p.842]).

We have defined u: f t  -+ [F,F]. in section 1.
Now o:  f  - -+ l (F,e) , ( f ' .c ) ]+ induces a map o:  |  - .  [F, t r ] .  in  the

fbl lowing way.choose a representative s(w): (F,e) - ' (F, e) of o(w) for
w e f. Conjugation with winducesahomomorphism c:*.. Ä -+ A. Because
of ä " s(w)x : c*o ä there exists a unique l i f t

which is automatically
Hence we can define

s(w):  (F,4 - ,  (F,ö) ,

c,'-equivariant.

s ( r , r ' ) :  f  x t F - - T * o F

by (c ,x)  *  (cw,5(w- ' ) ( r ) ) .  Let  6(w) be
/ r .  s ( w )  "  h - r .

given by the f-homotopy class of

THnonsrra 6.1.

a)The map 6: f  -- '  [F, F'] .
b) T he homotopy operation

factor izes in uo p* .
c) i) The forgetful map f : l(F , r), (F , r)f* - [F, F] ls the projection onto

operation p.
i i )
iii )

the orbit spnce of the
a )  "  P * :  f  "  o .
o(0(u)  ' * , )  :  p(u, ,o(w))  fo ,  ue nt (Fu,e)  and wef .  Especia l ly :
o  "  0  :  p .

The proof of this theorem is straightforward. It shows in combination
with Theorem 5.4 and the definition of p* that the geometric trans.
fer induced by a fibration depends only on the so called fundamental
group data, i.e., the fibre F, the homotopy operation o and the sequence
nt@) --+ rct (E) - nr(B). This result has been proved geometrically by
universal fibrations respecting this data in pedersen [19].

is a well-defined homomorphism.
u is determined bv o and thus bv o. Namelv.ö
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DErINtrtoN 6.2. We call p untwisted if o is trivial and orientable if ro is
tr ivial.

"Untwisted" implies "orientable" but the converse implication is not
valid in general. Namely, p is untwisted if and only if G L(F) : nr@) and p
is orientable. Therefore each orientable fibration with a connected H-space
as fibre is untwisted. This includes principal G-bundles for connected
topological group G.

7. Proof of Theorem2.2.
The proof consists of four parts. In part A we give some information

about f-fibrations we need in part B to explain the construction of
( f r ,J ' ) :  (Er ,E)  - -  (X r ,X) .We prove in  par t  C that  in  rhe p l -case ( f r , f  )
can be chosen as a pair of simple homotopy equivalences and C'* (X r, X) is
computed in part D.

A. f -fibrations. The definition of a f-fibration was given in section 1. The
usual definitions of fibre map, fibre homotopy, etc. can be translated
di rect ly  (Swi tzer  l24,p.34zl ,Whi tehead [28,  p.  38]) .A map ( In:  p- -  p '
o f  f - f ibrat ions p:  E - -B and p ' :  E ' - -B 'consis ts  of  f -maps f :  E--  E '
a n d  f  :  B - - +  B ' w i t h  p ' "  T :  f  "  p . A f - h o m o t o p y  h : Z  x 1 - - + E  i s a f -
fibre homotopy If p " h is stationary. Two maps fr,fr: Z --, E are f-fibre
homotopic (fo =oft\ tf there exists a f-fibre homotopy ft with ho: fo
and h, : ft. Thisimplies p " fo : p o fr. Fortwof-fibrations p: E -- B
and p' : E' -- B over the same space B a f-fibre map (l,- ID) : p --' p' is
a f-fibre equivalence if there exists a l--fibre map (g,ID) : p' - p with
f  "  S -o, ID and g "  T- . ID.  The f ibre F:  p- 'b)  is  a f -subspace
of  E.

For a f-fibration p: E --+ B and a map f : Z -r B we use the following
notation for the pul l-back:

f >

_J__)

DnprNrrroN 7.1. Let h: Z x I -. B be a homotopy between fo and f1
and H a solution of the f-homotopy lifting problem:

f *E
I

Pt l

Z

E
I
l p
v

B

,r:IäI

I
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Define un: f{E-ff  E by H\ and fr" P1o usingthepull  backproperty.

of course an depends on 11 but we will see that the f-fibre homotopy

class of ao depenäs only on the homotopy class of h. If h and g are

homotopies / x |  --+ B with ho: go and ht: 8t we cal l  them

homotopic (h = g) if they are homotopic as maps relative to 7 x {0J}'

Given homotopies h: fo= f,  and g: f t= fz, let h*g be the obvious

homotop y h * g: Jo = fz. using Switzer L24, p.342] one can easily prove:

PnopostnoN 7.2.

a) an is a f -fibre equiualence.
b) I{ is a f -homotopy f. = Tr " an ouer h'

c ) h = g + d n - r , d n .

d )  ao  *e  =p , rdn  "  a i .

Applying this to Z : {*} one gets the functor "f-equivariant transport

of the fibre along paths in B" lt: n(B) - f-TOPHo from the fundamental

groupoid of B into the homotopy category of f-spaces (compare Switzer

124,  p.3431).* 
Let (D, i)be a pointed contractible space and f : D -- B a map. Given a

morphism C, f d) --, b in n(B), i. e. a homotopy class relative to {0,1} of

paths from b to f (d) tn B, we define:

DertNtrtoN 7.3. Let h be any homotopy between the constant map

co: D -- {b} c B and / such that h(d,.) represents (.  Define

by a1 and

T r ' . F o x D - - > f * E

f  U , ( \ :  F o x  D  ' -  E

by .1" Tr.

Because of Proposition 7.2 and the following Lemma 7 '4 the f-fibre

homotopy class of T, depends only on ('

LEuun 1.4. Let h and g be homotopies between f6 and fi: D-'B for

contractible (D,,d\. Then h = g is ualid if and only if the paths h(d,') anl

g(d, ' )  are homotopic relat iue ro {0,1} '

Pnoor'. Choose a homotopy (: D x I --+ D between IDo and the constanl

map ca relative to {d}. Now define Ü0, D x 1 x I '- B
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ry'h(x, r,  s) I: l
h(U*,3r) ,0) 0 s r  < Js

r , , ( ( ( " , r1 ,  ] t  - l )  j r  s  r  s  1-Js
\  5 - z s /

h ( ( ( * , 3 - 3 r ) ,  1 )  1 - ä t  < t < I .

Then ün is a homotopy between h and

ü o r ( x , t )

Obviously  ü\  = ü1.  is  va l id ,  l f  h(d,  ' )  =  g(d, '  )  re lat ive to  {0,1} .

We will later apply this to the characteristic map of a cell of the base
space. Now we get the main result of part A. It is responsible for the
appearance of the chain homotopy representation in Theorem 2.2.

Conolunv 7.5. Let D be a contractible spoce snd h: (D, S) x .I --+ (8, A)
be a homotopy between the maps of pairs f6 and ft and p: E --+ B a f -

fibration. Let (, be a homotopy class of paths relatiue {0,U from b e B to

f{d\ for d e S and ( be the class of h(d, ').

Then the following diagronr commutes up to homotopy of f -pairs

T ( ( o , f o )

* ( t ) " t o @, El  A)

T( t r , f ' )

B. The construction of (ft,f \. We construct (fr,f ) now for (pt,p) a
pair of fibrations. Without loss of generality we can assume (Br,B)
: (Ar,,A) as the pullback with a homotopy equivalence gives also a
homotopv equivalence between the total spaces. Let B, (respectively Bn) be
thc (/r + 1)- (respectively k-)skeleton ol ' the relat ive CW-complex (8,, B).
The characteristic map of the lth (respectivelyTth) cell of dimension k+1
(respectively k) is denoted by

(p ( ; ) ,  p ( , ) )  :  (Do*  t ,so)  - -+  (B , ,Bo)

( f o " ( ( x , 3 r )  o S r = ä
: 1 n @ J t - r )  + = t 5 3

[ , t , "  ( ( x , 3 - 3 t )  Z < t < r .

F, x (D, S)

Jtit{' 
- {-

F, x (D, S)
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( respec t i ve ly  (Q( i ) .q ( i l ) :  (Dk ,S f t - r )  -  (Bo ,B) .  Le r  t ;  ( respec t i ve ly  4 )bea
homotopy class of paths relative to {0,1} from b to f 1;;1*; (respectively

00X*)) for a base point * in Sk (respectively Sft- 1). Choose trivializations

T(i) :  F x P*+ t --- '  P(i \* E I

(respectively S(7): Ft Dk --' QU)*E) using (, (respectively 4;) according
to Definition 7.3. The restriction of T(i )(respectively S(7))to Sk (respectively
Sk-1) is denoted by r(i) (respectively s(/)). Since we are working in the
category of compactly generated spaces the following diagrams are push.
outs and the inclusions cofibrations, Whitehead [28, p. 33]. Let Eo be the
restriction of E, to Bo.

L s W
E o 4

LM
E o 4

and

We recal l  that we have chosen a f-homotopy equivalence ): Y-i
with Y a f-CW-complex in section 1. Now choose a f-homotopy
equivalence f:E--ry into a f-CW-complex X and a homotopyl(/)

between f " ,1(j) .  s(/).  ( , ,1 x ID) and a cel lular map ß(j):  f  x Sft-X,
The following diagram of push-outs defines a f-homotopy equivalenct
Uo,f i :  (Eo,,E) -- (Xo,X) into a pair of f-CW-complexes (see Brown [3
p.2a9) or tom Dieck U , p.161]. The sum is taken over . / .

tr4

4r0ö
I
I

Leo).
J

En
I
I
I
Eo

LpüIE,  ?ot  'Fo
7 '  1 \  i tIt 1
T "(r l .  E,  -E, .

TFnI
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E
1
l I o
I
E
I
t f
J
X
t
I I D
I

X .

Lq(if Eo- Lqil* Eo
t - r
l ls t r t '  

( .1x ID) l l r  o l  .  ( r .  x rD)

I y t pft----=a j ", sk- 1

l,^ T,
J r o  l ' o

1 1 "  D k x t - i t " , s e - l x 1
l ,  1, ,

t '
I f  * D & .  - I f  r S r - 1

I l til. Eo ------------- Lq(i)* Eo rral , F
f  I  

r r i r  (2 .  x  rD)  f  ; r r i r  .  (a  x  rD)  j :^

I f "  pk+,+--- j ; f1 s-  @ J '"- l  " i ,  P  '  
7 o.-- J'" /"

I l '" Pk+ r x 1*--:I i, " se x / Ig(,) !:- f , , ^ / ' 1 , , " " ^ r % T

I 
j 't Pk+ | 

| l 'r, 5o r;,(i) > l:
c' In the pL-case (f1,f ) can be chosen as a pair of sintpre rtomotopyequiuolences' The difficulty here lies in the technical point that thecharacteristic map s (e(il, ao) and (y yl, n(tj;", onry be simpri ciat if q(j)anrl p(i ) are injective because (2111 aia i t i ir'Jinlective on the inrerior. Butonly if they are.simplicial we jet u ,i-pr*iut'rt.u.ture on p(i)*Eo andQo* E- we will solve this protlem by ,rr.inking eg) respectivery p(i) toPl-embeddings e(il, and p0\,.
without loss of-generarity we can assume that (A r, A)is equar to (B , , B)and that the attaching -upt q(i) and p(i) aresimplicial for a triangulation

LqTT

I s - ( l t ' s 6 r )  ' ( ; x I D )

Lnul

L B,tl

The second step is completely analogous. choose a homotopy of pairs

S ( i ) :  Y x  ( S f t , * ) x 1  -  ( X o , X )

between fo . p6 . tQ) o (tr x ID) and a cellular map y (i) anddefine

( f r , fo , f  ) :  (E r ,Eo ,E)  -_+  (X  t ,  X  o ,  X )
by the following diagram. Here the sum is taken over 1.

I
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of B, for which B and B, are simplicial subcomplexes (use Anderson [2,
p.17a], Cohen [5, p. 24]). Further we can suppose that there exists PL-
embeddings

(QU)' ,  q( j) ' ) :  (Dk,S& - 1) -- (Bo, B) for each j  e J

whose image is a simplex contained in the interior of theTth cell. Choose a
path (;  in theTth cel l  in Bo from QU)G) to QU| G). Definc ,/ ' ,  r \  r /  ' r ,  --  l l r
definit ion of a PL-bundle (see Anderson [1, p. 181]) there crists a map
S(l) ' :  F x Dk --+ QU)'*E corresponding to ry' j  and Definit ion 7.3 such that i t
is a Pl-homeomorphism and especially a simple homotopy equivalence.
Its restriction to Sft- 1 is denoted by s(/)'. Let B'o be Bo \ l, image
(QU)'l".There exists a strong deformation retraction rs: B's -- Bo covered
by a Pl-bundle map ,o, Eolf6 -- ' ,E such that both ro and ry are simple
homotopy equivalences. As 0f ) and ro " Q$)' are homotopic along (; the
map ,o . qW . sU)'  and qA . t( j)  are homotopic (Corol lary 7.5).
Because ,o . qU)' o s(/)' is already simplicial there exists a cellular f -

homotopyh( j ) '  between f  "  , ,  "  q( j ) ' .  s ( / ) ' "  (z t  x  ID)  andthemapf( f  )o f
part B. Now define a f-homotopy equivalence

Uo, f i :  (Eo ,E)  - -  (Xo ,X)

by the following diagram of push-outs. The sum is taken over J.

LQ(i l ' *Eo--
f

l ls t r t ' '  
( , i  x  ID)

f  Y r  D k < - - )- l
J,O

f  Y t  D k x I #

l "
I r " P r < ,  - >

Lq( i l ' *  Eo

fr,u,'' ,,.
f Y t s & - r-  

l .
J'O

f r * s & - 1

l "
I Y t s k - r

x  ID)

Lq9Y

Lilj[" s(7)' " (.i" x ID)

Lnov

LBtit

E,O
t
I r o

t,
y  " A
X
l ,o
I
X .

x 1

Using the topological invariance of the Whitehead torsion (Chapman [4],
Cohen [5, p. I02] ), the sum and product formula Cohen [5, pp.76+77]

and the fact that S(/')', s(/)', A, f, and ry are simple homotopy equivalences
one proves that Ä is a simple homotopy equivalence. One should notice
that in each step the push-out space has at least a CW-structure and that
(X o, X) constructed here is the same as in part B. The same argument shows
that f, can also be constructed as a simple homotopy equivalence.
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D. Computation of C,*(X ,,  X).We have

4 t " P k + t '  
- T " "

for  a map y-( i ) :  y x ( ,S0,*)  -  (Xo,X).  Let
to  Y  "  { * } .  Now the  cone o f

Ci(y(t),  ä(i)) :  C,*(t  x (Sk, *)) _ C,*(X o, X)
is the cellular chain complex of the relative f_cw_complex(cone(y(i)), cone(ö(t))). There exist relative f-homeomorphisms

(X ,, Cytinder(ä(i)) -- (X ,, X o)
and

(X ,, Cytinder(ö(,)) - (Cone(y(i)), Cone(ä(,)))

inducing based isomorphisms between the cellular chain comprexes.Therefora C,*(X r,x) is based isomorphic ro C.;.iä.. (;ö:,';tDt). SinceXo has been defined as the push_out of

L v ,  D k  .  t  
D r r s k - l  

l o u ' ,  x ,

we have for the characteristic map

(n0 ' ) ,  p1l :  y  x  (Do,so- t )  _,  (Xo,x)
a based isomorphism

9 tl(n0'), P0)' I c; (y x 1Dk,so-')) -+ c,*(xo,x).

defined X, as the push-out of

, o  , X o
I r( i t

ä(i) be the restriction of y(i)

isomorphism and the identification

I 'x (Sk, *)) = Zk C,*(y)

i e I a representative of the chain

Now it remains to show that using this

C, * (y  x  (Dk ,sk -1 ) )  =  C , * (

the chain map C,.(vQ), ö(;)) is for any
homotopy class of

zo C'*(Y) -64p10;y-
C"*(Y) '@ r o
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We recall that the matrix
Ci@r, E;. Now we f ix i  e
by K the finite index set

woLFGANc r_ücr

(d,,r) describes the nontrivial different ial d of
I and write d,,, as Z*ura(j,w,) . w. We denote

( D f t . 5 t  
-  t ,

Let

and

b c  t l i e  o b v i o u s

Y : ( D k , S k - t )

inducing the diagonal map

K:  t ( j ,w , )  e  J  x  n la$ , l v )  +  0 ) .

Q :  ( D k , S o -  t ,  * )  - +  ( S & ,  x ,  * )

Y x  Vü t L Y x ( D k , s o - t )  -

project ions. Choose ir map

(Dk, sr 
- r ;

?((,. [P(t), p(i)]) :8n,,, . ryi . le(i l ,  qDl

- + Y

t  :  Ho(Df t .5 t -  r ,  - )  , r (  y  (Do ,^So- , t )  =  @ go(Dk ,  s * - , ) .
\ K  /  Ä

Given a homotopy c lass (  o f  paths re lat ive to  10,  1 l  l l 'onr  ö,  to  bu an<J
lA ,E l  e  no (Bo ,B ,hJ  we  de f ine  ( . lA ,E f  e  f t * (Bo ,B ,h r )  by  the  homo_
morphism induced by C (see Whitehead [ZS, b 101]).^

The Hurewicz homomorphism and the universar covering 1Er,Eo,E7--) (Bt,Bo,B) induce an isomorphism between c,*(Er,t t ;" ;  theZfnf_chain complex given by the connecting homomrrpil# 
s / srrv

0  :  n o *  r ( B r ,  B o , b )  - +  f t * ( B o ,  B , b )

of the triple (Br, Bo,.B) (see Whitehea I lZS,p. 2g9]). We can assume thatt-he 
-geflular _zfnl-base of c'*(Er,E1' ,oiresponds to the elemenrs

€ , ' lP ( i ) ,p ( i ) f  and  n ; . l e1 ,q6 l  
-There fo re  

we  ge t  i n  r r , (Bo ,B ,b ) :

: Lo ( i , * )  .  v ,  .  4 j .  l e f i , q i1 i l ] .

0 ( j , - * ) :  ( D k , S o - t , * )  - +  ( B t , B , b )

Let
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be a representative of the homotopy class given by the composition of

1,v ' 4i ' lQ(il,q(i)f and a map (D1, Sk- 1' x; --+ (Dk' Sk- 1' *) of degree

a( i ,w) .

Lsurue 7.6. The maps €, '  (p(i)  " Q) and

V A0' ,  , )  '  V :  (Dk,  So 
-  t  ,  * )  - -+ (Bo,  B,b)

ere lutmotoPic.

Pnoor .  We get  in  z1(Bs ,B,b) :

a(( t ' [P( t ) ,  P( , ) ] )  - -  ( , lP(D "  af
and

tY  O ( i , * ) '  v l  :  Eo( i ,w) '  
w '  ry i '  IQU) 'q( i l1 '

Applying Lemma 7.6 and Corollary 7.5 one proves that the following

diagram of pairs of f-spaces commutes up to homotopy' The map v sends

the summand corresponding to (/, w) ideniically to the one ofj' The class of

the constant path inb is denoteä by 4. The maps r(t) and S(7) have been

defined in parr B and the mapt i1p1i;, (), etc. in Definition 7'3' The

homomorphlsm 7, n -- [F,r]. is inäuced by the fibre transport p defined

in section 7A and was already introduced in section 1.

T H E  T R A N S F E R  M A P S  . .

I D x O

,  Su-  t  )

I D X V

(Du, Su- t  )

D k ,  S k -  1 )

I (r.-'

Dk,  sk -  t  )

l 1
L . , '

SU,

l '  ( t  ) '

. O r '

l l .
I J

I'
t,
I

xc

1
l ,
I
I
J

* )

l D )

,s '
l D l

(r

ü

su, *

1"
D K , ;

1,,
V r^i

l *
x ( ,

I t
lu

x (,1

Y X  (

y x  (

} / x

4'�

I v
K

{ < )

d  ( i )

x)

R (/)' P (/)

y x ( D k , S o - t )

r (Q t i . r n ' ) . { , )  "

x  a j , w )

I / o ' s ( l ) ' ( L x I D )
K
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The following diagram of chain complexes commutes where : denotes a
based isomorphism. Let diag be the diagonal K x K-matrix with
a ( j ,w) 'C ' * ( t r - r  ou  ( r - t ) "  ^ )  as  en t ry  on  thed iagona l  co r respond ing  to
(/,*,) e K. The map y'sends the summand corresponding to Q,w) e K
identical ly to the one of j  and I is the diagonal map:

zk c,\(Y) -

t o l
zk c\g) p

O I

zk c'*(Y) =

'"1
2k C'�*(Y) =

o "rl
zk c'*(Y)

,'.1,
tk C'*(Y) = c'JtY x (Dk,to- t )).

Now v' o diag . I  is just

zuC'*(Y) 
Itc:-pt;Dt- 

@ ^roc;trt

This finishes the proof of Theorem 2.2.

C'*(Y x (Sk, x))

I 
ciuo " o;

C'*(Y ,, (oo ,so 
- t 

))

Jc;tto 
" v;

C ; ( y x  !  ( D o , S o - t ) )

1 "
l'".t't'l

C ' * ( L Y  x  ( D k , s o - t ) )
Ä

I

J. l tp t r - '  
o  u(w- ' )  "  ̂ *  a( i , r ) )

c ; ( I Y x ( D k . S o - t ) )
,\ 

|
Jt""l 't

@
K

@
K

@
K

@
J
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