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EeUIVARIAN.n  E ILENBERG I4ACITANE SPACES * (V  ru r l )  FOR

P O S S f B L Y N O N . - C O N I . I E C T E D o R E M P T Y F I X E D P O I N T S E T S

Wol tqanc {  r rucK

Equ iva r i an t  E i l enbe rg -Mac lane  spaces  a re  cons t ruc ted  i n  l 1  '

p .  r r . 1 3 l ,  [ 3 ,  p .  2 7 7 ) ,  [ 8 ,  P '  4 5 ] ,  h o w e v e r '  o n l y  f o r  n o n -

e m p t y c o n n e c t e d H - f i x e d p o i n t s e t s f o r a l l H C G a n d i n t h e

po in ted  ca teqo ry .  Th i s  i s  a  reasonab le  assump t i on  i n  equ i -

va r i an t  homo topy  t heo ry  (equ i va r i an t  Posn i kov -sys tems  '  ho -

mo logy ,  obs t ruc t i on  t heo ry )  bu t  t oo  res t r i c l i ve  f o r  t he  s tu -

dy  o f  equ i va r i an t  man i f o l ds .  The re fo re  we  deve lope  a  t r ea t -

men t  o f  equ i va r i an t  E i l enbe rg -Mac lane  spaces  o f  t ype  one  i n

f u l l  g e n e r a l i t y -  T h e y  a r e  u s e d ,  f o r  e x a m p l e '  i n  e q u i v a r i a n t

L - t h e o r v  a s  r e f e r e n c e  s p a c e s  ( s e e  t 5 l )  o r  i n  t 4 l '

A  g roupo id  i s  a  sma l l  ca tego ry  such  t ha t  a l l  mo rph i sms  a re

i somorph i sms .  The  f undamen ta l  g roupo id  n  (X )  o f  a  space  has

as  ob jec t s  po in t s  x  i n  X '  A  morph i sm y  - '  x  i s  a  homo topy

c l a s s o f p a t h s f r o m x t o y . T h e o b j e c t s i n t h e o r b i t c a t e -

gory (9(G) of a compact Lie oroup G are homogenous spaces G/H

f o r  c l o s e d  H '  m o r p h i s m s  a r e  G - m a p s '

D E F T N I T I O N  1 . :  T h e fundamen ta l  G (G)  -g roupo id  o f  e  G-space

l -s

L

the cont ravar iant f unc to r
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n G x  :  o  ( G )  - '  { q r o u p o i d s }  , G / H  t - +  r t  ( X H )  =  n  ( H O M .  ( G / H , X )  )

An  G(c ) -g roupo id  i s  a  con t rava r i an t  f unc to r  
f  

:  C (c )  -+
{ g r o u p o l d s } ,  a n  ( s ( G ) - f u n c t o r  F  ,  

i o  
- +  

2 r  
l s  a  n a t u r a f

t r ans fo rma t i on .  T f  i  i s  t he  ca teqo rv  o f  t vzo  ob jec t s  o  and  1
and  two  morph i_sms  O  -+  1  and  1  +  O  bes ide  t he  i den t i _
t i es ,  an  (9 (G)  - t r ans fo rma t i on  

p  ,  Fo  - . ,  F l  be tween  (9  (G )_ func_
t o r s  F -  z  y t  - +  € , ,  i ^  _  - t ^ \  -   r -  öo  

-+  
2 ,  

i s  an  o (G) - f unc to r  a  :  g .  x  -

w i t h  a r . g  " i r ,  =  : '  a c  - , : ' - '  

l q r r \ i L  -  
V o ^  

r  - +  
2 ,r  

o o  { i }  =  F ' .  r f  s u c h  a  a  e x i s t s  \ ^ / e  c a l l  F o  a n d  F t
h o m o t o p j - c .  L e t  , 2  

" , g l l  
G ( c l  b e  t h e  s e t  o f  h o m o t o p y  c 1 a s s e s

o f  6 ( c ) - f u n c t o r s  
t "  

- +  
2 r .  

o b v i o u s l y  a  G _ m a p  f  :  X  _ ,  y
i nduces  6p1  c (G) - f unc to r  nG f  ,  nGx  J  nGy  and  a  G_homotopy
h :  X x  r  - r  y  311 (s(c)  - l r rns format ion 

nGh^ -+ ITGh" .  r f
I[ x ' y ] G  i s  t h e  s e t  o f  G - h o m o t o p v  e l a s s e s  o f  G - m a p s  x  - +  y

v/e get

- C
l n " : l  f w  . t r G.  L z \ r J  J  + I  n G x ,  r 1 G Y 1  c ( c )

An  o (G)  - f unc to r  F  ,  j  o  
-+  

2 ,  
i s  an  o (c )  - ho rno ropy  

@ren -i f  t h e r e  e x i s t s  F r  ,  
2 ,  

- +  
2 "  

w i t h  b o t h  c o m p o s i t e s  h o m o _
top i c  t o  t he  i den t i t y .  We  ca l l  F  a  weak  C  (G)  _homo topy  equ i_
v a r e n c e  i f  F  ( G / H )  z  

\  o t " t *  -  g ,  ( G / H )  i s  a n  e q u i v a l e n c e
o f  c a t e g o r i e s  f o r  e a c h  G / H ,  t h a t  i s ,  t h e r e  e x i s t s  a  f u n c t o r
i n  t he  o the r  d i r ec t i on  w i t h  bo th  compos i t es  na tu ra l l y  egu i_
v a l e n t  t o  t h e  i d e n t i t y  o y r  e q u i v a l e n t l y ,  F (  G / H )  i n d u c e s  a
b i jec t ion 

9 ;Gr  
- ,  

T@ 
between the ser  o f  isomor-

p h i s m  c l a s s e s  o f  o b j e c t s  a n d  a  b i  j e c t i o n  A u t  ( x )  _ r  A u t  ( F  ( x )  )f o r  e a c h  x  €  
\ o t " t q  

( s e e  L 6 l  ,  p .  9 g ) .  A  G _ m a p  f  :  X  _ ,  y
i nduces  a  weak  6 (G)  -homo topy  

equ i va lence  nGf  i f  and  on l y  i f

II
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H  ( f H , x )  a r e  b i j e c t i v e  f o rn o ( f ' ^ )  a n d  n , ,  ( f H , x )  a r e  b i j e c t i v e  f o r  a t l  x  €  X H  a n d  c l o s e d

H  C  G .

An  O  (G)  -homo topy  equ i va lence  i s  a  weak  (9  (G )  -homo topy  equ IVa -

I e n c e ,  t h e  c o n v e r s e  i s  f a l s e .  N a m e l y ,  l e t  G  b e  % / p  x  n / c \

and  f - r ,  t he  ( s ( c ) -g roupo id  w i t h  9  tC / f )  t he  t r i v i a l  c ; r ouno id
Z ) 1  4

{ * }  f o r  L  +  G  a n d  € O v  ( G / G )  =  O -  r f  X  i s  a  G - s D a c e  w i t h  s i m p -

l y  connec ted  x , { / p  and  f  / q  and  w i t h  xG  =  O  the  obv ious

p r o j e c t i o n  n G x  - )  
2  

i s  a  w e a k  o ( c ) - h o m o t o n y  e q u i v a l e n c e '

I t  canno t  be  an  O(G) -homo ton l z  equ i va lence  s i nce  any  g (G) -

f unc to r  F  ,  
2  

- )  nGx  mus t  send  t he  ob jec t  i n  
? (G)  

t o  a

po in t  i n  # /p  n  # /q  =  XG,  a  con t rad i c t i on '

D E F I N I T I O N  2 : .  A  G - C W - c o m p l e x  Y  t o q e t h e r  w i t h  i l ( 9 ( G ) - f u n c t o r

u  :  nbY  -  Y *  i s  a4  equ i va r i qn t  E i l enbe rq -Mac lane  s?ace
t s - - z

K ( 9 ( * , u , 1 )  o f  t Y P e  ( 9 , 1  )  i f  t h e  m a p
o - u -

l x , y l c  - ,  l n c x , 2 r t r " ) ,  I t ]  D  p p .  n c f l  i s  b i j e c t i v e  f o r

a l l  G -cw-comp lexes  X '  t r

THEOREM 3 :

a )  A  G-CW-comp lex  Y  t oge the r  w i t h

^
u  :  n ' Y  - L  i s  a  K ( 9 , u , 1 )

ö 0

O ( c )  - e q u i v a l e n c e  a n d  n r - r { v H , Y )

If

Y  €  Y " t  n

h )  T h e r e  i s  a  K  ( 9 , v , 1 )  f o r  a n yY t  
o

t hem a re  G-homo toP ic '  o

an cs (c)  - fu4qler

i f  and  on l v  i f  u  i s  a  weak

=  O  f o r  a l l  c l o s e d  H  c  G ,

cs(G) -qrounoid 
f

h.y two of
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COROLLARY 4:

a )  4 g  o ( c ) - f u n c t o r  F  t  
2  o ^ '  \ ,  i "  g  w e a k  c ( c )  - g ' u , . , ' ' e n c e

i f  a n d  o n l y  i f  F *  ,  [ n G x , . g ,  t  o ( c )  . _ G, V o ,  ' " ' -  
[ n t x , 2 l ] g ( e l  i sb l j e c t i v e  f o r  a l l  G _ C W _ c o m p l e x e s  X .

b)  Each weak c  (G)  -homotopv 
equi_varence nGx -+ nGy for  X andy G_cl,rr_complexes 

is .arl  (s (c) _homor:cpI 
g@

PROOF:  Because  o f  t heo rem 3  i t  su f f i ces  t o  p rove  f o r  a  G_mapf  :  Y  -+  Z  be tween  G-spaces  t ha t  fH  ,  yH  -+  zH  i s  a  (non_equ i va r i an t )  weak  homo topy  equ i va lence  f o r  a r_ .  c l 0sed  H  c  G  i fa n d  o n l y  i f  f *  :  [ x , y ] G  - '  r x , z l G  i - s  b i j e c t i v e  f o r  a r - l  c _c w - c o m p r - e x e s  x  '  A s  i r i  [ g ] ,  p .  2 2 0  t h i s  f o 1 1 0 w s  f r o m  e r e _m e n t a r y  o b s t r u c t i o n  t h e o r y .  N o w  a )  i m p l i e s  b ) .  t r

The homotopy cor- imi t  o f  nGx is  the fundamenta l  group cate_g o r y  u s e d  i n  t 2 l  t o  i n t r o d u c e  e g u i v a r j _ a n t  f i n i t e n e s s  o b _s t r u c t i o n ,  w h i t e h e a d  t o r s i o n  a n d  o b s t r u c t i o n  t h e o r y .

r f  f i  i s  a  g roup  and  i i  t he  o roupo id  w i t h  one  ob jec t  ande lemen ts  o f  f  as  morph i sms  the  se t  f ?  ,  , i  r l  o f  . , u i , - , . . a  equ i_va l -ence  c l asses  o f  f unc to rs  f  
t  

- ,  l z  can  be  i den t i f i ed  w i t hH o M ( f  
1 , f r ) / r n i v  ( f  

2 , 1 ) .  w e  r e d j _ s c o v e r  t h e  ( n o n _ e q u i v a r i a n t )
s ta temen t  t ha t  ( f r ee )  homo topy  c l _asses  o f  maps
K  ( f  

1  , 1 )  - +  K ( t  
2 , 1 )  c o r r e s p o n d  b i j e c t i v e l y  t o

H o M ( f i , f r ) / r n u ( t 2 , t r )  
( s e e  [ 9 ,  p .  2 2 6 ] ) .

We  end  w l t h  t he  p roo f  o f  t heo rem 3 .

II
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u  ( c / K )  ( f o o  q ( e K x o )  )

tl
o i u  t c / H )  ( f o o  P o ( e H o )

o*r, Io o  . 1 ,
o i , f ,  f  c /Ho)  (no (eHo) )

ll
ü  ( G / K )  ( q  ( e K  x  o ,  

, ,

LÜCK

a)  We s tar t  w i th  the " i f " -s ta tenent .  We on ly  show that  U*o fTG?

I x , y ] G  - +  [ n G x , g  r  t t " '  i s  s u r j e c t i v e  b e c a u s e  t h e  e a s i e r

p r o o f  o f  i n j e c t i v i t y  i s  s i m i l a r '  G i v e n  ü  '  n G X  - +  
?  

'

v / e  have  t o  cons t ruc t  f  :  X  -+  Y  and  an  ( s (G) -equ i va lence

a  be tween  p .  nc f  and  r ! .  We  de f  i ne  f  i nduc t i ve l y  ove r  t he

s k e l e t o n s  o f  X  a s  f  
,  

t  X ,  - +  Y '

We  f i x  f o r  each  ze ro -ce l l  a  cha rac te r i s t i c  map  p  z  G / I l  - >  X

Q . i n a a  r '  / c / H \  .
L r t r I I v e  H  \ v /  r r l

=  n n ' i  n { -  r r i  n  Y Hc r  I / v  l r r  u  J

I - t e f i n e  f  :  X. - o  - - o

n ( y H )  - +  < u  G / H )  i s  b i j e c t i v e
ö

a n d  a n  i s o m o r P h i s m  u  :  U ( G / H )

- +  y  s u c h  t h a t  f o e  P ( e H )  i s  Y

o , r  u
I

o " r ] . r
I

- -  r ! ( G / K )
( G / K )  ( q J e K  x  r )

v /e  can  choose

( y ) '  \ t  ( G / H )  ( p ( e H )  )

e  q  ( e K  x  1  )  )

t c  l ^ E  \  \
\ r o a  i r 1  \ s ] r 1 /  /

oi" r
(n . t  (eH, , ,  )  )

( e K x 1 ) )

N o w  w e  a l s o  f  i x  a  c h a r a c t e r i s t i c  m a p  q  z  G / x x  I  - +  X , '  r o r

e a c h  o n e - c e l l .  W i t h  t h e  c h o i c e s  a b o v e  t h e r e  i s  a  u n i q u e  z e Y o -

ce l l  w i t h  cha rac te r i s t i c  map  P i  z  G /H t  -+  Xo  and  a  un ique

G - m a p  o i ,  G / K  - )  c / H i  v r i t h  q l G / K  x  { i }  =  P i o  o i  f o r  i  =  o t 1 '

L e t  r i  :  u ( c / H r )  ( f o o  P i ( e H r ) )  
- +  { r ( G / H i )  ( n i ( e H ) )  } : e  t h e  i s o -

morph i sm choosen  above .  Now i n te rp re te  q  eK  x  T  aS  a  morph i sm

i n  n ( x K ) .  s i n c e  u  i s  a  w e a k  ( 9 ( G )  - h o m o t o o r z  e q u i v a l e n c e  t h e r e

i s  e x a c t l y  o n e  m o r p h i s m  w :  f  
o c  Q  ( e K  x  o )  - +  f  

o o  
q  ( e K  x  1 )  i n

i l  (YK)  mak ing  t he  f o l l ow inq  d iaq ram commuta t i ve :

f- o

rl
1 )

I..t
I

1 ' �

il
(cr

(

H

H

\ b /

7 1
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o  
ove r  t he  one -ce I IU s e  w  t o

F . v- 1  " 1

ex tend  f

+ \ /

Each pa th  1n  x f  be tween

motopy  by  a  sequence o f

the  fo l low inq  proper ty .

two  po in t s  i n  x :  i s

o r i e n t e d  o n e - c e l I s .

c t .  Thus \^ /e  get

g j - v e n  u p  t o  h o -

T h e r e f o r e  f  -  h a s* 1

L e t  p i  :

G-map for

o ä p o  ( e H o )

fo l l ow inq

G / H  +  X  b e  a n y  z e r o - c e I l ,  o l  z  G / L  +  C / H i  a n y

i  -  o , 1  a n d  v  a n y  p a r h  i n  x f  f r o m  o T p f  ( e H . ,  )  r o

.  D e n o t e  b y  v  t h e  c o m p o s i t i o n  u o  n G f , .  T h e n  t h e

diagram commutes

v  ( G / L )  ( o i n 1  ( e H . ,  )  )

tl
o i  u  ( G / H 1 )  ( n . '  ( e H . ,  )  )

l "

&  
t  

o 1 t ' l

o r r f  ( e  / H l )  ( o ,  ( e H , ,  )  )

ll
ü  G / r )  ( n 1  ( e H . ,  )  )

I ( G / L

il
s l l"  

v  ( G / H
o

I*r, Io o  
t

"  
, l )  (G /H

o '  o

i l
, l )  (G/L)

I  (o lno  (eHo)  )

) ( p  ( e H  ) )o  ' - o '  o '

)  ( r r  ( e H  ) )- o  o

( n o  ( e H o )  )

L e t  T  z  c / l ' ,  s 1  - +  X t  b e  t h e  a t t a c h i n q  m a p  o f  a  t w o - c e l l .

we  can  assume  w i t hou t  l oss  o f  qene ra l i t y  t ha t  t he re  i s  a

zero-ce l l -  p  z  G/H + Xo and a G-map o z  G/L -+  G/H wi th

p @  o  =  r l C l f  "  *  f o r  *  a  b a s e  p o i n t  i n  5 1 .  L e t

v  :  r ( e l ,  x  x )  - +  r ( e l ,  x  x )  b e  t h e  m o r p h i s m  i n  n ( x l )  g i v e n  b y
, 1

r l e L  x  S ' .  S i n c e  r l e l  x  x  i s  n u l l - h o m o t o p i c  i n  X L  t h i s  m o r r ; h i s m

v  a n d  h e n c e  \ ) ( G / L )  ( v )  a r e  t h e  i d e n t i t y .  B e c a u s e  o f  t h e  d i a -

g r a m  a b o v e  ^ r  ( G / L )  ( v )  =  v r c / ü  o  r r t 4 l t " )  i s  a l s o  t h e  i d e n t i t y .

I
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n  ( y L )  a n d

H e n c e  f 1 o

t o f Z r X 2

in  YH and

Li iCK

i n d u c e s  a  b i j e c t i o n  b e t w e e n  A u t ( f . , o  r ( e L  x  * )  )  i n

A u t ( U  ( c / 1 , )  ( f  n c  r ( e L  x  * )  )  )  i n  9  t C / r , )  b v  a s s u m p t i - o n .t 4

v  i s  nu l l homo top i c  i n  Y  so  t ha t  we  can  ex tend  f l

- )  Y .  S i n c e  n -  ( y H r y )  v a n i s h e s  f o r  a l l  H  c  G ,  y
n

n

( p  ( e

il
g

( o  " p

I
I
J,

,IJ G/

We  nex t  cons t ruc t  t he  O(G) -equ i va lence  A  :  ; r c  f IG f  - '  r l , .  We

mus t  spec i f y  f o r  each  L  c  G  and  x  i n  XL  an  i somor r ; h i sm

a G / L ) ( x )  f r o m  u € n " t r c / ü  ( x )  r o  l ) G / L ) ( x )  t n 2 r c / ü .  c h o o s e

any  ze ro  ce I I  p  z  G /H  -+  X ,  any  G-map  o  z  G / f  - )  G /H  and

a n y  p a t h  w  f r o m  o * ( p ( e H ) )  t o  x  i n  x L .  D e f i n e  a G / L )  ( x )  a s  t h e

compos i t i on

v  ( G / L )  c

v r c / L ) e  n ( r L )  ( w

v  G / L )  e  n ( f

g

o " u  ( G / H ) o

tF
o u

*
o  

" ü  
(  G / H )

, l )  (G/L)

- 1

ü  ( G / L )  ( w  ' )

n ( f L

I
) l
+

" )  ( o *

It
T{

n ( f " )

I
\t

)  ( x )

p  (e t t )  )

( p  ( e H )  )

H ) )

( e H )  )

i , )  ( x )

T h i s  i s  i n d e p e n d e n t  o f  t h e  c h o i c e s  o f  p , 6  a n d  w  b e c a u s e  o f

t he  d iag ram above .  f t  i s  l e f t  t o  t he  reade r  t o  ve r i f v  t ha t
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n i c e l y  t o q e t h e r  y i e l d i n g  t o '  T h i s  f i -

t h e  " i f " - s t a t e m e n t .

f o l l ows  f r om the  exp l i c i t  cons t r t f c -

and  t he  i f - s t a temen t '

b ) G i v e n a n ( s ( G ) - g r o u v o i a e x w e m u s t c o n s t r u c t a G - C W . c o m -

plex y wilhr a v,eak rg(G)-hcnotopyeouivalence 
nGy - 

? 
such

t h a t  n , . , ( v H r Y )  i s  z e r o  f o r  a t l  H  c  G '  y  i n  Y H  a n d '  n  >  2  '

c o * p o = i ^ q v w i t h t h e f u n c t o r , , c l a s s i f y i n g s p a c d . o f a

c a t e g o r y  ( s e e  t 7 l )  g i v e s  a  c o n t r a v a r i a n t  f u n c t o r

o ( G ) - + { C w - c o m p l e x e s } . N o w Y i s o b t a i n e d b y a p p l y i - n g

t h e  c o n s t r u c t i o n C  o f  t 3 l '

REFERENCES

t l l B r e d o n , G . E ' : E q u i - v a r i a n t C o h o m o l o q y T h e o r i e s ' L N M

3 4  ,  S P r i n g e r  ( 9 6 7 )

| 2 l t o m D i e c k , T . : T r a n s f o r m a t i o n q r o u p s , d e G r u y t e r ( 1 9 8 7 )

:  Sys tems  o f  f i xed  Po in t  se t s  '  T rans  '

2 j s  2 8 4  ( 1  e 8 3 )

Lück ,  \ r i . :  The  equ i va r i an t  deg ree '

G ö t t i n q e n  ( 1  9 8 6 )

D r e o r i n t ,  M a t h '  G o t t '

L ü c k ,  t { .  a n d  M a d s e n '  T ' :  E q u i v a r i a n t  L - g r o u p s '  p r e p r i n t '

A r h u s  ( 1  9 8 7 )

M a c l a n e , S . : K a t e g o r i e n , s p r i n g e r ( 1 9 7 2 )

t h e s e  t P  ( G / L )  ( x )  f  i t

n i shes  t he  P roo f  o f

T h e  " o n I Y  i f " - s t a t e m e n t

t i on  i n  t he  P roo f  o f  b )

t 3 l

t 4 l

r - 1
L ) l

t 6 l

E l m e n d o r f ,  A .  D '

o f  t h e  A M S  2 1 7 ,

It

74



LiiCK

t  7 I  S e q a l  ,  G .  B .  :  C l a s s i f  l z i n q

c e s ,  P u b I .  M a t h .  I ' H ' E ' S '

s p a c e s  a n d  s D e c t r a l  s e g u e n -

3 4 ,  1 1 3  1 2 8  ( 1  9 6 8 )

t 8 l

t e l

T r i a n t a f i l l o u ,  G .  :  Ä q u i v a r i a n t e  r a t i o n a l e  H o m o t o p i e -

t h e o r i e ,  B o n n e r  M a t h .  S c h r i f t e n  1 1 O '  B o n n  ( 1 9 7 8 )

W h i t e h e a d ,  G .  W . :

t e x t s  i n  m a t h .  6 1

Elements  o f  homotoPY theorY ,  gracT

,  S p r i n g e r  ( 1 9 7 8 )

Wo l fgang  Lück
Ma thema t i sches  I ns t i t u t

de r  Geo rg -Auqus t -Un i ve rs i t ä t
Bunsens t raße  3  -  5

34OO Gö t t i ngen
Fede ra l  RePub l i c  o f  Ge rmanY

(Rece ived  OcLobe t  22 ,  1985)

t

75


