
Math. Z. 204.253-268 (1990) Mathematische
zeitschrift

(t ') Springer-Verlag 1990

Equivariant Z-Theory II

Wolfgang Lück1 and Ib Madsen2

1 Mathematisches Institut, Georg-August Universität, D-3400 Göttingen,
Federal Republic of Germany
2 Mathematical Institute, Aarhus University, DK-8000 Aarhus C, Denmark

$ 0. Introduction

Equivariant algebraic K-theory decomposes as a sum of ordinary algebrarc K-
theory of group rings (see [4, 5,7,72]). This follows for K, because the determinant
of a upper triangular matrix is the product of the entries on the diagonal.

For equivariant L-theory the situation is more complicated. We do obtain a set
of exact orbit sequences similar to the neighbouring family sequences obtained by
Connor and Floyd in [2]. But these exact sequences do not always split in a way
analogous to the splitt ing of equivariant K-theory. There are easy counterexamples
for G:212. However, if the transformation group has odd order, then the
equivariant Z-groups do in fact decompose in the expected fashion, cf.
Theorem 2.11 below.

We work in this paper in the smooth and locally linear PL-category
simultaneously. A consequence of the existence of the exact orbit sequence is that
the equivariant L-groups are equal for these two manifold categories.

The paper is founded upon the definit ion of equivariant L-theory given in [9].
We refer the reader to that paper for the somewhat cumbersome definit ions. A
reference (I. ?. ?) always refers to the first part [9].

It is our hope that the present definit ions of equivariant l-groups and the
calculational techniques presented here wil l make further calculations possible. It
seems to us to be of some interest to evaluate equivariant Z-groups for some of the
standard 2-groups, for example, and to determine the equivariant Rothenberg
sequence.

The Paper is Subdiuided into Sections as Follows:
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$ 2. Decomposition of Equivariant Z-Theory . . . 261
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$ 4.  The Equivar iant  Surgery Sequence 266
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$ l. The Orbit Sequence

Let R :(9, ts. t1,r) be a geometric reference of ambient dimension r, as defined in

( I .2 .3 )  and ( I .3 .1 ) .A  subset  GcIso( r , )  i s  admiss ib le  i f  w i th  the  no t ion  o f  ( I .1 .16)

(x, H) " ( (-y, K) " ( x ,  H ) "  e G - ( y ,  K ) "  e 6

A surgery problem (./. f.E,g) from M to N with reference map

Q: (^,  Lro,  p)  :  (zcl / ,  tp<, tp,ry ,  e)  - (9 ,  to,  t  r ,  r )

is called 6-restricted if for each isotropy component D eno(N") with

A(GlH)(D)e 6 thereis precisely one component ce f to(M')wi th f  
H(C)cD, and

i f  . fHlC:C- 'D is a [s imple]  WH(x)-homotopy equivalence for xeC. The 6-

restricted bordism classes of 6-restricted surgery problems with reference to R form

irn abel ian group y^(R)lTl . lnthe sequel  I  means ei ther 9" or th.Recal l  that

fo r  9 'we requ i re  R to  be  s imp le ,  c f  .  ( I .2 .4 ) .

Consider two neighbour ing admissible sets 6oc6rcIso(r t )

6 r : G o ,  [ ( t ,  H ) "  ] (x ,  H)"  #6o

Write g,(R)lQo,6r] for the equivalence classes of surgery problems (.f. f, E) with

reference R such that J' is 6o-restricted and öJ' is 7,-restricted, cf . (I.2.21ii.). For a

nullbordism (F, i.oF,etF) of d,,Fwe require Fto be Go-restricted and ÖoFto beGs

restricted.
There is a sequence, infinite to the left,

( 1  1 )  - 5  z n + t ( I n l  l q o l  I  z n + t ( I R  \ l ' 6 o ^ % r l  - L  9 ^ ( R ) 1 ' � 6 J

\  .y,(R ) f6ol  - t -  .g^(R\ l%o,6J

Here I is restriction to the boundary and r and j are the forgetful maps. The usual

argument from [2] gives

(1.2) Theorem. The sequence (1.1) is exact '  n

The weyl  group wH acts on g(GlH)".  For xeq(clH) let  wH(x) be the

isotropy group of  f .  From (1.1.2) we have the group E:81,,1(x,  H),  and the

extension

{ 1 }  - -+Aut, ,o,  nr( t ) ' -+ E -  + W H (x l - -  t  I  ]

Define the orientation homomorphism

( 1  3 ) t :  t 1 1 , 1  6 ,  H ) :  E ( x ,  H ) t  t  t  1  l

by sending (o, w)e E(-r, H) to degkH where k is the composition of F/-maps

k : tr(G I H)(x)!" 19THIYI+ tr(Gl H)(o*x)2, L,r(G I H)(-x) '"o

We will identify the relative groups in (1 .1) with the usual algebraic Z-groups. More
precisely we shall define an isomorphism

I

r  ' .  9nß) l '6 r ,6r l -+  L . (ZE,  )  ,  k :  p i f i I11,1( .v .  / / )

-l
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Not ice  when (9 , t r ) :1zGN, tp" )  tha t  E :T t t@WH(x)x* r , , ,NH(x)1 ,
k : dim ltrt(r) and that e is given by transport of local orientations in NH(x). The
def in i t ion of  r  requires that  R and I 'R sat isfy the strong gap condi t ions ( I .1 18).

Le t  4e  9^(R) l6o ,6r l  be  represented  by  ( f , f ,E ,q )  w i th  ) :ncN- - '9  a  weak
O(G)-equivalence, cf .  ( I .1.4),and.f  H 2-connected, cf .  ( f .3.2).Let C and D be the
components  o f  no(M")  and zo(N" )  w i th  l . (G lH) (D)^ : i  and . f 'H(C)cD.  The
group Eacts on the universalcoverings öand D and .f 

"lC l ifts to an E-normal map

.T:e --D which is an E-homotopy equivalence on the singular E-set.
We def ine r(q)eLr(ZE,e) as fo l lows: After prel iminary surger ies the kernel

groups ,K*(C) are concentrated in the middle dimension. I f  d im C:2 'k only
KoG) + {0} and is (stably) free. There is a quadratic form on Ku(C). Indeed, the
construct ion in [13,  p.45] gives a ZE-l inear map KoG)- ' Imm(,S0,ö) into the
module of regular homotopy classes of immersions and our gap conditions imply
that hnm (Su, ö\ö,)-Imm (,Su, ö) is bijective. The strong gap conditions for 12 R
are needed to ensure the inequality k + 1 +dim ö, < dim ö. Now Wall 's construc-
t ion of  the quadrat ic form works verbat im. The case dim C :2 '  k *  1 is s imi lar  using

[13, Chap. 6]  to get a format ion.
One can adopt the arguments of [13] to show that r is well defined and injective.

The gap conditions guarantee that the necessary surgeries on l. l '  (r) can be done in
the complement of the singular set. The IR-stable bundle data give unstable normal
bundle data both in the smooth and in the PL category. Thus each WH (r)-surgery
on MH (-r) can be extended to a G-surgery on M.

(1.4) Theorem. Suppose that Randl2 Rsat isfy the strong gap condi t ions ( I .1.18).
Then

is on isomorphism. 
r : 'nß)lgo"6tl 'Lo(zE't ')

The proof of (1.4) wil l be broken up in a sequence of lemmas and constructions,
but here is the main idea: by the n-n- lemma (I .3.2) elements of  9^(R) can be
represented by surgery problems over a manifold N with nGN--rE a weak O(G)-
equivalence. Elements of Lk(T,E,e) can be realized as surgery problems (over the
free part) of NH (r), and these can be transfered to surgery problems over the (block)
disk bundle of the normal bundle v(1/o(-r), 1/). This gives //H(x)-surgery problems
and then G-surgery problems by apply ing the induct ion functor Gxro," ,  - .  This
defines the inverse of r.

We begin the more detailed account of (1.4) by describing the relevant
cons t ruc t ions  on the  leve l  o f  re fe rences .  G iven R: (9 , ts . ty ,z )  and ie  9 (GlH)" ,  we
define a WH(x)-reference Rf and,VFl(,r)-references Rfr and R,. all based on the
same O (WH (x))-groupoid 8".

Let 9 (G lH) c9 (G lH )  be the subgroupoid of  objects -r '  wi th l : . f  and def ine

9,(WH(-r )11) : (9(GlH),  and g, (WH(x) lK) :g for  K+1 .

I f  9:zGN then 9":ntwHt"t1ffs(x) x EWH(x)). Define o(WH(x))-functors

t {  :  9 , -Bk* . ,  t l  :  g " -+Bu
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wi th  k :d im ( t r (G lH) (x ) " )  by

t I0)"r :  t i (GlH)(Y)!"

This gives a WH(x)-reference Af :(g",t{,t l ,rH). The Nl'1(x)-reference Rfr has

the underlying o(lt{H(x) )-groupoi d pl*E, for p: N11(x)--+ wH(x) the projection

(see [ .$4 ] )  and

to ,  :  p*9 (G I  H) , - 'ßn-1,y  ^ , t r r : p * 9 ( G l H ) , ' - B n - r

is defined to be complementary to t! inside r,. This can be done in the smooth

category by taking bundles to mean bundles with a metric and maps to preserve this

metric. To define t,o rn the PL-category we need the following lemma' Given an

IRll-mod ule V,*.i iä PLo(V) f or its equivariant PZ-automorphisms and Fo( V) f or

its proper self f/-homotopy equivalences.

(1 5) Lemma. Let V:Vo @V, as ß-H-modules'

i) If'V satisJ'ies the strong gap conclitions (I.1.1S) then the cartesian product oJ

maps de/'ines an isomorPhism

noPL(V ' )  x  noPLr (Vo) 'noPLH(V)  '

li) IJ V satisJies the weak gap conditions (I.1.18) the ioin defines an isomorphism

f toF(Vn)  *  f toFn(Vu) 'noF" (V)  '

Proof'. There are sPlit fibrations

Fn(V. VH 1-,  Fr lV)- ,  F(VH)

PLr(V, V')--  PLn()-- ,  PL(VH)

whose fibres are the subspaces of maps which are the identity on the fixed set' It

remains to be shown that the suspension defines isomorphisms

To F n (S Vr\ - ' no F n(V, V' )

ns  P  L  r (Vo) '  no  P L  u(V,  V '  )

The first isomorphism is a special case of the equivariant Freudenthal suspension

theorem. the second is more complicated. First, the fibre in

q  P L H ( ' / H  @ l R "  R ' )  - -  P L | ( V H @ R | , l R ' ) - - P L  o ( V r @ R ' * t ,  R t *  t  
)

is i-connected, essentially by the regular neighborhood theorem of [10]' Second, for

the same reason we get

no P L r(  z"  6) lR 
t  *  t ,  R i  + I  

) ' /  no P Lr(D v,  x Di  *  1,  D t  *  t  
)

and
P L H ( D V | x  D i + r .  D i *  t  

)  =  P L H ( S ( z o  x  I R ' *  t  
) , ^ s ' )  =  P L H ( Z H @ l R "  R ' )

by applications of the Alexander trick (cf. [10])' tr

From ( 1 .5) and the obvious equivalence between G-bundles over G I H and IRH-

modules we get the "complementaty" NH(x)-reference

I

R ä :  ( p * 4 r . t s H , t 1 n , T n )

I
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F ina l l y  we  ha l , c ,  t he  Ä f1 ( r )_ r t : f c rencc

where we just
and  i l J  ATn* ,

{ 1 . 6 )

Since surger\/ on
hal'e

{1 .1 )  f .emrma.

We rvant [o

R * : ( y t * g r , 1 6 ,  t r ,  r )

restrict t, a.nd r to p*9, in the ol.rvious way.
r so that

R,:p*Riten; (as iVH(.r)_ref.erences.)

wH(x')-frec ma'ifblcl: i is the same as surgery'n the orbit spaces wc

Yk(Ro:) :  Lo(7/ , . ,  e) .  ü

define the surgery transfbr

trf : So(üyH (-u') ; A:) - V,(C ; fr) (6o, (6rl

R(@ ) :1n( ;  B ,  tP , ,o ,  tp ' , , ,  I  tp r )

257

By del in i t ion t l r  @tiu:  t t

T'his reclr-riiclr; olrc realizes the ref-erence Rfr by ai'ibre tripleand. for u'iqueness, thecottstnrction of" universai f ibre triplc.. ln-<Jeiaii l

(1 8) f )ef in i t ion.  A f ibre t r ip le o\zs1 o G-space B is a t r ipre @=.(vo,vr,h)of  twoü-- lR" bunt l les ancl  a f ibre homotopy equivalence älSr, , - -+, !1, ,  between theassociated spher ical  f i  brat ions.

A fibre tripler @ induces a ref-erence rR((g)

( l . e )

where f  is  the suspension. converssl l , ,  g iven a reference R:.(g, to"tr , t )  ofcjrrnension r lve construct a universal äbrö rriple @ (R)as follows. First, by (1 "5) wecan derst tspend lu sothat both ro and r ,  orc oic)- functors wi th range ßu.considerthe homotop3i puli back

o B(G, n)

I r
i J "

B{,G,zr)  _-- , - : )  r  I }F(G,n_1)

of  the c lassi fv ing spaccs f t r r  G--- lRn trundles (smooth or pL) and G_sn-1fibrations. T'here is a canonicar f, ibre triple rlr, 'yr,ft) over o. itre equivariantEi lenberg-Maclane space K(nGe,1) is the l -uo,ooiopy pui l  back of .

K(xG B(G. nl .  l t  j . *  
KlnG Bt-(G,n --  1) ,  1)  *L_ rr( , ,  o B(G,n),  1)  .

lh:,*'r,:- jXherlcal 
r.eference induces 

Tupo 
r,: K(9,1\*.K(B^. 1 ) anct an homoropy

1 , . *  l u ' - S ' r .  l , .  T h u s i t  g i v e s a r n a p  T  :  K ( g , I ) _ K ( r c G O , l i ' . W e d e f i n e  B ( . R ) t o b ethe  ho ino topy 'pu l l  back  in

B(R) -l- ' '-+ A

l , , l. r _ J
K('9.1) . -_-1--+ K{nG rD,11
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( 1 .10) @ (R ) : (iö (Yo), iö (Yt ), iö (ft ))

over  B(R) .  The compos i t ion  t r r :nGB(R)- ,ncK(9 ,1) - -+9  is  a  weak o(G) -equ iva-

lence and extends to u -up of  references P:R(@(R))- 'Ä '  Now @(R) is universal

by the easy

(1.11) Lemma. Giuen a./ ' ibre triple @ otter B and a mop oJ'spherical reJ'erent'c,s

g :R(@)-R ' .  there  is  anup to  homotop l 'un iepe map o f ' J ib re- t r ip les  g"@-@(R' )

v ' i th  p , '  R(g)  =  q .  n

In the smooth category the bundles v i : l ' * ( l ' )  can be given a metr ic and the

spherical f ibre spac. ,,(r. io section]}' can be realized as the sphere bundle Sv,. The

.'o.r.rpo1rding state*.nt is false in the Pl-category: one has to use block bundles

instead. For our applications below we need spherical Jibre triples S@ : (Sus, Sr" , /z )

in both categor ies.-Let 
E1G,"S^ 1) resp. E(G.n) be the classifying space for locally l inear P1- block

G-S ' -1  bund les  resp .  PL b lock  G- lRn bund les '

(1.12) Lemma. There is a v,eak o(G)-homotopy equiualence

n o E ( G ,  S "  t ) = n o E ( G . n )

Proo/. Consider the O(G)-transformations

no E (G,S, 
-  1 

)  __,  nG E (G, n).-  nc B (G, n)

both induced from the maps of classifying spaces. They turn out to be weak O(G)-

homotopy equivalences. Namely,  we have

E ( G , 5 n - t ; a  : t t B P L i 6 W \

E(G.n) I I  : t - :BPL i (W)

B(G'n) "  : r - - tBPLo(W)

where in all cases the disjoint union L.l varies over isomorphism classes of IRl/-

modules W of dimension n. For each such 14/

n,  B P Lf i  (SW) --+rt  BP L;  (W)<-nt  BP Ln(W)

are  isomorph isms,  c f .  [10 '$2 ] .  n

The construct ion (1.9)

and gives a spherical f ibre

(  1  . 1  3 )

can be carr ied out wi th B(G,n) replacedby E@, Sn-t  )

triple

.S@(R; :  (Sr 'e ,  Sur ,  / z )

of two locally l inear Pl block G -,s" 1 bundles and a fibre homotopy equivalence

h. By (1 .12).S@ (R ) induces a reference R (S@ (R )), weakly homotopy equivalent to

R, and the obvious analogue of  (1 '11) remains val id '

We can now define the surgery transfer. Consider the following set of transJer

data  (x l  assoc ia ted  w i th  (1 .6 ) :
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(*) i) B is a free WH(x) space and ,tf ' ftwH(")B--+9! is a

equivalence.
ii) S@ : (Svo, Sv, , ft) is a spherical ,N/I(x)-fibre triple (smooth_ or P L) over -8.

i i i )  q i r :R(s@)-Rä is a map of  NI1(,x)-references with p*^ ' :  as under ly ing

o(NH(x) )-transformation for p:Nl/(x)-+ wH(x) the projection.

For example, we can take B to be the base space of the spherical f ibre triple

56l(Rä) in (1-13) and let  q i r  be the map p f rom (1.11).  This is the universal  s i tuat ion

which any other set of transfer data map into. For computations it is sometimes

useful to use transfer data different from the universal ones'

To a given set of transf-er data, we get a WH(x)-reference

R(*)  :  (n* n @ B, (^!  )*  t {  .  (1:  )*  t l ,  ( i ' " '  )*  t )

weakly O(WH(r))-homotopy equivalent to Rf ,  and hence

Z.(WH (x) ;  R(*))  = 9o(WH (x) ;  R:)  = Lt  (ZE. t : )

where the last isomorphism is from (1 7). Define neighbouring families(6,i c'(;r '  tobe

'6 i  :  {Lc  N H (x ) l (x ,  L )  "  e6r )

wi th%i f rom (1.4).  Given the transfer data (x) ,  we def ine (cf .  1.6)

tr f  (x)  :  91,(WH(x);  R(*))  - - - ,9n(N11(-r)  ;  R,) l '6d,%t ' l

2s9

weak O(WH(. r ) ) -

(  1  . 1 4 )

as fb l lows: Consider an element in go(WH(x);R(*))  represented by a WH(x)-

surgery problem (J. f.E) with ./ : M--N and reference map

Q : (nw n(*)ly', tpq, tp.nv, E) --+ R (*)

whose underlying O(WH(.r))-transformation is induced from a WH(x)-map

)":  N -- '  B '  Let  
Dh: Dvo'a Dvt

be obtained from /z:Svo-SIr  by coning. The pul l  back construct ion def ines a

1/H(.v)-surgery problern (F. F, @) with

F : / * 7* Duo 
j--.-- 

t* Dvo 
^*Dh 

, Äx Dv,

F  :  T ( . /  x  ) t *Duo)  :pö  rM @p3. / ' *  A* r ,o  @ p t  (@pt  ) * ro .

The map tr f (*)  is  independent of  the choice of  (x)  by (1.11).  Using induct ion one

obtains an homomorphism, cf .  (1.  $a)

( 1 . 1 s )

Define

( 1  1 6 )

i  *  :  gn(W H (x)  ;  Rf  )  lq i  ,Gr ' l - -  g^(G ;  R) l6o,Gr l

q:  L . (ZE,  e ) -  g , (G;  R) l (6o .6 t l

by the composi t ion i*  .  t r f  (x) .  The composi t ion of  q wi th r :  9,(R) l6o,Gt l
-Lx(ZE,e)  i s  the  ident i t y  as .Dvf l :Dv l :B  fo r  the  f ib re - t r ip le  @:(vo ,11 ,h)  over

B. This f in ishes the proof of  Theorem 1.4.  n
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Combining (1.2) and (1.4) we get the so cal led orbi t  sequence.

(1.17) Theorem" Suppose that R and\^*2 R snlisf"v' the strong gap c'onditions

(I.1.19) "fbr m20. Then there is an e.xac't sequence

,qn*^(L"*-R) l4r l  -L v, ,* , , , ( lno'R) l%'of  * ! '  Lk*, , (T 'q,s)  -1_. " '

y^ (R) [ ( , r l  - - ' ' .  Y ' ^ (R) [%o]  * t -  Lx@.E^e\  n

We give a simple example to show that the equivariant L-groups do not always

decompose as a direct sum of the expected ordinary L-groups.

(1.18) Example. L,et G be 7.,12 and V be a lree lRG-module of dimension n-k.

Suppose k>6 and 2.k + 3 < ru. Consider the n-dimensional reference .R -(.9. t, /. id)

wi th

E ( G l G ) ' = 9 ( G l 1 ) :  { t }

t ( G l G ) ( x ) :  Z @ R u '  t ( G t l ) ( . r ) : G  x  ( Z O l l t & )

From (1.17) we get an exacf sequence

LX , Jzl ----- tX{zc.e ) *5 v'X( R) -i-- LX@.) ----r t!-,{zG. u

Here e is trivial if and only if ru =k mod 2. The boundary ä corresponds geornetrically

to  c ross ing  w i th  RPn- f t -1 .
For n :0,2 and the non-trivial orientation e the L-groups L!(i lG,t:)--V'12 unO

L!(Z):Z|2 are detected by the Arf-invariant c'. If f is i l  normal rn:-rp i,rr\d X a

manifold, we have Sull ivan's product fortnula

c ( / ' x  X ) : c ( ^ / ) ' x 6 )

Hence A :  L!*r(Z)-"  L!(Z,G,c) is an isomorphism for k:  1 and n:0" 2 (rnodulo z1).

For k:3 and n:0.2 ä is zero s ince the Arf- invar iant  is zero on l , (Z).  Sincc ö is

b i jec t i ve  lo r  k -1  and n :3  the  groups .?X iA)  can be  ta t ru la ted  as  fo l iowsr "

n = 0 n : l  t t : 1 n = 3

A = 0
k = l

k : 3

z @ L @ Z
l0 i
z@v,
zt2

z.@zl2
{0 }
v. l2@T-i2
7.i2

Z.

i0 i
l 0 l
l 0 i

7.
{01
{ 0 }
7.i2

Indeed th.e only sticky point is to argue that the exact. sequence

0-- Lxv,lcl)-, vx&) -- L!(z)-o
is  spi i t  when n=k:2 (mod4).  

- I 'h is 
can be seen as fo l lows.

We suppress all bundle structures . Let f : K*rS-k be the Kervairc

which represents the non-trivi it l  elemenl rn LritZ). Choose :', noLtl lai
normai map
cobor '<l ist t i

I

F : V - . r S k o P P n - r t  l x l

I
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with oluF:. f 'x lRP"-k l  and with d,Fa homotopy equivalence. L.et  D\*k be the
(n -  k )-disk wi th ant ipodal  G-act ion.  T 'hen

M:7 'ouoKx D\ - t "  \ "  S f t  xD1-k ,  I I :Fv . f '  x  D\ -k

represents an element in 9!(R) which maps non-trivially underT, since (Mo, Ho)
:(K,.1 ) .  We must show i t  has order 2.

we can represent 2{A't, H} u JXß) bv the double (DM, DH). Its f ixed point
problern is rK[JrK -ruJ, ,sol l ,sf t ,which we want to cobord away. Let g: /y ' - -s l
x z,tSk be the normal rlap over the generalized Klein bottle which represents the
non- t r i v ia l  e lement  in  L r (Z lZ l ,e ) "  e*1"  We can take .Äy ' :Sr  xz tzK;  (Ä ,g)  i s  a
normal map with Zl2 coeffrcients whose associated Bockstein is the Kervaire
nornral  l 'nap (K". / ' ) ,  cf .  [15,$3].  Cut open .Ä/ along K to get

g o : ( lr,[ o, KLIK) --(.Sft x t,SkLI^Sk)

L,et Mo: Vv(No x S'1-rt- t )u V; it has two boundarv components, each equal
tcr  Sf txSi-k-1,  which we ident i ly  to get the G-manifold Mr.  wi th Bockstein
,Sk x,S1--A-1.  There is an obvious G-normal rnap

17, :  M r- ' (^St x.  z izSk)" 5t t . -k 
-  1

and {h[ t ,  Hr] :2{M, H} in s lX@) we must check that tMrlG, Hr /G} has tr iv ia l
Arf-invariant. But as a normal map (of rnanifolds with Zl2 coefficients)
(Mt i 'G ,  Hr lG)  i s  co t ro rdant  to  (A  x  IRP ' -u - t ,q  x  IRP"-o- t ) .  Thus  they  have the
si t rnc Arf- invar iant ,  cf .  [14,p.91].  Final ly the product formula shows that
( ' ( g  x  I R . P " - t - t ; : 0  I l

(1.19) Corollary. The equiuariant surger.r) qroups in the smooth and PL-category
a(Jree.

Proo.i. This ls well-known in the non-equrvariant case and follows inductively from
(1.17) in the equivar iant  set t ing.  t r

$ 2. Decomposition of Equivariant l,-Theory

In this section we shciw for G of odd order that the orbit sequence of $ 1 (under
mild restrictions) reduces to split short exact sequences. Throughout the section we
work in t t re smooth category,  cf .  (1.19).

Consider an o (G)-functot t :9 -+ts.-. For each (x, f l) we have the G-lR' bundle
t(G I H)(x) over G I H and the /1-mo dule t(G I H)(x)"u. lts isomorphism class depends
only on ie9(GlH) and is invariant under the action of //H(x). This is a necessary
but not sufficient condition for the /1-rnodule t(GlH)(x)"nto extend to a NFI(x)-
module"

(2.1) Definition. An O (G)-funct or t :9 --+ß, has the slice extension property if for
each (,r,11)" the l/-module t(GlH)(x)"u extends to an lrrH(x)-module.

Le t  R: (8 , t6 , t1 , r )  be  a  geomet r ic  re fe rence o f  ambien t  d imens ion  r  (see  I .3 "1)
which satisfies the following additional properties:
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(2.2) i )  R is s imple,  cf  .  (1.2.a)

11) (E,ro) has the s l ice extension property (2 '1)

i i i) R and 13 R satisfy the strong gap conditions

Notice from (2.2i ) that the f1-module s t(G I H)(x)"o and

isomorphic by de Rham's theorem, cf. [12, ch. 4l '

W. Lück and I. Madsen

Lemma 2.3. Suppose that G has oclcl order. Let to and t, '.9 -+Bnbe two O (G)-functors

which satisJy the weak gap conclitions (1.1 .1 8). Then there is an O (G)-transformation

Q'. to't, i f and onlY i.f
il toGlH)(,x)"o and tr(GlH)(,r)"" are (abstactl-v) linearly H-isomorphic for

x e 9 ( G l H \  a n d  H c G .
i i )  c1 ,o , ( . r .  1 ) :8 r , r (x ,  1 )  . fb ,  x  e9  (G l1 ) '

proot' ' . We can assume that 9(Gl1)" consists of a single element io. Choose an

isomorphism Eo :  t (Gl1)(xo) -+tr(Gl1)( . ro)  of  G- lR'  bundles.  The forgetful  map

zo lso"  ( toQlH) ( ro ) " r r , t t (G lH) (xo) "n)+noIso  ( to$ lH) (xo)n" , t t (G lH) (x ) "a )

is bijective since G has odd order. Hence there are precisely two isotopy classes of

bunäle isomorphism from toGlH)(x) to t r (GlH)(x) .we use Eo to pick one. Indeed,

le t  o :  G l l - - rG lH be  the  pro jec t ion  and le t  w ' .6 'xx - -xo  be  any  morph ism inE(Gl1) '

Choose the isomorphism EG I  H)(-r)  :  ro G I  H)(x)  -  t t (G I  H)(x)  such that the

fol lowing diagram of G-lR" bundles commutes up to isotopy

( r . 1  . 1  8 ) .

t tG I H)(x)nn are l inearlY

t o (G /1 ) (xo )

1,.
J

r ,  (G /1 ) (xo )

o *  t o t "  i

I
I

o * t r ( G '

H)( , r )

o*  q (G,H ) ( . r )

111)(;) ----+

t oG l1 ) )o * - r )  
t l *  

)

t 1

tr(Gl1)(o*-r) 
------e

This determines the isotopy class of  EGIH)(x) by the assumption ( i i ) ,  and we get

the desired isomorphism e' .  to- l r  (compare [8]) .  !

Not ice  in  par t i cu la r  tha t  under  the  cond i t ions  (2 .2 )  we ge t  (9 , to , t1 , r )

=(g , /6,  /s,  id) ,  provided that the order of  G is odd. We cont inue with a lemma from

bordism theory. A smooth G-manifold M is called almost complex if i ts lR-stabie

tangent bundle TMe)Rk has the structure of a complex G-vector bundle.

(2.4) Lemma. Assume that G has odd order. Let M be a closed almost complex

G-manif old q/ odcl climension. Tlten.f'or some ,,lG!' copies of M bounds an almost

comple.r G-manifotct Q such that no?Q' )-tto (Q') is suriectit 'e.for all H cG.

Proo/'. Let H be a maximal isotropy group for M and C c. MH a component. The

Weyi group WH aclsfreely on MH and the subgroup WH(x) acts freely on C when

" re  C.  Le t  y :C_-BU(NH(x) , f r ) "  c lass i fy  the  normal  bund le  o f  c in  M.we get  a

map

f : C I WH (x)'-+ EWH (x) x w u 6\BU (N H(.t), k)"

which represents a uni t rary bordism element {CIWH(x), . f  \  Since BU(NH(x),k)n
:  BL/(H,fr)H is a product of  copies of  c lassi fy ing spaces BU(k,)  (see[6]) ,  a s imple

t I
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argument with the Atiyah-Hirzebruch spectral sequence shows that

o:dd@wH(r)  x w H (x)  BU (N H (x) .  k)"  )  @zz[1 l lwH (x) l ]  :  0

Hence lwH(r) l ' .  lc l .wry( i , . / ' ) :0 for  sui tabre r .  we get an armosr complex
N11('r)-manifold P with öP:Gf ' C and an N11(.r)-bundle a over p which restricts
to lGl"  'v(c,  M) on the boundary.  we extend the nul lbordism p of  lGl"  .c to a
bord ism O o f  y .  by  (GXrv ' ( " )  Dq)v(Gl , .M x [0 ,  1 ] )  where  we g lue  a long
9"ry:r , , ,DqlaP. Doing rhis s imultaneously for  a l l 'ce- io@o)lwH we obtain a
bordism Q from Gf '  M to an almost complex manifold N such that Iso (1/)  is
s t r i c t l y  s rna l le r  than Iso(M)  anduo( |G l "  .M)^ ) *zo  (e^ )  i s  sur jec t i ve  fo r  Kc_G.
Afier a finite number of steps we get the desired nullbordism. tr

(2 5) Proposition. Suppose that G has odd order anrJ R satisJies (2.2i.) and (2.2ü.)
and that R and I'n sailsJy the strong gap conditions (1.1.1g). Then the map of'
Theorem 7.17, localized at 2.

i  @ zZ e t  :  9,(  R) l '6 r l  I  zZ e t - - . -  Lx(Z E (x,  H ) .e ( , r ,  F1))  @ zZ,r ,
i.t .spl i t surjet,t ire.

Proo./ '. We shall construct an homorphism

s I  L* t * ,a (ZE(x ,  H) , t ; (x .  H) ) - .9 , (R) [ r6o ]

which splits iozet. By (2.2,ü) we can pick a NH(x)-module v and a l inear H_
isomorphism f)  : t r (GlH)( t ) ! r@v-t tGlH)(-r)"n.  we appry Lemma 2.4 to ger a
NF1(-r)-manifold O with 7e:m.SV for somö odd m^ 

-and, 
noqe^)_nob:il

sur ject ive for  Kc G 
! : t  P:  Qr- taam '  DV.Themap s is essent ia l ly  g iven by crossing

with P' Namely, let Rf be the wtlQl-reference asiociated ro R i; $'t. Eactr elemenr
i,n, 

lou,a.t(zE.(r,H).e(,r.H)) can be represented by a nornial wH(x)-map
( / ,  / ,  E,  g)  wi th

./ : M --+ lV, .f : TM ---r(, E : tp,i-+tpfr and

Suppose for simpli city N H (x) : G, otherwise one
Consider the normal G-map (  f  x idr , . f  x idrr ,  E

g : (nG N, tpr, tp,,v, d - R!

further has to apply G x "s1";( - ).
x i d , f )  w i t h

A , @o lv x P, tpi,. "r, tprrv , p. e n id)--+R

defined as follows. First, the projection pr :N x p__+N induces a
map

(nu lv x P, tp. ,  x rp,  tprrs xrp,  (p n id)--(zc1l ,  tp<@tpz,tp"@tpr, ,  rp n id)

This uses that zo(aQ\--no(e()  is  onto and Lemma2.3.  Now compose with

(no l , t r . tpr@tpn, tp"@tpy, E n id)  - - r (p*g, . t {  @tpz, t f  @tpu,zH n id)_-R

where p : G:Nr/(r) -rwH(x) is the projection and the second map comes from ousing Lemma 2.3 again.
Final ly,  observe that 7. ,  t :m. id for  odd m since pH consists of  z points.  n

unique reference
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Reca l i  l i om [11 .3 .6 .4 ]  tha t

(2 ,6 )  L^ (7 ,8 ,  t : )@vZ[ I r21?- .  L^ (eE,  e )gzg , [y2 ]

is an isomorphism for any (E. t:). lt does nor matter which kind of L-groups we use
since the relative term in the Rothenberg-secluence is 2-torcl"" I r.r. ryrnmetrization
map induces an isomorphism

(2 7) 1 +T;t , , (er,  e)gzT,[112]_-L^(eE, t1@vZ[l12]
Now we use the Mishchenko-Ranicki theory of syrnrnetric chain complexes ,,o

construct an homomorphism

(2 B) I* o(", H): .9,(Ä)-rI* a, i( ,r ,r /)(e E(x. H).e (x, I1))

where the sums run over (- t ,  H)"  e lso(rr)  and k(x,  H):dimr,  (Glnr:H. Letate.?n(R) be represented by a normal G-map (./ ' ,-f, 'rp)'wrth u .*ference map()-, po. l\) : (rGrV, tpq, tp, ,e)--, R such that -G 1 ind )t areweak O(G)-equivalences.
c f .  ( I . 3 . 2 ) .

Let cero(fu[H.)  and Deno(l t lq)  be the cornponents such that. fH(c)cD andÄ(GlH)(D):f. The group E(,x, H)acts on the universal converingr,ö ;;; i,;;; fl i fts to a E(x,F1)-equivarianr map f :e .-0. The ctrrain complexe, C.fb,'öJ"""ä
c.(D,Q) consists ol f initely generated pro.jective eä(x, F/)-modules since theyare f in i te ly generated free over the g.oup i r (C):Tr(D) which has f in i te indexin  ä ( r ,H) 'By  the  re la t i ve  symtnet r i c  cons t iuc t ion  in  [1  l ,9h  l ] r , ve  ob ta in  pa i rsof symmetric Qe(n, rl)-poincar6 chain cornprexe, c.rac q,i- c_tö, 0J) 

';J

c.(e D, Q):  c.(q, .Q).  Giueing them toger l ier  wi ih the ef(-r , ,  l1)-homotopv equiv_alence cG"n yields a symmetii. qr1,r,-rr1-eoin.are chain comple-r. Ifs c6hor4ismclass is the element o(r ,  H)(ro) e f  r r" . r r r lQ E{x.  I { \ ,  t : (x,  H)}  we seek.

(2.10) Proposition. suppose that fr. satisfie,y (2.2). Trten the map,r o(x, u) in e.r]\induc'e an isomorphism

I 
t o (", H) {E zZ [1 12] : .g,(R) @ zT, II t2]

--* 
I 

t Lu (*,, )(Z E ( "x: ^ H ). r: ( x " H)) @ zfz [1 I 2.J

vt'here the sum runs oLler (x, H)" e Iso(rr).

Proof. This follows from Theorem 1 .17 since the composition

.  ^ (R) lGo l  L  r .k ( .2 ,8 ,€ )  - , t f t (e  E ,g@vv, [112]

is just  o(x,  H)@zZII12] composed vr i th ,g,(R)[6r]- .?^(R).  n

(2'11) Theorem. Let R be a geomerric re.fbrenc:e oJ'ambient climension n., c/'.(I.3.1),
satis/ying (.2.2). If'G has odd orcler, then there is an isomorphism:

g,(R)= 
I* L1, 6, p{ZE (x, H ),c(x, F1))

wherek(x ,H) :D imu, , ( : ,H) ,c f . (L l . I7 ) ,ande(x ,H) :s r , , l ( x ,  
H) ,c ! " (1 .3 ) ,  anc l the

sum runs ouer (x.  H)" e Iso(r ,  ) ,  c. f ' .  I .1.1S).  n

I I
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$ 3. The Equivariant Rothenberg Sequence
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We want to compare 9!(R) and Y;(R) for a geometric reference R of ambient
dimension n. Define a relative group g:'"(R) to be the bordism classes of surgery
problems ( /. f, E, g) with reference R such that f is a G-homotopy equivalence and
d. / ' i s  a  s imp le  G-homotopy  equ iva lence.  A  nu l lbord ism (F , loR,ArF)  o f  ö rF
requires I 'to be a G-homotopy equivalence and 6o.F to be a simple G-homotopy
equivalence. Consider the sequence, infinite to the left,

(3.1) -r-  9, i* , ( In l  - ! - ,  y:- , ( IR) l -  3, ! ' ' (R) -  y: tny - l -  y l tn l

Here d restricts to the boundary and i and 7 are the forgetful maps. One easily
checks.

(3.2) Theorem. The sequence (3.1) is exact. n

In order to express 9,! '"ß) algebraically some preparations are needed. Given a
geometr ic pair  (9.  r r )  of  ambient dimension n,  cf  .  ( I .3.1),  we def ine

whc (9 , tr1: I Wh(zE(x, H))
( . r , 1 1 ) ^  e l s o ( 1 , )

Notice that this depends only on Dimu,,. If 1/is a G-manifold it is customary to write
Whf (N)for Who (no N,tp") .  Now suppose that Nsat isf ies the weak gap condi t ions
(I .1.18).  One may def ine an involut ion

x : whf (N)--whf (N)

(3 3)

(3.4)

(3 6)

by reversing h-cobordisms over N (see [1]). Consider two G-manifolds M and 1/
together wi th an O(G)-equivalence A:nG M-- 'zGN (see t I .1.4])  such that t r***
:wM. See (I.1.10) for the definit ion of the equivariant f irst Stiefel-Whitney class
wr.  Then 2 induces an isomorphism Ä.:  Whf (M)-Whf ( lV) compat ib le wi th the
involutions (see [1, 1 .10 and 2.l3D.It follows from the n-n-lemma (I.3.2) applied to
the empty normal map that there is a G-manifold N together with an O(G)-
equivalence Ä:nG N--E sat isfy ing wN:),* [ t r ] .  Thus we can def ine an involut ion

(3 5) * :  Wh" (8,  t r ) -Wh" (E, t r )

depending only on E and tr by requiring that ),.: Whf (N)
-- Who (:9, tr) respects the involutions.

Next we consider the Tate cohomology group frk+r@12;WhG(E,rr)) .  We
define an homomorphism

@ : 9!i'o(R)-- frk*t (Zl2; WhG (9, tr))

by sending a (n* l r ) -d imensional  normal map ( f , i , rp,Q) to the image of  the
equivar iant  Whitehead torsion who(f)e Whf(N) under 2-.  As R is s imple and
whcp.7 '1 :  {0 }  we ge t  who( f  )+ ( -  ! )u . *  ( *hc( / ) ) :0  in  Whf  (N)  (see [1  ,4 .3 ] ) .
Thus  who(J ' )  de f ines  an  e lement in  f i k * t (Z l2 ;WhG(g, r r ) ) .  G iven a  nu l lbord ism
for  ( . f ' ,  i ,E ,Q)  w i th  under ly ing  map ( f ' ,  . f  * ,J ) : (P ,M * ,  M) - (Q,  N* ,1 / )  o f  t r iads ,
we get who (f ): - who (F') - ( - 1)u ' ' , (who (f ')) if all torsion elements are mapped
to  WhG(8, r , )  (c f .  [1 ,4 .3 ] ) .  Hence whc( . / ' )  represents  zero  when ( f , f ,E ,q )  i s
nul lbordant.  The map @ is obviously compat ib le wi th the addi t ion.
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(3.7) Theorem. Suppose that R is a simple gleometric refbrence oJ'ambient dimension
n satis.ft, ing the weak gap conditions (1.1.1S). Then

@ : g!; 'o(R) -'Fk * t (Zl2; WhG (9, rr))

is injectit:e.for k>0 and bijectiue for k>1.

Proof'. We start with injectivity. Assume that @ (./, i, E, g) is zero and that )": nG N
-+9 is  an  o(G) -equ iva lence (c f .  1 .3 .2 ) .  Then whc(J ' )e f ru* t (z12;whf (N) )
v a n i s h e s  s o  n ' l r " ( J ) : L t _ � ( - 1 ) u * ( a )  f o r  s o m e  u .  L e t  ( p , M * , M )  b e  a n  / z - c o b o r -
disrn with who (M - P) : who (.f ) * u. Let (F, J *, ./ ' �  ) : (p, M * . M)--(N x I, N>< {0},
i i / x1uN"  {1 } )  be  a  G-homotopy  equ iva lence.  Then whc( f ) :  -L t  and we ge t -

x ' h c  ( . f  ) : n , h c  ( ö F )  -  w * h o  (  / )

:  - ( -  1 ) o * 1  . *  ( v t , h c  ( f ) ) -  v , h c ( F ) - u * ( - 1 ) * x  ( i r ) : Q

Hence (.f, .f, E, q) is nullbordant; the necessary bundle data are easily constructed as
F is a G-homotopy equivalence.

Now suppose k>- l .Consider u e Who (8,  t r )wi th a + (  -  l )k *  (u) :  0.  By the n-n-
lemma (see I .3.2.)  appl ied to the empty normal map we obtain a G-surgery
problem (/ , - f ,E,g) wi th reference map to lo- tÄ such that A:nGN--E i r  un
O(G)-equivalence and whc ( . / ' ) :  {0} .  Construct  (F,  . /  * ,  . f ' ) :  (p,  M *,  M)--+(N x 1,
l /  x fOj ,  ä1/  x IvN "  {1 })  such that (P, M *.  M)is an /z-cobordism and, who (F):r .
Then we have

* * h G  ( . f  * ) : w h o  ( f  * ) * w h o  ( . f  ) : w h o  G p )

:  - w h o  ( F )  - ( -  1 ) o  -  x  ( w h " ( F ) )  :  - � L t - ( -  1 ) k  *  ( u ) : Q

one easily extends (F, f *,.f ) to a G-surgery problem with the required
properties. n

(3.8) Corollary. (Jnder the assumptions oJ'Q.7) there is an exact sequence
' " -- 9i**(Io n) - gl*u(LkR;--Fft1Zl2; Whc (9, tr))-.+ ?i+x_, (Io 

- I R)

-9 ln* - ,  ( Iu -1  R)  - . ' .  - - f ro (z12;  whc  (g ,  t r ) )  .  !

$ 4. The Equivariant Surgery Sequence

For a (compact) G-manifold N it is a basic problem to classify its (simple) homo-
topy G-structures of pairs (M, _f ) with M a G-manifold and f : M--+ltl a (simple)
G-homotopy equivalence (rel d). We can take manifold to mean either smooth or
locally linear PL.

The local tangent representations for M and // need not to agree, but we fix
them. To this end we pick an O(G)-functor

( 4  1 ) t o : n c  N - - ß n

and consider triples (M,.f,a) of a G-manifold M, a G-homotopy equivalence
. l  :  M-+l{  wi th d/ '  an isomorphism and an o(G)-transformat ion @:tpr--+. f 'x to.

t I
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Given (M,.f ' ,ot), there exists an (O(G)-transformation
functors with range ßf,) uniquely determined by

267

r : r f i -+ tp iu (of  (O(G)-

(4.2) Deg ( . f ,  ( . / ' * r  "  o ' )  t  
) :  1

(cf .  [8]) .  we want to f ix  a lso r  and let  ?"be the tr ip le T:( to,r ,K) where K:s or h
indicates i f  we work wi th s imple G-homotopy equivalences or not: i f  rc:s both /
and r  should be simple,  cf  .  ( I .2.4).

Define the set of Z-restricted homotopy G-structures 9{(w,äN) to be the
equivalence classes of triples (M, J',a-r) which satisfy (4.2) and where / is simple if
K :.t. Two G-structures (Mo, .fä. ai and (M r, J\ , ar) are equivalent if there is a
(simple) G-homotopy equivalence of triads

F :  (P,  APo, APr)-( l /  x 1,  N x 0,  N x 1 udN x I \  .

and an O(G)-transformation

Q : tPr -+F*Pr {  to ,

and G-isomorphisms (diffeomorphisms or pz-isomorphisms)

ur:  M,--+f i .P

such that the obvious compatibil i ty conditions are satisfied.
There is a similar definit ion of l-restricted normal maps f[ (X,ä1/) where we

drop that J is a (simple) G-homotopy equivalence but retain the bundle data via a
bundle map ./: TM @tr<k--'(, give an o(G)-transformation I :tpr--+lkro, and sti l l
requ i re  degree l .

With these definit ions it is easy to construct an action

a:  g f * r (no  N. I ro , I tp r , I r )  x , f l ( l / ,  äN) - -  g [  (N, i .N)

and a map

a : 9[ (N, AN) -- r[ (N, aN)

which is constant on orbits under a and a map given by the surgery obstruction,
cf .  ( I .g 3)

I : .,ff (N, AN) --, g; (no N, /0, rpN, r) .

One simply imitates the definit ions lrom [13, ch. 10] using the n-n-theorem in the
def in i t ion of  a.  This gives:

(4 3) Theorem. If both N and N x I satisJy the strong gap conditions (I.1 .1 8) then
there is an e,ract sequence

gfr r(n" N,I ro , I tpr, I r) :-, g[ (N, AN) L .f I fN, A1/)

J-, g;("G l,{, to, tp", z)

Thus 7- t (0) : Im (fi and two elements sr, s, e gf (N, aN) agree under 4 if and onty tf
they belonq to the same orbit. n

If Y[(N, AN) contains an isomorphism or, equivalently, if to=tp" then the
sequence in 4.3 can be continued to the left to give a long exact sequence. Set
p:7nc I '{, tprv,tpr, id) and suppose It{ x D"+r ind N ruiirfy the strong gap

I
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condi t ions L  1 .18.  Then the sequence

9f*^*,( I ' * t  R) : -- , r [  1w x D^,a) r- ,  .1. [  (u x D^.a')
:-- 9[*.(l'R;-- " '

is exact_if ?': (tp,v, id, rc). The normal invariants are independent of K:., or h, andcan, in favourable circumstances be given by an homotopy functor, see [3] and [10].
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