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INrRonucrloN

The Wall f initeness obstruction of a finitely dominate d CW complex X is
an element lx le kolz ln,(x) l  of  the reduced project ive c lass gräup such
that lx):0 if and only if X is homotopy equivalent to a finite cw com-
plex. The finiteness obstruction of a pointed homotopy idempo tent p = p2:
Y ---, Y of a finite CW complex )' is an element ly, pl e Kr.,1z'1n,( r)]) such
that I  Y,  pf  :0 i f  and only i f  (  r ,  p)  is  spl i t  by a f in i te öw-"o,^plex.  The
expl ic i t  formula of  Ranicki  I r8]  for  a f .g.( f in i te ly generated) project ive
zln,(x)l-module representing lxl is here generalized to an explicit
formula for  a f .g.  project ive z ln,(y) ] -module represent ing I  y,  pf

Let A be an associative ring with l. The image of a projection of
a f .g.  f ree l -module p:  p2:  A, - -+ A, is a f .g.  project ive l -module p -
im(p: A' -+ A') witha projective class Ip] e Ko(A) The projective class of a
finite chain complex C of f.g. projective l-modules is defined in the usual
way by
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free l-modules.
A chain homotopy project ion (D, p) is a chain

a chain map p: D -. D for which there exists a
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362 LUCK AND RANICKI

D-,D. A spl i t t ing (C,. / ,  S) of  (D, p) is a chain complex C together wi th

c h a i n  m a p s  / : C - - r D ,  g : D - - r C  s u c h  t h a t  g f  - 7 : C - - C , . f g = p : D - ' D .

Spl i t t ings always exist  (Lück t13l)  Given a chain homotopy project ion

(D, p) with .D a finite chain complex of f.g. projective l-modules we define

a projective class invariant

l D ,  p l :  I C ]  e  K , t ( A )

for any spl i t t ing (C,. f ,g) .  The reduced project ive c lass [ -D, pleK,,1. l1 is

such tha t  lD ,  p l :0  i f  and  on ly  i f  (D ,  p ) is  sp l i t  by  a  f in i te  complex  o f  f .g .

free l-modules.
A near-projection of an l-module hf is an endomorphism p: M --+ M

such tha t  (p ( l  -  p ) ) * :0 :  M - -+  M fo r  some in teger  l {>0 ,  in  wh ich  case

standard algebra leads to a projection

p , , , :  ( p *  +  ( l  _  p ) * )  ,  p * :  M  _ -  M .

In fact, p u,, is the unique projection of M such that pp,,,: P,,, p and p - p ,, '  is

nilpotent.
A finite domination (D, .f, g) of an,4-module chain complex C is a finite

chain complex D of  f .g.  f ree l -modules together wi th chain maps.f ' :C- '  D,

g:  D'-+ C such that there exists a chain homotopy h:  S. f  -  l :  C - '  C'  An

,4-module chain complex is f initely dominated if and only if i t is chain

equivalent to a finite complex of f.g, projective ,4-modules. The instant

finiteness obstruction of Ranicki [18] is an explicit formula in terms of

(D, f, g) and a choice of h: g/' - 1 for a projection

X :  X2. .  D , , , : )  o ,  -  D , , ,

such that the projective class of C is

[C]  :  [ im(X) ]  -  tD"uu l  e  Ko(A) ,

w i th  Doou :  Dr@D:@Dre '  (See Propos i t ion  6 .1  be low fo r  the  ac tua l

formula. ) Our main result is a generalization of the instant f initeness

obstruct ion to chain homotopy project ions:

D a finite)q i p - = p :

D,,,

THpoRenr. Giuen o chain homotoPy projection (D, p) n'ith

chain complex o./-.f.5. pro.iectiue A-modules and a c'hain hontotopy

D ---, D there is defined a near-pro.;lection

I  P  - t t  o  \
I - q  t - � p  d  \

x -  
I  ä  q  p  l '  

D " ' : D . @ D ' o D . e r ^ " ' - - +
,  . )  

'  
o ' '  ;  l '  

D" ' :  Dno �  D '

\ :  :  I  I
- D o O D r ( | ^ D z O  .

I



CHAIN HOMOTOPY PROJECTIONS 363

.suc'h that

lD ,  p f  :  I im(X, , , ' .  D , , , -  D , , , ) f -  [Dooo le  Ku@).

The projective class of a finitely dominated CW complex X is defined by

fxf :  tc(,r) l  e Ku(zlz,(x)]),

with C(f) the cellular chain complex of the universal cover X. fne Wall
f initeness obstruction is the reduced projective class [X] e RolZlTL JX)f).

A homotopy idempotent (f, p) is a space X together with a map
p ' .Y-  X  such tha t  there  ex is ts  a  homotopy  p2-p ' .Y- -+Y.  A  sp l i t t ing
(X,. f ,g)  of  (Y,  p)  is a space X together wi th maps f  X -  Y,  g ' .  Y--+ X such
that gf - l'. X -- X, .fg = p: Y -- Y. Hastings and Heller [8] have shown
that every homotopy idempotent (Y, p) with )'dominated by a frnite CW
complex admits a splitt ing (X, f, g), in which case X is also dominated by a
finite CW complex. In Section 4 we define the projective class of a
homotopy idempotent (Y, p) wi th l ' f in i te ly dominated

lY ,  p f  : f * l x l e  K r , (Z [z ' (D ] )

using any splitt ing (X, J, g) of (Y, p). The reduced projective class

l Y ,  p l e K o l Z l n , ( Y ) l ) i s  s u c h  t h a t  I Y ,  p l : 0  i f  a n d  o n l y  r t  ( Y , p )  i s  s p l i t
by a finite CW complex. In the case of a pointed homotopy idempotent
(Y, p) we express the projective class in terms of the chain homotopy idem-
poten t  (C(Y) ,1 )  de f ined over  Z l im(p* )1 ,  w i th  7  the  regu la r  cover  o f  Y
assoc ia ted  to  the  normal  subgroup ker (p* :  n r (Y)  -  n r (  y ) )  g  z , ( ) ' ) ,  such
tha t  the  group o f  cover ing  t rans la t ions  is  im(p* :n , , (Y) - -n1(Y) ) .  The
inclusion im(p*)--+n,(Y) is a spl i t  in ject ion inducing a spl i t  in ject ion
Kn(Z[ im(p*  ) ]  )  *  Kn( .Z [n , (  r ) ]  )  send ing  lce) .  p l  to  lY ,  p l .  For  any
pointed splitt ing (X, f ' , g) of (Y, p) there are identif ications

Y :  g*  X ,  n  JX) :  im(p*  ) ,

l x l  :  l c ( y ) ,  p l  e  K , , ( Z l n , ( X ) l ) :  K o ( V [ i m ( 2 *  ) ]  ) ,

with .3 the universal cover of X,
By way of application

F -- E -+ B with the base
plexes, in which case the
complex.  I t  was shown in
space QB on the cover ing

of the Theorem consider a Hurewicz fibration
B and the fibre F dominated by finite CW com-
total  space E is also dominated by a f in i te CW
Lück [ l41 that the homotopy act ion of  the loop
F of F pulled back from the universal cover ,E of

E determines a morphism of rings

Lr: zln, ( B)l  -  Ho(Ho n utn,t or(c(F), C(F111"r '

I



364 lÜcx AND R'ANICKI

with the following ProPertY: if

I B ]  :  t i m ( p ) l  -  L Z I n , ( B ) ] ' l  e  K o ( Z [ " ' ( B ) ] )

fo r  a  p ro jec t ion  p :  p2 ' .V ln , (B) l '  -+Z ln , (B) l -  ( r '  s ) '0 )  then the  cha in

homotopy class oi  cr , i in homotop-y prol . . t ion s-u(p):  c(F) '  - '  C(F) '  is  such

that

lEf  :  lc(F)" u(p))-  [C(Ö')  e Kn(z["  ' (E)]  )

Theor ig ina l ins tant l in i tenessobst ruc t ion j l l J .usedtoconst ruc ta f .g .
project ive Zlnr(E) l -module represent ing IC(F) ' ] '  and the Theorem can

t.  ur .a to do the same for [C(F) ' ,  U(p) l '

Other applications requir " u gr"ur.i' ulg.Utaic. generality, so that in the

main body of the paper we shali be working with chain homotopy projec-

tions in any additive category. For example, lower K-theory in the

treatment of Pedersen [17] works with chain complexes in the additive

category %,(A) of  z,-gr ided l -modules and bounded morphisms.

The second author would l ike to thank the Sonderforschungsbereich 170

..Geometrie und Analysis" at the Mathematics Institute of Göttingen

university for the opportunity to spend several months there in 1986'

during which this paper was written'

Contents.  lnt roduct ion.  1.  Spl i t t ing idempotents '  2 '  chain homotopy project ions'  3 '  Pro-

jective class. 4. Geometric homotopy projections' 5' Lift ing idempotents' 6' The instant projec-

t ive c lass.  7.  Tors ion.

1.  SPl l r r txc IoEUPoTENTS

We bring together general results on the idempotent completion d of an

additive category ft and the splitt ing of idempotents'

A. projection.(b, i l  in ft is an endä.norphism p'. D - D of an object D in

f t  such tha t  f  :  p ' :  D  "+  D,  o r  equ iva len t ly  p ( t . : .1 ) :0 ;  O '  O 
,

The iclempotent completio" n & rZ is the additive category with objects

project ions (D, p:  p2' .  D - '  D\ in ((  and morphisms

f :  ( D ,  P ) ' ( E ,  q )

d e l i n e d b y m o r p h i s m s f : D - ' E i n 6 ( w i t h q f p : J ' ' D - ' E T h e i d e n t i t y
morphism of an object (D, P) in ft to itself is defined by

p: (D, i l  -  (D, P\.

i

The full embedding

f t - - f t ; D  - -  ( D , l )

I



cHAIN HoMoroPY PRoJECTIoNS 365

is used to identify C( with a full subcategory of d,. Every object (D, p) in 0(

is a direct summand of the object (D, 1) in (( c (7,, with inverse

isomorphisms

( D ,  p ) @ ( D ,  1 -  p ;  $ ( D ,  1 ) .
( t l r l

Exanplp 1.1. lf ( l(,: {f.g. free l-modules} for a ring A there is defined

an equivalence of additive categories

O - lf.g. projective A-modules);

(A" ' ,  P)  - -+  im(P:  A" ' - -+  A" ' ) '

A splirt ing (C, / ' , S) of a projection (D, p) in ft is an object C together

with morphisms

. f : C - - + D ,  g : D - - C

such that g./ ': l : C ---, C, / 'g: p: D --+ D.

PRopostrtoN 1.2. (i) A splitt ing (C,-f, S) oJ'a projection (D, p) in ft is

the same as a pair o.f inuerse isomorphisms in (I.

(D ,p )  + (C ,  1 ) .

(i i) For any tw,o splitt ings (C,.t ' ' ,  g), (C',.f ' , g') o.f o pro.iet't ion (D, p)

in ft there are de.fined inuerse isomorphism.s

g'./' C - C', g./'': C' --+ C.

Prool'. Trivial. I

An additive catego ry ft is iclempotent ( 'omplete if the embedding ft - C(

is an equivalence of categories.

PRoposrrlox 1.3. An udditiue category ((. is idempotent complete if and

onll; if eDerv pro.jection (D, p) in (t splits.

Proo.f'. Trivial. I

In particular, the idempotent completion^ft is idempotent complete,

s ince every project ion q:  (D. p) -  (D, p) in f t ,  has a spl i t t ing ((D, q),  q,  q)

n  ( ( .

The additive category C( rs ('ountahle 1f for every object D in ft the

countable direct sum l;;' D is defined in ft,.

f
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Given a countable categorY ft and

Eiinberg-Freyd direct sum system rn

projection (D, il in 6L define the

' ) + \ D , p )

a

a

D,(*' ' ')+(T
by

/ ' \

I : [ :  
l ' ' - - D @ D e D  

'

\ , /

s : ( P  0  0  " ' ) : D @ D @ D @  " - ' D '

l , - ,  o  o  \
, - l  p  t - P  o  

l ,  D @ D e l D @ " - + D @ D @ D @ " ' '
' : [  o  P  t - P

\ :  '  '  I
l t - '  P  o  \

, - l  0  t - p  p  
. l , D @ D @ D @ " ' = + D @ D @ D @ "/ : [  0  0  t . n

\ :  :  I
An additive catego rv ((' "'o:4ny':'o:!']f ,l:t 

everv projection (D' p) in

/Z which admits a spl i t t ing ( l ' f 'g) there exists u 'pt l i t lng lB' i ' '7) 
of the

projecrion (D,;- oi et'i*^r#i'l'unv .t1'e1;;t 

^f: 
C -' D' g" D--+ c in

l Z s u c h t h a t g f : l " C - - + C c a n U t t * t t n A e d a d i r e c t s u m s y s t e m

B:- P-:+- '  C

PRopostrtoN |.4. A countahle contplementarl: ac]clitit:e categorf ft. js

idemPotent comPlete'

Proof. Given a project ion ( l 'p) in n' 'Y 
l : f"  

' '7 be the- maps in the

Eilenberg-Freyd Oii..i ,u- ,yrä* ,o that in particular the projection

(tf D, | - Js: ,l ' l;-;oiit ;v 
"8 

" b'i ' 7)' Sinc e'(1( ts compiementarv the

projection 
(i r, .r'g: | - i.i : (l - p'* 

T 
o)

\ o

sp l i t s  in  f t .A  sp l i t t in  g :B 'h 'k )  o f '  ( I ,ö '  D ' l -  f s \  de termines  the  sp l i t t ing

-( 'B, . fh,kg) 
of  (D, P) '  I

I
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Proposition 1.4 is a reformulation of the result of Freyd t6l on
splitt ing of idempotents in a countable complementary category, such
the stable homotopy category.

367

the
AS

1.5. The idempotent complete additive category ft -

l-modules) defined for any ring A is countable and com-
The splitt ing of a projection (F, p) in ft, given by

1.4 corresponds to the l-module isomorphism of the Eilenberg

P@ i n--i r;

(n ,  ) , c , ,  ] , r ,  . . . ) -  ( , r  +  t f  -  p f  f  f . t l  p ( yo )+  (1  -  p ) ( . v  t ) ,  . . . ) .

Exauple

{projective
plementary.
Proposi t ion
swindle

2. Csam

Given an additive category
additive category with objects

C : . . .  , C , - i - - C ,  r

and morphisms the chain homotopy
In dealing with chain complexes

convent ion that a chain homotopy

Honoropv PnorncrroNs

ft, let g(ft.) denote the deriued category, the
chain complexes in ft.

_ _ _ _ _ _ _ _ + . . .  , C r cn,

classes of chain maps.
and chain maps we adopt the sign

d-)

is  such that

g: J'=.f  
' :  C ---,  D

f ' - . f : d n g + g d r : C , ' D ,

The sign convention for the algebraic mapping cone
f t . ( - - + D i s

,:('; lr,),

C(f  )  o f  a  cha in  map

t : D ,  , @ C '  2 'dr., r c ( f ) , : D , € ) c ,  r - c (

PRopostrtoN 2.1. The deriued category 'l(ft) i,s complementarr.

Proof ' .  Let"  (D, p)be a project ion in aJ(f  )wi th a spl i t t ing (C,. [ ,  g) .  For
any representative chain maps in ft

f.: C ---, D, g : D - - C

I



368 LUCK AND RANICKI

there exist chain homotoPies

h : S - f - l : C - , C ,

The algebraic mapping cone

k: . fe  = p.  D - -  D.

B: C(.1'.  C -- D)

and the chain maps

i :  ( l  -  J 's / 'h) :  B - .  D,

are such that the

and hence a spl i t t ing (8,  i . . i )  of

Proposi t ion 1.4.  I

(,(. Now apply

PRopostrtoN 2.2. If ft i,c t'ountahle then 9((1) is idempotent c'omplete'

Proof.  g( f t )  is  complementary (by Proposi t ion2. l )  and countable,

and hence idempotent complete by Proposition 1'2. I

A clomination (D, f, g) of a chain complex C in ft is a chain complex D

together wi th chain maPS

. f : C - . D ,  g : D - ' C

such that there exists a chain homotopy h:  S. f  -  1:C --+ C'

A chain homotopy projection (D, p) is a chain complex D in ft together

with a self chain map p: D'-, D such that there exists a chain homotopy

q: p2 - p'. D --+ D.

ExaH.tpr-s 2.3. Given a chain complex C in ft and a domination

(D, J'�, g) of c there is defined a chain homotopy projection ( D, p: fg:

D - .  D),  wi th a chain homotopY

Jhg, Pt -  P:  D'-+ D.

A splitt ing (C,./, g) of a chain homotopy projection (D, p) is a chain

complex C with a domination (D, f, g) such that there exists a chain

hornotopy  fg=p:D- -+D.  Th is  i s  jus t  a  sp l i t t ing  in  e ( (  )  together  w i th  a

choice of representative chain maps.

/ l \
i : l  l :  D  - -'  

\0. /

motopies

f ' )  
:  B- -  B .

0 )

- P : D - a D ,

( D , l  -  p )  i n

re are defined chain ho

/ 0  o \  ( t - f s
|  ,  l : t t : l
\ g  - h )  '  \  o

- k . i . i - l - l s = l

I



PnopostrtoN 2.4. U' ft. is countable euery chain homotopl, proiection
(D, p) in ft admits a splitting (C, J', g).

Proof.  Immediate f rom Proposi t ions 1.3,2.2.  I

Remark 2.5, The splitt ing of chain homotopy idempotents of
Propositi on 2.4 was first obtained in Lück [ 13 ] by the following explicit
construction. Given a chain homotopy projection (D, p) in a countable
additive category ft defrne chain maps

/ ' \
/ ' \

r : 1 3  I " . i o : D @  
D @ D @  ,

\ : /

s : ( p  o  o  f  i D : D 6 l D 6 l D 6 l . . . - - - , D ,
U

l ' - '  o  o  \
i : l  :  

t - P , o  
l ,  i r : D @ D @ D O . . - - L n

l  o  P  t - P  
I  o  o

\ :  :  :  I
: D @  D @ D O - - . ,

I t - p  p  o  \
I  o  t - P  

, o  -  l '  l o : D @ D @ D @ . . . - - T , n/ : [  o  o  t - p  I  o  o
\ :  :  ,  I

: D @ D @ D @  " ' ,

CHAIN HOMOTOPY PROJECTIONS 369

such that

g f : p : D - - + D .

If p: D -- D were an actual projection these chain maps would define the
Eilenberg Freyd direct sum system of Section 1

/ 1 ,  \  / i -  \

( f  p .  I ) + { f  o .  l ) . - =  t D , p ) .
\ ; / i \ ; / l

Choosing a chain homotopy

q : p 2 - p ' . D - - + D

I



chain homotopies

a'. gi -  o, i  o -- D,
O

"t: i -t "fs -

J-' : (g - c)'. C' -- ' D,

-  D , @  D , @  D , @  +  D , +  I .

-  D,e)  D,e)  D,@

-  D ,@ D,  e )  D ,e  '

-t, t,

B: i i  =.1: I  D --,L D,
U ( '

-t- J-

r ' T  n - . T  D
L .  /  /

0 0

370

let

Define

by

with

There is defined

lücrc AND RANICKI

s :  p q - ( t p :  D , -  D , + r .

- i  D , * ,
(,

't.

. L D , ,
0

. f , g , : g . f : p : D _ + D .

a chain homotopy

(t^ fz + iy_ lr)rr o,), 
,r, =

\ o  I  / \ r  - P / l ' .  C' -- C',

I

h ' :
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which can be expressed as

: i o , g i o ,  t -  c ' , * ,  : i  D , + t @ I D , ,

with

0 :  - U A + i 0 - y i ) 0 :

3. PnolEcrtvr Clnss

In dealing with a pair of additive categories (9,ft) we assumethat (X' rs

a full subcategory of ß, and that ß is countable (:has countable direct

sums). We recall the dZ-finiteness obstruction theory for ft,-frnitely

dominated chain complexes in ß, and interpret it in terms of chain

homotopy projections.
A chain complex C is f inite

C , : 0  f o r  r > n .
i f  there exists an integer n>0 such that

The c/ass group Ko(L) of an additive category ft is the abelian group

with one generator lAf for each isomorphism class of objects A in (L,

subject to the relations

l A  @  A ' l :  l A )  +  l A ' l  e  K o ( f t ) .

The c/ass of a finite chain complex C in ft is the chain homotopy invariant

defined as usual by

I C ] : ( -  ) '  IC , ]  e  Ko( f t ) .

A domination (D, f, S) of a chain complex C in ß is ft-f inite if ,D is a

finite chain complex in ft.

371

,  : ( ' : '  -no),r ,

( #?i -:'{it':, ,:,1,':,...) io
: D ,  , @ D ,  , @ D ,  r @ . .  - - i  D , + r : D , * r O  D , + t e ) D , * , @ . . ' ,

l z p , _ � 2 ,  l r o , * ,  \  6
ö : ( . f x +  i [ ] - � t i )  j :  |  - 3 p s + s  6 p s - 3 s  "  f  ' l O ,

\ :  :  l 0

: D , e )  D , @  . .  - - i n , + t : D *  r O  D , + t @ .  . .

.t,

t
L

t



372

PnopostrroN 3.1.
and only if the chain
complex (8, P) in 6('.

( i i) The Prolective
in ß is defined bY

class o/ an ft-finitely clontinated chain complex C

IC]  :  lE ,  P)e  Ko( f t1

Jbr any Jinite chain complex (8, p) in tl' chain_ equiualent to (C-, l)' The

pro.jectiue class is such tiat lcf i irm(xo(L)-, Ko(a)) i/ and only ;f g it
'chiin 

equiualent to a finite chain complex in ft '

Proof.  See Ranicki  [18] '  I

A chain homotopy projection (D, p) in ß is ft-finite (tesp' ft-finitely

clominated) if the .rtuin complex D is (.1-fimte (resp. ft'-finitely dominated)'

PnoposrrroN 3.2. Euery 6(,-finitety dominated chain hontotopv projection

(D, p) in ß admits a splitting (c, f, s) with c an ct'-finitelt" dominated chain

com^plex in ß, ancl for any tw'o splitt ings (C,f' g)' (C''f" g') there are

definecl inuerse chain equiualences g'f: C -' C', g-f'" C' -+ C'

Proof. Immediate from Propositi on 2'4' I

DEr.rNrrrox 3.3. The projectiue class of an (I.-finitely dominated chain

homotopy Projection (D, P) in ld is

lD ,  p l :  IC ]  e  Ko( f t ' \ ,

for  any spl i t t ing (C,. f ,  g)  of  (D, p) in ß'

T h e p r o j e c t i v e c l a s s h a s t h e f o l l o w i n g p r o p e r t t e s :

PRopostrtox 3.4. (i) lD, pf eim(Ko(t')--+ K'(AD ;f and only 'J

(D, p) admits a splitting (C, J', g) tt'ith C ft'--finite'

( i i ) I . f ( B , i , j , k ) i s a t l o m i n c t t i o n o f D t + ' i t h B f t - f i n i t e l l , d o m i n a t e d

lD, p) : lB, iPi) e Kn(( ).

(iii) I.f p: pr: D -+ D is a pro.iection q/' a finite c'hain compler D in (I

.L

l D ,  p ) :  I  ( -  ) '

Proof,  ( i )  BY ProPor, , l " t : . , ,  C

only if [C] e im(Ku((,) - '  Ko(I)) '

lÜcr AND RANICKI

( i ) A c h a i n c t l m p l e x C i n ß i s f t - f i n i t e | y d o m i n a t e d i / '
c'omplex (C, 1) in 6 is chain equiualent to afinite chain

ID,., pf e Krr(ft1.

is chain homotoPY ft-f ini te i f  and

I
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( i i )  A spl i t t ing (C,. f ,  g)  of  (D, p) determines a spl i t t ing (C,f ,  gf)  of
(8, ipj), so that

lD ,  p l :  IC ]  :  lB ,  ip j f  e  Ko@).

( i i i )  F o r a n y s p l i t t i n g  ( C , . f , g )  o f  ( D , p ) i n ß  t h e c h a i n c o m p l e x ( C ,  I )

is  chain equivalent in ß to the chain complex (D, p) in d, ,  so that

[C ]  :  lD .  p ) :  i  ( -  ) '  lD , ,  p f  e  Ko (L ) .  I

Exautprs 3.5. Given u ,rnr' O" ,",

(ß . 6(, ) : ( {free l-modules }, {f.g. free l-modules } ),

abbreviating ft,-f inite to finite. An l-module chain complex C is f initely

dominated if and only if i t is chain equivalent to a finite complex P of f.g.

projective l-modules, in which case

:t-

[c]  :  
, I  

( -  ) '  lP, f  e Ku(f t \ :  Kou).

The projective class lD, pf e Ko(A) of a finitely dominated chain

homotopy  pro jec t ion  (D,  p )  in .4  i s  such tha t  [D ,  p ]  e  im(Ko(Z) -  Kn@))

if and only if (D, p) admits a splitt ing by a finite cornplex of f.g. free

l-modules.

4. Groltlrntc Hotnloropy PRollcuoxs

We now connect the algebra and the topology.
A domination (Y, f, g) of a space X is a space X together with maps

. f : X - - + Y ,  g : Y - + X

such that there exists a homotopy h: g.f - l: X ---, X.
A homotopy idempotent (Y, p) is a space )z together with a map p: Y --+ Y

such that there exists a homotopy p' = p: Y -, Y. For example, a

domination (Y, -f, g) determines a homotopy idempotent (Y, -fS). A

splitt ing (X,J, g) of a homotopy idempotent (Y, p) is a space X together

with a dominat ion (Y,J,  g)  such that there exists a homotopy - fg= p:

Y -- Y. A homotopy idempotent (Y, p) is pointed if the space )' is connected

and pointed, and there exists a pointed homotopy p2 = p: Y --+ )'. Similarly

for splitt ings.
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pnoposrrroN 4.1 (Hastings and Heller t8l). Euert' pointed homotopy

idempotent (Y, p) with Y a cw compler aclmits a pointed splitt ing (x' f '  g)

P r o o J ' . D e f r n e t h e m a p p i n g t e l e s c o p e o f p : Y - - ' Y ' t h e i d e n t i f i c a t i o n
space

X : ( Y x  [ 0 ,  1 ]  x  N  ) l { ( p ( y ) , 0 ,  n ) : ( ) ' ,  1 , n +  1 ) l  J ' e Y '  n e  N } '

w i t h  N :  { 0 ,  1 , 2 , . . . } .  G i v e n  a  p o i n t e d  h o m o t o p y

q : p 2 - P : Y - - + Y

wi th  q ( ) ,0 ) :  p2( i l ,  q (y , l ) :  p ( l ' )  ( - r 'e  I ' )  there  are  de f ined po in ted  maps

.f :  X --- ,  Y:  ( . r ' .  / .  n l  -  41.r"  t ) '

g: Y --+ X; -l '-- (-l ' '  0' 0)

such that

f g _ _ p , _  p : y _ _ , y ,

and such that gf: x --, x is a pointed homotopy equivalence by whitehead's

theorem, since it induces isomorphisms of fundamental groups and the

homology groups of the uniuersäl covers. It follows that there exists a

pointed homotopy g.f - l" X -- X, since

s l  =  ( s f l  '  ( s i l ( s . f )G fxg f ) '  :  ( g . f \ '  s ( . / ' s ) ( f s )  l ' ( s ' f ) '

= (s.l-) ' sj 's\ f(sf ) I - 1: X---' X'

so that there exists a pointed splitt ing (X' -/ ' '  g)' I

Remark 4.2. The use of the infinite mapping telescope i1 th.e proof of

proposition 4.1 corresponds to the countable direct sum in the Eilenberg-

Freyd direct sum sYstem'

R e m a r k 4 . 3 . D y d a k [ 3 ] a n d F r e y d a n d H e l l e r [ 7 ] h a v e c o n s t r u c t e d
an unpointed homttopy idempotent of an inhnite-dimensional CW com-

p l e x w h i c h d o e s n o t s p l i t . H a s t i n g s a n d H e l l e r t g ] h a v e s h o w n t h a t
unpointed homotopy idempotents 1f hnite-dimensional CW complexes

split. Every finitely ;ominaied CW complex is homotopy equivalent to a

finite-dimensional (but not necessarily f inite ) cw complex' Thus for f initely

dominated r  ever j  unpointed homotopy idempotent (Y'  p)  spl i ts '

Let X be a connected CW complex, and let V be a regular cover of X

with group of covering translations r. The cellular chain complex C('7) is a

free Z[z]-module chain complex which is f inite (resp' f initely dominated) if

I
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X is finite (resp. f initely dominated).
dominated X is defined as usual by

LXI :  fCG)l  e Kn(Zl tr , (X) l ) ,
with X the universal cover of X. The reduced projective class lxl e
k{uLn t(x) l )  is  rhe wal l  f in i teness obstrucr ion,  such that [x]  :  0 i f  and
only if x is homotopy equivalent to a finite CW complex. See Ferry and
Ranicki [5] for an exposition of f initeness obstruction theory in terms of
homotopy idempotents on finite CW complexes.

Let Groups be the category of groupr. Two morphisms .f,-f,:n--+ p in
Groups are hctmotopic if there exist innei automorphisms d: n -+ n, B: p ---, p
such that J' '  : ßfa, which we denote by

.f = ./',: 7r __+ p.

Following Freyd and Heller t7l and Hasrings and Heller tgl ler
Ho(Groups) be the homotop), category of groups, with objects groups and
morphisms the homotopy classes of moipüisms in Groups. pointed maps
of pointed connected spaces which ui" unpointed homotopic induce
homotopic maps on fundamental groups. An ,npointed homoiopy idem_
potent (Y, p) with Y a pointed connected space induces a projection
p* :  n r (Y)  -  n r (Y)  in  Ho(Groups) ,  w i th  a  homotopy

CHAIN HOMOTOPY PROJECTIONS

The projective class of a finitely

- -  n r ( Y ) .

in the projective class group, so

( p * ) ' = p * : n , ( Y )

Inner automorphisms induce the identity
that there is defined a functor

K,,: Ho(Groups) - Abelian Groups , n - Kct(Ztz] ).
Given an unpointed homotopy idempote nt (y, p) with y a pointed con_
nected finitely dominated CW complex there exists by Remark 4.3 an
unpointed splitt ing (x, -f, g) with x a pointed connected finitely dominated
CW complex, and with the maps J.. X - ), and g: y __+ X pointed. However,
there may not exist a pointed homotopl -fS= p: y__+ (. The projection
(n , (Y) ,  p* )  i s  sp l i t  in  Ho(Groups)  by  (n , (X) , . / ' * ,  g* ) ,  so  tha t  the  pro jec_
t ion  (Ko@fn, (y ) l ) ,  p* )  i s  sp l i t  in  Abe l ian  Gioup i  UV 6 iz l i r t (X) l ) ,
J.*,F*).  Thus . / ' * :  Ko(zln,(x) l ) -  Ko\zln,(y) l )  is a rpui  in i . r i ion ontothe image of the projecr ion px: (p*) t ,  Xr(2f" ,&l l )  -  Ko(Zin,(  y) l ) .

DnprNrrroN 4.4. The prole.tiue class of an unpointed homotopy idem_
potent (Y, p) of  a f in i te ly dominated cw.o-pi ."  ) ,  is  def ined for any
splitt ing (X, J', g) by

rY, pf 
:!:t1,:;T,3. 

Ku(zrn,(x)t) - Ku(zrzr,(y)t))
=  t f f i ( p x  :  ( p * ) ' :  K o ( Z l n , ( Y ) l )  - ,  K , , ( Z l n , ( y ) ) ) ) ,

I
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the image of  the project ive c lass lx)eKo(zlz ' (x) ] )  under the spl i t

injection /*.

The projective class has the following properties:

Pnoposlr tox 4 '5 '  The project iue c lass I  y '  p) :  ' f  * lx ]e Ko(z[n ' (y) ] )

is independent oJ' the choici oi splitting (X, -f, S). The reduced projectiue class

l y ,  p ) : f * l x ) e  K o l Z t n , ( i ' ) j  )  i s  s u c h  t h a t  l Y , p l : 0  l f  a n d  o n l v  i f  r h e r e

r,r,rir o tpiitting (X, f, g) tt'ith X o finite CW contpler'

It should be possible to expre.ss the projective clast t l i{ l  ]n-terms 
of

the z-module chain map F: CQI -'c(y\ induced by a tift p: v - ' v of

p: Y --+ )' to the universal cover V of Y. for which

p( sy)  :  P * (  s) (  P(" r ' )  )  e  C(  Y) ( g e n ' ( I ) ,  I ' e  C ( ) , ) ) ,

with p*: f t ,(Y) j  f t ,LY) the morphism in Groups induced by p. Y.-+ Y and

I such that fr(ü :'5 io. a lift E, V of the basepoint h e Y. lf h: p2 = p:

Y--Yis  an unpointed homotopy and v '€TL,(Y)  is  the t rack of  0e ) ' then in

Groups

( p  * ) '  :  c ( r t ' )  P  * t  r , (  I ' )  -  T  t ( Y ) '

with

c ( n ' ) :  n , ( Y )  - ,  n , ( Y ) ;  g  +  l t ' g l l '

A  l i f t  h : V x I - - V  o f  t h e  h o m o t o p y  h : Y x l '  I  d e t e r m i n e s  a  Z - m o d u l e

chain homotoPY

with

Tt, F - )",, F'. C(Y) -- C(7),

t - , , :  C(V)  - '  C(Y) :  - l ' - -+  l1 ' - l ' '

T r ( s J ) : ( p * ) ' ( g )  T r ( : ' ) . C ( V )  ( s e  n , ( Y ) ,  - r ' e  C ( 7 ) ) '

We have only been able to express the projective class lY, pf in terms of f

in the case of a pointed homotopy idempotent, as follows.

Let (Y, p) be a pointed homotopy idempotent wi th Y a f in i te ly

dominated cw;":: : ' i " . , l t"  

c(, ,) :  id:n,,( y)- nly),

i , ,  --  l :  CG) - '  C(V).

By Proposi t ion 4.1 there exists a pointed spl i t t ing (x, . f ,  g\ .  Thus

I
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9,Jn: 
p, . )  is  a project ion in Groups which is spl i t  by (nr(X),  f* ,  B*) .  Let

X be the universal cover of X, and let

Y :  g*X:  V lker (g* :  u  r (  y )  -  f t r (X) )

be the induced cover of  y.  The group of  cover ing t ranslat ions n:nr(y) l
k e r ( g * )  i s  i s o m o r p h i c  t o  n , ( X )  a n d  a l s o  t o  i m i p * : n r ( y ) _ . n r ( y ) ) . L e t
Q: nr(Y) -n be the project ion,  and let  i :  i  - -  zr(n d tne' in ject ion induced
by p* '  Then G, t ,q )  i s  a  sp l i t t ing  in  Groups  o i the  pro jec t ion  (n , (y ) ,  p* )
and there are defined inverse isomorphismi

n & f t , ( X ) .

The Z[n]-module chain map

F  :  I  I  F :  C ( Y )  :  Z l i l  @  r b , r r n  C ( V )  - - ,  C ( y )

defines a finitely dominated chain homotopy projection (c(y), p) over
Zlnl ,  wi th a chain homotopy

h :  |  @ h :  p 2  -  p :  C ( V )  . _ ,  C ( y l .

. 
The following result expresses the projective class of a pointed homotopy

idempotent in terms of the projective class of a chain homotopy projection.

PRopostrtoN 4.6. The projectiue class of a finitety dominated pointed
homotopl, idempotent (y, p) is such that

l Y ,  p ) :  i  *  [ c (  Y ) ,  p ]  e  K o ( z [ n , ( ) , ) ]  ) ,

v'ith [C( f), p] e Ko@lnl the projectiue class of the finitely dominated
chain hornotopy projection (C(y), p) ot)er Zlnl orä f *: kolZ[r] ) _Ku(zlnt(Y)l) the split injection of proiectiue clasi groups inducecl by the sptit
injec'tion o/-group,r i: i --+ nr(y).

ProoJ-. By Definit ion 4.4, ly, pf : _f *l{ l for any geometric splirt ing
(x :  f ,  g )  o f  (Y ,  p ) .By  Def in i r ion  3 .3 ,  lö ty l ,  p ) :  tD l - fo r  any  a lgebra ic
sp l i t t ing  (D,h ,k )  o f  (c (Y) ,  p ) .A .po in ted  g .o rn . t r i .  sp l i t t ing  ix ,J ,g )  o f(Y, p) induces a splitt ing Q*.f*(c(x),I, s) or 1c1 y1, p1 ove, Zl 'nl i, so that

lY,  p)  :  J ' * lX l  :  i *Q* . f * lX)  : i * [C(  Y) ,  p ]  e  Ko(Z lnr (y) l ) .  t

Exnvrplp 4.7. Let n be a finitely presented group,
projective Zfnf-module, with

and let Q be a f.g.

Q :  im(q :  q2:  Z lnf^  - -  Z ln l " ' ) .

I
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For any f in i te CW complex K such that nlK):T o,r . td any integer r .>2
there exists by the Hurewicz theorem a pointed homotopy idempotent

p: y: K, V S, -- X

extending l: K -- K, andinducing 

t '1

P  * :  q :  H  , ( V ,  K )  :  Z l n l " '  - -  Z L n ) ' "

with 7, -R the universal covers of Y, K, respectively. The projective class of
( y '  p )  i s

l Y ,  p ) :  [ K ]  +  (  -  ) '  L Q f  e  K o ( Z [ n ]  ) ,

and the reduced projective class is

ly ,  pf  :  (  -  ) ,  le l  e R. ,1ztz l  ) .
Remark 4.8. Let ( Y, p) be an unpointed homotopy idempotent with ),

f in i te ly dominated. The homology H *(Y) is f in i te ly generateä, so that the
Lefschetz number of p: Y --+ I is defined

, t ( p )  :  i  (  -  ) '  t r ( p x :  H , ( y )  - - ,  H , ( y ) )  e Z .
r : \ )

For any spl i t t ing (x,  / - ,  g)  of  (y,  p)  rhe homology H*(x) is f in i te ly
generated, so that the Euler characteristic of x is defined

J.

t ( X )  : , I  (  -  ) '  r a n k (  H , ( X ) )  e Z .

The trace is such that t r (u l ) ) : t r (0a) for  any morphisms a:  M -- ;N,
B: lV -- M of f.g. abelian groups, so that

l (  p ) :  l ( . / ' S )  :  l (  s . / ' \ :  l ( 1  . r 1  :  7 ( X )  e  Z .

Thus the augmentat ion map

K o ( Z L n , ( Y ) f ) -  K o ( Z ) : Z ;  [ P ]  -  r a n k ( Z @ z r , , t r n  p )

sends  the  pro jec t i ve  c lass  lY .  p l  to  l (p ) :7 (X)e  Z .

5. LrrrrNc Ioglrpornxrs

A near-projection is an endomorphism which fails to be a projection
only up to nilpotence. The approximation of near-projections by projec-

rt
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t ions ("l ift ing of idempotents") is a classical procedure (Jacobson
Sect. III.8I ), which is also used in the perturbation theory of
operators (Kato t11l) .The or ig in of  the technique appears to be the
the binomial theorem by Wedderburn [23, II.2.I3] to construct the

379

[  10,
linear
use of

square
root of a matrix.

Let ft be an additive category. An endomorphism e: A --+ A in ft is
nilpotent if for some integer l{ > |

e *  : 0 :  A  - -  A ,

in which case 1 - e: A -- I is an automorphism with inverse

( l - e \  r : 1  *  e + e 2 *  " '  * e N  t : A - - A .

Any such integer l{ > | is an exponent of e.

PRopostrtox 5.1. Projections (A, p), (A, p') with p' - p: A --, A nilpotent
are isomorphic' in the idempotent completion ft,.

Proof'. Define inverse isomorphisms in A Ay

P ' P :  ( A ,  P ) ' ( A ,  P ' ) ,

( l  +  p ' -  p ) - t  p ' :  p ( l  -  p ' *  p ) - t : ( A ,  p ' ) - ( A ,  p ) .  I

Remark 5.2. If the objects (A, p), (8, q) in ft, are such that there exists
an isomorphism h: A -, B with qh: hp: A -- B then there are defined
inverse isomorphisms in lZ

( A . p t # ( B . q t .

Given (A,p),  (A,  p ' )  in A as in Proposi t ion5. l  there exists an auto-
morphism in ft,

h :  ( l  -  ( p  -  p ' ) ' )  ' t '  ( p ' p  +  ( 1  -  p ' ) ( l  -  p ) ) :  A - - - ,  A

(Kato !  l ,  Sect.  4.61) such that

p 'h :  hp :  A  -a  A ,

giving a different isomorphism hp: (A, p) -- (A, p') in Ct,.

A nectr-projection (A, p) in an additive category ft, is an object A
together with an endomorphism p: A --+ A such that the defect endo-
morphism

q :  p ( l  -  p ) :  A  - - +  A

is ni lpotent.

I
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Exnvrpr-s 5.3. A projection (1, p: pt) is a near-projection with defect

of exponent 1, or equivalently with defect 0'

PRoposrrroN 5.4. For any near-projection (A, p\ v' ith de.fect Q: P(l - p)

of exponent l',- there is defined a projection

p , u :  ( p "  *  ( 1  -  p ) " )  t  p '

:  P + ( 1 2 ) ( 2 P -  1 ) (  ( 1  - 4 q )  ' ' -  1 )

:  p + (2p -  1)(q + 3qt +10q3 + 35qa + 126q5 * 462q6 * 1716q7

i  6435q8 +243104e + 92378qto +352716q"

+  1352078q"  +  " ' ) :  A  - '  A '

(A, p,,,) is the unique projection vt' i th p,, '- p nilpotent and PP"': P' 'P' In

particular,.f 'or the near-proiection \A' | - p\

( 1  -  P ) , , :  I  -  P , , i ' A  - '  A '

P r o o J . F o r a n y i n t e g e r M > | w e h a v e t h a t t h e e n d o m o r p h i s m

/  M - t  /  /  M  -  l \
( p ,  * ( t  -  p ) ' ) - t : 4 ( >  ( ( ' '  ; '  ) ( - 1 ) '  

- t )  r ' '  ) :  
A ' A

is  n i lpotent,  So that p,  + ( |  -  p) , . .  A - .  A is an automorphism. The

endomorPhism defined bY

p n r : ( p u  ] -  ( 1 -  p ) t t )  t  
P " ,  A  - '  A

is a near-Projection with defect

p t  l  -  p  r r ) :  ( p "  +  ( 1  -  p \ ' " \ '  ( p ( l  -  p ) ) ' :  A  - ' '  A '

Thus for M ) 1{ there is defined a projection

p l l :  p l + t :  . ' .  :  P , , , 1  A  - -  A .

The expression for p, , , in terms of  the binomial  expansion for (1 -4q)-  t ' '

follows from the identitY

( t  - � 4 q ) , t :  ( t  - � 2 p l ( p n  + ( l  -  p ) t ) ( - p t +  ( l  - p ) " )  1 :  A  - '  A '

For uniqueness note that for any ring R and any indeterminates w' z

o v e r R t h e m o r p h i s m o f f o r m a l p o w e r s e r i e s r i n g s

RI  t ; ]  I  '  Ä [  t * ' ]  I  ;  z  - -  ]1 ' -  " ' l
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sends the binomial expansion of (l - 4z)- 1/2 to the binomial expansion of
( 1  - 2 v )  ' ,  t h a t  i s

( l  - 2 w )  I  :  1  *  2 w  * 4 w 2  + 8 w 3 +  . . . .

Given a near-projection (A, p) in ft and any expression of p as a sum
P:- f  *g  o f  a  p ro jec t ion f  : . f t :  A- - - ,  A  and a  n i lpo ten t  map g :A- -+ l  such
that.fg : g.f let R : Hom.,( A, A) be the endomorphism ring of A in ft, and
define ring morphisms

R [ [ r ] l  -  R ;  z - - +  Q :  p ( t  -  p ) :  ( t  - 2 f )  s -  ( ( t  - 2 f  )  s ) r ,

A [ [ w ] l  - - R ;  ] r - -  ( t  - 2 f )  s

compatible with w- --+ z - 22. The binomial expansions of ( | - 4z) t/2 and
(l - 2w') I are sent to the same element of R, namely

0  - a q ) ' 1 '  :  ( t  - 2 ( l  - 2 f ) s ) - ' :  A  - -  A ,

so that

ni lpotent.

( i i )  Def ine a morphism in ß

J ' :  e @ o @ 0 . . . :  o  - i A :  A @  A @  A e )  . . .

p ,u :  p  +  (112) (2p-  1X( I  -aq )  t r z  -  t ) : . f :  A  __ ,  A .  I
For any endomorphism e: A --+ A in ft, define an endomorphism jn ß

l t - e  o  o  \
I  ,  l - e  o  I  ' � -  1

i ( e ) :  I  :  
' o '  

, u  o .  I ' L l : A @ l @ A @ . . . - - L A
l 0  e  t - e  l ?  0
\ :  :  :  I
\ /

: A @ A @ l O .  . .

PRoposrrrox 5.5. (i) If e is nilpotent then i(e) is an automorphism.
(ii) rf | - e is nilpotent there is defined a clirect sum system in ß

aa. it,

T a ._ ] : ] . . .T .q#- - f .
? " - ,  , " : " '

Proof. (i) i(e) is an automorphism for nilpotent e since the difference

|  - i(e): i  u -- i  o
0 0

I
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( f i ( e ) ) :  A  @t  u  ' *  o

is an isomorphism, since the difference

-t

1  -  ( f i ( e ) ) h : \  A
0

isomorphism rn ß

, t  i .

h : l A - A @ L . t :
0 0

is nilpotent then

( r u ,  r ' y ,  x 2 , . . . ) - - +  ( x u ,  ( r t ,

(A ,  p ) ,  i (p )  i s  one o f  the  maPs in

of  Sect ion 1,  which we shal l  now

t-

..T, A
0

is nilpotent. I

For a projection
direct sum system
projections.

the Eilenberg-FreYd
generalize to near-

PRopostrroN 5.6. For any near-projection (A, p) in ft there is defined a

direct sum .svstem in ß

( i  o,r) .-rzr-  ( i  r ,  t )
\ ; / i \ ; /

ProoJ-. The near-projection p: A --+ A

plet ion f t  as a direct  sum

+(A,p,,, ,) .
splits in the idempotent com-

p p , , , @  p ( l  -  p , , ) :  ( A ,  p , , , ) @  ( . A ,  1  -  P , u ) ' ( A ,  P , , , ) @  ( A ,  7  -  P , , ) ,

and similarly for i( p\ : i( pp,,,,) @ i ( p(l - p ,,,,\). The endomorphisms

1 ( ^ . , , ' ' ) -  P P , u :  P ' u ( P ' u -  p ) : ( A '  P ' u ) t ( A '  P ' ' ' ) '

p ( l  -  p , u )  :  p ( l  -  i l  +  p 1 P  -  P , , , ) ' .  ( A ,  1  -  P , , , ) '  ( 4 ,  1  -  p , , , , )

are ni lpotent.  By Proposi t ion 5.5( i ) ,  i (p( l -  p,)  )  is  an automorphism, and

by Proposi t ion 5.5( i i )  there is def ined a direct  sum system in ß

(> t  r)  . . i r  ( i  t  r )  --= 1.4. p, ,) .  I
\ ? / , \ ? / '

Exaupm 5.7 (Bass, Hel ler ,  and Swan l2)) .  Let  A be a r ing,  wi th

po lynomia l  ex tens ion  A[z ]  and Laurent  po lynomia l  ex tens ion  A l : , :  ' ] ,
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Let e: A"'-> A'' be an endomorphism of a f.g. free r-module. Theendomorphism

1 --  e *  ze:  Alz l^ --- ,  ALzl^

of the induced f.g. free Afzl-module is an automorphism if and only if e isnilpotent, with inverse

( l - e * z e )  r : 1 -  ( z - � I ) e I ( z _ l ) ,  e r +  . . . : A f z f ^  _ -  A l z l ^ .

The endomorphism of the induced Alz,  z r ]_module

|  -  e  *  ze :  A lz ,  z  t l ^  - - ,  A lz ,  z  t l ^

is an automorphism if and only if e is a near-projection. If e is a near_projection the f.g. projective l_modules

P  * :  i m ( 1 -  e , u :  A ^  -  A , , ) ,

are  such that  p*  @p :  A" ,  and

P _ - im(e,,,.. tr', --+ A^)

r - � e * r r : ( l - u r r z v *  o  \
\  o  v  +  z ( l  - ,  l ) t  

A l z '  z  t l ^

: ( p * O p  ) l r , z  t l _ - r A L r , ,  , l - : ( p * @  p _ ) L z , r , r l

wi th  v* tP*-- tP+,  v- :P - -+p n i lpotent  endomorphisms.  Indeed,  theptogf of Proposition 5.6 above relies on the abstract version of this decom-
pos l t l on .

Ex,qN,{pr_E 5.8 (Bass 11, i l I.2101. Swan
let 1 be a nilpotent two-sided ideal of A,
N>-1. Given a f .g.project ive AI l_module

L22, 2.171). Let A be a ring and
such that 1N:0 for some inteser

let fi: A"' -a 71",
projection with
projection

such that

P: im(p :  p2 :  U l f ) ^  . -  (A l I ) ^ )

be a l ift of the projection p. Then (A-,
defect of exponent 1/, and thÄre is defined

Fo, :  (F*  +  ( l  -  p ) ' )  t  
F* ,  A 'n  - - ,  A^

p) is a near-
a l i f t  o f  p t o a

|  @ F,,, :  p: AII @ o A^ : (AlI)^ -* (AlI)^
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abelian group morphisms

Ku(A) -- ,  Ko(Al t ) ;  lMl --' lAlt @ u Mf : LM lIMl,

lim(p 1l --+ [im( F,,,)fKoUII)--+ Ku(A);

are inverse isomorphisms.

Exanpr.  5.9.  For a near-project ion (A, p) wi th defect  q:  p( l  -  p)  of
exponent 2 the projection (A, p,,,) is given by

P , , , :  3pt  -  2p3 :  A -> A.

See Munkholm and Ranicki  [16]  for  an appl icat ion of  th is to the t ransfer
map in the algebraic Kr,-groups induced by an S'_bundle.

Exenpr-E 5.10. See Lam, Ranicki ,  and Smith [12]  for  an appl icat ion of
near-projections to the Jordan normal form.

6. THE lxsraNr pRolpcrlvg Class

Given a finite chain homotopy projection (D, p) in (r we obtain an
explicit representative of the projective class lD, p) e Kr,((\1, using the
instant f initeness obstruction.

PnoposrrroN 6.1 (Ranicki t lSl). An ft-.f inite cktmination (D,.f, g) o.f a
c'hain comple.r c in ß and a choic'e of chain homotopt' h: sJ'- l: C --+ c
determine tfte instant f initeness obstruction pro.iection

/ .
I Js -(t o \
l - / t , g  1 - l n  d  Ix - l - 1 " ,  

. / ' h s  . f s  I ' D ' ' ' : D " @ D ' @ D ' @ " ' - 1  
D ' ' t

\ :  :  :  I
:  D , , @  D ,  @  D r @  .

suc'h that

IC]  :  1D, , , .  X l  -  [D"oo I  e  K , , (L l , ,

v ' i t h  D , . a u :  D ,  O  D ,  @  D ,  @  . . . .

Given an ft-f inite chain homotopy projection (D,
homotopy q:  p2 -  p:  D --+D there is def ined a part icular
of  (D, p) as in Remark 2.5,  so that the proje. i iu.  c lass

p) and a chain
splitt ing (C, -f, g)
lD, pl e K,.,(1.7 is
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represented by the instant
domination (D, _f, g) of C,
somewhat cumbersome, and
Section 5, as follows.

finiteness obstruction obtained from
as in Proposition 6.1. This procedure

can be shortened by means of ihe theory

homotopy

1/ such

PRopos'lox 6.2. The projectiue crass of an ft-.finite chainprojection (D, p) is such that

LD, p l : \D, , , ,  X ' ,1-  [D"oo f  e  Ko( f t ) ,

tt,ith

x,,,: (x* + (l - x)*)- t x*: D,u - D,,,
the projection definecr for any exponent rv of the instant near_projectionX: D,,,- D,u, giuenJbr any ciain io^otopy qi pr-- p: D-_, D by

/  p  - d  o  . . . \
t  :  , - u  

" ,  
\

. Y : l - q  t - p  d  " ' I

I  o  q  p  I '  
D ' u : D o @ D ' @ D t @ " ' - - + D

\ :  :  :  I\ /
:  D o @  D ,  @  D r @  . . .

ProoJ'. Define

s : p q - q p : D , - D , + t .

The defect of the near_projection X

I  p  - c t  o  \  l t - ,  d  o
Y : x ( t - � x 1 : l - o  t - p  d  l /  q  p  - d

r o  , o x : . .  l (  ;  _ q , _ p
\ '  i  :  / \ :  :  i

/ o  o  o  \I
f --r 0 0 I:  
I  q 2  - . t  o  I t  

D u ' :  D n @  D ' @  D r @  "  '  - n  D , ,

\ :  :  :  I
: D o O D i @ D z @ .

is nilpotent because the matrix is lower triangular, with exponentthat D,:0 for r) N. The projection given U/eroposition 5.4

X , , , : ( X *  + ( 1  - X ) t ) ,  X r :  D , u -  D , , ,
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is such that

X , u -  X : ( 1  - 2 X ) ( y + 3 y 2  + 1 0 f 3 +  .  )

l , - r ,  2 d  o  \  I  o  o  o  \:( ': "-),' ,--'lo ...l{o';;,' -: 3 I\  :  :  :  / \  ;  ;  :  I
f-z't ' o ? \

: l  x  2 d s  o  I
I  x  x  - _ - 2 4 s  

f ' D " ' : D o @ D ' @ D t @ " ' - - s D , , t\ ;  :  :  I
: D o @ D , @ D . @ .  .

rhe diago""' 

;,*': ::;,'ä":':;,": ,':::n,' 
jsince 

ct2:0 and

:  p ( p  -  p t )  -  ( p  -  p 2 )  p : o :  D ,  -  D , .

By Remark2.5 there exists a spri t t ing (c, -f ,  g) of (D, p) such that

/ b : p : D _ _ , D .

Choose a chain homotopy h: S.f- 1:C_, C. The instant f ini teness obstruc_tion projection

/ -fs -d o \

x ' : l - l t t s  t - J s  ( t  I

1  - . / 'h ' �s  . / 'hs jk  I  
D ' ' ' :D"@D'@ D'@ " ' ' -sD' ' t

\ :  :  :  I
: D o @ D ,  @ D r @ .  .

is such that

: D r , @ D ,  @ D z e .  - D , , ,

l o  o  o  \
: ( ;  :  3  

) ' '
:  D < t @  D ,  @  D z @  .

X - X '



The difference of the projections X.,

X,,,-  X' :  (X,u - X) + (X - X'): ( i .  +:4
: D o @ D r @ D z O '
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,  X ' :  Dr, , - -  D-

-  D o @ D r  @  D z @  " '  - - 1  D -

is ni lpotent and by Proposi t ions 5.1,  6.1

l D ,  p ] :  I  C f  : l D u , ,  X ' f  -  [ D o o o f  : l D - ,  X , , , ) -  [ D o a a f  e  K o g I , ) .  I

Exrtr,tpln 6.3. Let (D, p) be a chain homotopy projection of a finite-

dimensional f.g. projective ,4-module chain complex D, for'some ting A,

and let q: p2 - p: D --+ D. The instant near-projection X: D----' D,u and the

associated projection X,,, ' . Du,--1 Dat are such that

lD ,  p ) :  f im(X, , ,1  D,u- -  D, , ) l -  lDooof  e  K , , (A) ,

by a direct application of Propositi on 6.2 in the case

(ß, ( i ( . ) :  ( {project ive l -modules},  { f .g.  project ive l -modules}) .

7. Tonslox

We express the projective class of a chain homotopy projection as the

torsion of a chain equivalence.
Given an additive category ft, defrne the Laurent extension (I.lz, z '] to

be the additive category with one object Alz, z '1 for each object A in (X,,

and with morphisms

{ - z i J ' , :  A l z ,  z  t ) ' -  B l t ,  z  
-  t f

defined by Laurent polynomials with coefficients morphisms f,: A --+ B in 6(

such tha t  { i .Z lJ , *0 }  i s  f in i te .  The embedd ing

f t ,  - -  (L l t ,  t -  t l ;  A  - -  A l t ,  t - ' f ,  . f  -  - fo :  f

identif ies ft with a subcategory of 6(lz, z ')-

TJ

\-/
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Exalrplp 7.1. The Laurent extension ft lz, z t) of the additive

category ft,: {based f.g. free l-modules} for a ring I is such that there is

defined a natural isomorphism of additive categories

f t l z , z  t f - -  
{ b a s e d  f . g .  f r e e  A l z , z  ' ] - m o d u l e s } '

with

KJ( , ( , ) :  KJA) ,  Kn@ ) :  Ko(A) ,

K , ( f t 1 : . 2  ' l ) :  K , ( A l z , z  ' l ) .

The natural direct sum decomposition of Bass [ 1 ] for the torsion group

of the Laurent polynomial extension Alz, z t] of any ring A

K , ( A l z ,  z ' l )  :  K , ( A ) @  K u ( A ) @  l ' { i l o @ )  € )  1 / i / 0 ( l  )

involved the split injection

B:  K r (A )  -  K ,  (A l : , :  ' l  ) ;

[ P ]  -  ' c ( z :  P l z ,  z  t f  - '  P l z , ;  ' ]  
) '

In Ranicki  [19]  i t  was pointed out that  the natural  d i rect  sum decom-

position involving the split injection

B ' :  K , ' , ( A )  t  K '  \ A l - .  t  ' l ) ;

[ P ]  -  t ( - z :  P l z ,  :  r l  - - + P [ ; ,  : ' ] )

was more gemetr ical ly s igni f icant.  I f  P:  im(p :  p)"  A'  - - '  A ' )  then

B ( l P ) )  : r (  1 -  p *  p : : A l : , :  ' l ' - -  A l z , :  ' l ' ) t  K , ( A l : , :  ' l ) '

B ' ( l P f )  : t (  l - p - p : : A l : , :  
' ] ' - -  A l : , :  ' ] ' ) t  K J A I z ' z  ' ] ) '

In Ranick i l2l] i t is shown that the torsion group of the Laurent extension

ft.12, z t) of uny additive category /Z is such that there are dellned two

natural direct sum decompositions of the type

K , ( f t 1 2 , :  ' l  
) :  K , ( ( 7  ) @  K u ( d ) @  N i l o ( f t ) @  N i l o ( f t ) ,

involving the sPlit injections

B: Kr , ( f t  )  -  K,  ( f t  lz . ;  
' l  ) ;

lA ,  p f - -  t ( l  -  p  *  Pz :  A l : ,  z  t f  ' '  A l r ,  t  ' l  
)

E ' :  Ku( t )  -  K '  ( f t  lz , ;  
'  
I  ) ;

l A ,  p l  * r ( 1  -  p -  p z :  A l z ,  z  1 1 - - - ,  A l z ,  z ' l ) ,
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using the split exact structures on (L and ft lr,t- t] to define the torsion
groups.

PRopostrroN 7.2. An ft-finitely dominated chain homotopy projection
(D, p) in ß determines self chain equiualences | - p* zp: DLz, z tf --

Dlz, z t) of the ft lz, z t1-Tinitely dominated chain complex Dlz, z ') in
#lz,  z ' f  such that

B ( I D ,  p f ) : r ( 1 -  p + z p :  D l z ,  z  t f  - - - ,  D l z ,  t -  t l ) . K , ( f t 1 2 ,  z  ' l ) ,

B ' ( l D ,  p l ) : ? ( 1  -  p -  z p :  D l z ,  z  t )  - - ,  D l t ,  r ' l ) . K , ( 6 ( l t ,  z - ' f ) .

Proof. Given a domination (D', -f, g) of D by an ft,-finite chain complex
D'define an ft,-f inite chain homotopy projection (D', p':-fpg) such that

lD, p) :  lD'  ,  p ' f  e Ko(() ,

r (1  -  p  I  zp :  D lz ,  z  t l  - - ,  D l t ,  t  t ]  
)

: r ( l  -  p , +  z p , :  D , l z ,  z - t 1 - - - ,  D , l z ,  z  t ] ) .  K ,  ( f t , 1 2 ,  z  ' ] ) .

As in Ranicki  [18]  i t  is  possible to replace (D' ,  p ' )by a chain equivalent
f t - f in i te (D",  p")  wi th p"t :  p" ' .D" --+D" an actual  project ion,  such that

lD', p,f : 1D,,, p,,f : i  ( - ), 1D,,,. p,, l e Ko(n,1,
r - O

r (  1  -  p '  *  zp ' :  D ' lz ,  z  t f  - - ,  D ' l t ,  t  t ]  
)

: z ( 1  - p " + z p " : D " l z , z  ' f  - - t D " l t , t  t ] )

{,
:  I  ( - ) ' z ( l - p " ! . 2 p " : D ' , ' l z , z  ' f  - - - , D : l t , t  t ] ) . K , ( f t 1 t ,

r ' - t l

z  ' l ) .

I
t ]  - 'Remark 7.3. A l inear automorphism .f : -fo * zfr: Alz, z

Alz,  z ' ]  in (Ll t ,  z ' f  determines a near-project ion

p:  \ , [o+  J ' , )  
t  

1 , :  A  - - '  A

(cf. Example 5.7) and hence a projection p,ut A '-+ A. The torsions
t ( . / ' ) e K , ( ( ( l z , z ' ] )  o f  l i n e a r  a u t o m o r p h i s m s  . f  : . f o * z . f t  g e n e r a t e

K,( f t . fz,z ' l ) ,  by the Higman l inear izat ion t r ick.  Both the in ject ions
B, B''. Ku(rt) 'K, (ftIt, z t l) are split by the projection

B: K,( f t12,  z ' f )  - -  Ko(A);

t ( - fo + zf  t :  Alz,  z t f  - - ,  Al=,  ,  '  
I  )  - -  lA,  p, , ,1.

See Ranicki l2l] for the details and the generalization to chain complexes.



390 lücrc AND RANTcKI

Define the mapping torus of a map .f: X _X in the usual way by

T ( . f  ) :  X  x  1 0 ,  1 l l { 6 , 0 ) :  ( , f ( r ) ,  1  ) l r  e  X } .
Ferry [4] defined a geometric split injection

ku(Z[z] ) _, Wh(n x Z);

l x l  -  ö * t (ö ' ( t r "  _ � t )ö :  T ( - f s ) . - ,  T ( . f i l )

by sending the Wall finiteness obstructiorr

l x f : l cg) leKo1ZSn11

of  a space xwi th nrx) :z  and wi th a dominat ion (y ,J ,  i lby af in i te  CWcomplex r to the whitehead torsion of the self homotopy equivalence of afinite CW complex

ö '(1" - 1)ö: r(fs) -a- xx s'  ' "" -r 
,  xx s t  _ J_:_+ T(Js),

with Ö: r1s) --' 
!( s,f ) = T(1 *): x x s I rhe homotopy equivalence ofMather  [15] ' In  Ranick i  [19,20]  th is  was ident i f ied wi th the geometr ica l lysignificant split injection

B': Rrlz[z] ) --,  wh(n x z):

[P ]  -  t (  -  z :  p fz ,  z  ,  
f  - -  p f r , ,  ' l  

) .

Propositions 4'6, 7.2 show that the geometrically significant split injectionsends rhe f ini teness obstruction Ly, pl.-  knfub,(y)f) oi a f ini terydominated pointed homotopy idempotent ( y, p) to the whitehead torsion
8 , 7 y ,  p l ) : ( - f  * t r , ) * ö * r ( ö  ' ( 1 " *  _ 1 ) Q :  T ( p ) . -  T ( p ) )

e  Wh(n , (  X  x  .S  t  ) )  :  Wh(n  r (y )  x  Z )

i9r any spl i t t ing (x, / ,  g) of (y, p), with g: T(p) = T(/ i l  - ,  T(s.f  )  =xx srthe homotopy equivalence of Mather [15].
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