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Torsion and fibrations

By Wolfgang Liick, Thomas Schick and Thomas Thielmann at Miinster

Abstract. We study the behaviour of analytic torsion under smooth fibrations.

Namely, let F - E —/, B be a smooth fiber bundle of connected closed oriented smooth
manifolds and let V' be a flat vector bundle over E. Assume that £ and B come with
Riemannian metrics. Suppose that dim(£) is odd and V' is unimodular and comes with
an arbitrary Riemannian metric or that dim(£) is even and J comes with a unimodular
(not necessarily flat) Riemannian metric. Let g, (£; V") be the analytic torsion of E with
coefficients in V, let g,,(F,; V') be the analytic torsion of the fiber over b with coefficients
in V restricted to F, and let Pf; be the Pfaffian dim(B)-form. Let H{ (F; V') be the flat
vector bundle over B whose fiber over b€ B is H{; (F,; V') with the Riemannian metric
which comes from the Hodge-deRham decomposition and the Hilbert space structure on
the space of harmonic forms induced by the Riemannian metrics. Let o,, (B; Hi& (F;V))
be the analytic torsion of B with coefficients in this bundle. The Leray-Serre spectral
sequence for deRham cohomology determines a certain correction term of( /). We
prove

Qun(E:V) = [ 00 (F: V) - Py + Y (= 1)7 0,,(B; H& (F: V) + 0z (/) -

This formula simplifies in special cases such as bundles with S" as fiber or base, in which
case the correction term g5 (/) reduces to the torsion of the associated Gysin or Wang
sequence, resp.

0. Introduction

Let M be a connected closed smooth manifold with Riemannian metric and V be a
flat vector bundle with a not necessarily flat Riemannian metric. The definition of analytic
torsion due to Ray and Singer [20] for an orthogonal representation V, or, equivalently,
for a flat Riemannian metric on ¥, still makes sense in the setting above ([1], page 35 and
[18], page 730). Namely, let {,(s) be the zeta-function of the Laplace operator

AP QP (E; V) > QP (E;V)
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which is for Re(s) >> 0 the holomorphic function ) A7* where A runs over the positive
A>0

eigenvalues of AP. It has a meromorphic extension to the complex plane which is analytic

in zero. Define

0.1) Can(EsV) =5+ ) (=D q-{,(0) eR.

q=0

1
2
We want to study it for smooth fiber bundles. The main result of this paper is

Theorem 0.2. Let F — E —— Bbe asmooth fiber bundle of connected closed oriented
smooth manifolds and let V' be a flat vector bundle over E. Assume that E and B come with
Riemannian metrics. Suppose that dim(E) is odd and V is unimodular and comes with
an arbitrary Riemannian metric or that dim(E) is even and V comes with a unimodular
Riemannian metric or that dim(E) is even and V comes with a unimodular Riemannian
metric. Then

Can(E3V) = [ 0un (B3 V) - Py + Y (= 1)1+ 0,0 (B HR (F: V) + 057 (/). O

Here are some explanations of the assumptions and the formula in Theorem 0.2.

For a path w in E the fiber transport gives a linear isomorphism V, : ¥, o — V.,
which depends only on the homotopy class relative endpoints of w since V is flat. We call
V unimodular if for one (and hence all) e € E and all loops w with base point ¢ we get
|det(V, :V, - V)| =1. We call a Riemannian metric on V unimodular if for any path w in
E we get det(V,* o V,,: ¥, 0y = Vi0)) =1 where V* is the adjoint of ¥, with respect to the
Hilbert space structure on the fibers of V' given by the Riemannian metric. This is a weaker
condition than being a flat Riemannian metric what would mean that V, is always an
isometry. Notice that ' is unimodular if and only if it carries a unimodular Riemannian
metric.

Of course g,,(E; V') is just the analytic torsion with respect to the given Riemannian
metrics on E and V. These induce also a metric on H (E, V). Each fiber F, =p~'(b)
inherits a Riemannian metric from E by restriction. We denote the restriction of V' to F,
again by V. Hence g,,(F,; V) is defined and is a smooth function in b € B.

Let Pf; be the Pfaffian dim(B)-form on the oriented Riemannian manifold B. It is
a representative of the Euler class of B in Chern-Weil theory and satisfies by the Gauss-
Bonnet theorem

| Pfy = 2(B)

where y(B) is the Euler characteristic. If dim(B) is odd, then Pfy is defined to be zero.

Let #U(F,;V) be the space of harmonic g-forms, i.e. the kernel of the Laplace
operator A?: QI(F; V) - QU(F,; V). It inherits an inner product from the Riemannian
metrics on £, and V. The harmonic Hilbert structure on the deRham cohomology H{, (F,; V')
is the Hilbert space structure for which the canonical Hodge isomorphism
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HUEV) » Hig (B V)
is isometric. Thus we get a Riemannian metric on the canonical flat vector bundle H{ (F; V)
whose fiber over be Bis Hi (F,; V). Hence the analytic torsion g, (B; Hi (F;V')) is defined,
and HZIy (B, Hix (F,;V)) inherits a natural Hilbert space structure.

There is the following natural descending filtration of the deRham complex Q* (E; V).
Define F,Q"(E; V') to be those n-forms with coefficients in J which can be written as finite
sums of n-forms on E with coefficients in ¥ of the shape w A f*5 for w e Q" *(E; V') and
neQ*(B) for some k=p. This filtration is compatible with the differential since
dloAf*n)=dw)Af*n+ wnf*d(n). The associated spectral cohomology sequence is

the Leray-Serre spectral sequence for deRham cohomology, which we recall in Section 4.

Part of the Leray-Serre spectral sequence for deRham cohomology is the filtration
of the cohomology H"(E; V)

{0} — f;n+1,71C CFp+1,n7p71CFp,n7pC C};VO,n — H(J;R(E’ V),
the natural identification of the E,-term
(0.3) Vit Hig (B Hig (F;V)) = EP9,

the identification of the cohomology of the r-th term of the spectral sequence with the
(r + 1)-th term and the identification of the E,_-term with the filtration quotients

~/
Opt: HO(EP =01 =5 Eps,

wp,q:Fp,q/FerLq*l = sy EP4.
For r sufficiently large, the differentials in £** are trivial.
Next we explain the term o3 ( /) appearing in Theorem 0.2.

For a linear isomorphism f: V' — W of finite-dimensional real Hilbert spaces, set

(0.4) [/] ==§ln(|det(f*f>|) eR.

Let C = C* be an acyclic finite Hilbert cochain complex. Define
0.5) 0(C):=[(c*+7y*):C" > CY]eR
where c¢* is the differential and y* a chain contraction. If /: C — D is a chain homotopy

equivalence of finite Hilbert cochain complexes, cone( /) is the cochain complex with n-th
differential

</in _don_1>:cn®Dn—1_)Cm+l(_BDn'
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It is acyclic and we define

(0.6) 1(f) =g (cone([)).

Let C be a finite Hilbert cochain complex such that H(C*) carries a Hilbert structure.
There is up to homotopy precisely one chain map i: H(C) — C whith H(i) = id, where
we consider H(C) as a cochain complex with the trivial differential. Define

(0.7) 0(C)i=—1(i)eR.

In the Leray-Serre spectral sequence, equip E%'¢ with the Hilbert space structure
which makes V77 to an isometry. Equip inductively EF*™4= =D p(pp*r-4-=1x)
(r = 2) and EP'“ with the Hilbert sub- and quotient structures. In particular, ¢! become
isometries. Equip F79 < HE9(E,V)and F74)F? 147! with the Hilbert sub- and quotient
structures. Now define

GRUN= 5T S B = S (1 [y

r=z2 p=0 ¢
This number depends only on f and the Riemannian metrics on E, B and V.

In general the correction term g58( /) is very involved and is as complicated as the
Leray-Serre spectral cohomology sequence is. However, there are cases where g8 (/) and
the whole formula in Theorem 0.2 are easy to understand. Namely, we will prove under
the assumptions of Theorem 0.2 the following three corollaries. The first one generalizes
a result of Fried [7] for orthogonal V.

Corollary 0.8. Suppose that Hig (F; V') vanishes for all q. Then y(B) - 0,,(F; V) is
independent of b and

0un (B3 V) = 2(B)  0un (B3 V). DO

Corollary 0.9. Suppose that F is S" and V = f*W for a flat vector bundle with Rie-
mannian metric over B. Let G* be the acyclic cochain complex of finite-dimensional Hilbert
spaces given by the Gysin sequence

o Hp ) 2D mre Bow) L Hpgr (B V)

w2

where A e(f) is the product with the Euler class e( f) € Hjg ' (B) of the sphere bundle, | is
integration over the fiber and G' = H% (E; V). Then the torsion ¢(G*) e R is defined and
we get:

Qan (B V) = 7(S") - 0,0 (B: W) +0(G*). D

The condition V= f* W is no loss of generality, provided that n = 2 or that f induces
an isomorphism 7, (E) — 7, (B).
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Corollary 0.10. Suppose that B= S". Let W* be the acyclic cochain complex of finite-
dimensional Hilbert spaces given by the Wang sequence and the harmonic structures for some
beB:

> Hig WESV) —» Hig "B V) = Hig "(By V) > Hig(E;V) — -+
where W' = H (E; V). Then
Qun (E5V) = 2(S")  0uu (B V) + (W) . O

We make some remarks about the proof of Theorem 0.2. It will depend on the
following deep results of Bismut-Zhang [1] and Miiller [18]. In the sequel M is a con-
nected closed oriented Riemannian manifold and V is a flat vector bundle over M with
Riemannian metric. We have introduced the analytic torsion g,,(M; V') above. Its topo-
logical counterpart

(0.11) Qip(M; V)R

is the Milnor torsion of M with respect to some triangulation and the harmonic Hilbert
structure on cohomology which we will recall in Definition 3.3.

Theorem 0.12. If the Riemannian metric on V' is unimodular, then
Qun (M3 V) = 04, (M:V) . O

Let g, and g,, be two Riemannian metrics on M and g, and g, be two arbitrary
Riemannian metrics on V. Let ¢,,(M; V') and g,,(M; V') be the analytic torsion with respect
to (gygy) and (g, &gy). Analogously we denote the Hilbert spaces Hf(M;V') and
HpPy (M; V) equipped with the harmonic Hilbert structures with respect to (g,,,g,) and
(24-8y) and the Hilbert spaces V, and V, equipped with the Hilbert structure with respect
to g, and g,. Denote by Pf,, the Pfaffian with respect to g,,. Let Pf(M,g,,,g;,) be the
Chern-Simons n — 1-form. Its image under the differential is the difference of the two
Pfaffians of M with respect to g,, and g,,. Let 0(V, g,;) be the closed 1-form defined in
[1], Definition 4.5. It measures the deviation of g, from being unimodular and vanishes
if g, is unimodular.

Theorem 0.13. We get under the conditions and in the notations above:

1. If dim(M) is odd, then

0 (M; V) = 0LV = — Y (—1)7 - [HE(M; V) — HE (M V)] .

2. If dim(M) is even, then

0 (M V) — 0 V) = — Y (=) [HE (M3 V) — HE (M V)]

d 75 — == —
+ j [[Vx—’Vx]‘PfM_ jH(VagV)‘Pf(M’gM’gM)' o
M M
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Theorem 0.12 and Theorem 0.13 for odd-dimensional M are Theorem 1 and Theorem
2.6 of Miiller [18], who generalizes Cheeger’s and his proof [3] and [17] of the Ray-Singer
Conjecture ¢,,(M; V) = g,,,(M; V") for orthogonal representations V' to the unimodular
setting. Bismut and Zhang [1], Theorem 0.1 and Theorem 0.2, have generalized Miiller’s
work to all dimensions and to a setting where J' is not necessarily unimodular. We say
more about their version of Theorem 0.12 in Section 6.

Theorem 0.12 and Theorem 0.13 enable us to show that Theorem 0.2 follows from
its topological version. This will be done in Section 6 where we also explain how Corollaries
0.8, 0.9 and 0.10 follow from Theorem 0.2 and its topological version. In the topological
case we can treat a more general setting. Namely, we consider a fibration f: £ — B such
that B is a connected finite CW-complex, the homotopy fiber has the homotopy type of
a finite CW-complex and a certain cohomology class 0, € H !(B;Wh(E)) vanishes. Then
we get for a local coefficient system J with unimodular Hilbert structure, and fixed Hilbert
structures on the relevant singular cohomology groups:

Theorem 5.4.

Q(E;V) = x(B)-o(F;V)+o(B; Y. (— 1)1 H& (F;V)) + 0k, (f). O

Freed [6] obtained results about torsion and spectral sequences similar to those of
Section 4. The latter are used to deduce the topological fibration formula. There is also
work of Maumary [13] about Whitehead torsion and spectral sequences.

The topological version includes manifolds with boundary and the question whether
Theorem 0.2 generalizes to manifolds with boundary comes down to the question whether
Theorem 0.12 and Theorem 0.13 generalize to manifolds with boundary. At least under
the condition that V' is an orthogonal representation Cheeger and Miiller’s results for
closed manifolds have been extended to manifolds with boundary (see [8], [9] and [11]).

There are also interesting generalizations of the topological versions to other settings.
For example one can consider an L?-version. Or one can substitute V' by a local coefficient
system of finitely generated projective modules over a ring R. Then the torsion takes value
in the algebraic K-theory of R.

Instead of explicitely choosing Hilbert structures to define torsion as a real number,
one can consider it as an element in certain determinant spaces. The latter approach has
the advantage not to depend on artificial choices. However, it does not allow the general-
izations we have mentioned. In particular, one is bound to the finite dimensional setting
(i.e. even the singular cochain complex of a finite CW-complex is not allowed). Also, if
one carries out explicit computations, in most cases it is preferable to deal with real
numbers. Therefore we used the first method. In our context, both languages are completely
equivalent and we supply a dictionary to translate between them in Appendix A. One
should also mention that there is a third equivalent approach which uses norms constructed
on determinant lines (compare [1]).

Finally we mention that in the case where V' is orthogonal Dai and Melrose [5] have
proven the formula of Theorem 0.2 in the adiabatic limit by completely different methods,



Liick, Schick and Thielmann, Torsion and fibrations 7

namely, by a careful analysis of the heat kernel in the adiabatic limit and the adiabatic
version of the Leray-Serre spectral sequence [ 14]. We remark that in the special case where
V' is an orthogonal representation g,, (£; V') vanishes if dim (£ is even but this is not true
in general for a non-flat Riemannian metric on V.

The first two authors decidate this paper to their friend and colleage Thomas Thiel-
mann who died in a car accident in November 1994,

1. Simple structures on spaces

In this section we explain additional structures on arbitrary topological spaces and
fibrations which allow the definition of torsion invariants on them. This extension from
the category of finite CW-complexes serves two purposes: on the one hand there are
interesting spaces which are not finite CW-complexes, f.i. classifiying spaces of discrete
groups. On the other hand, our approach singles out what exactly is used in the definition
of torsion invariants, and this definitely clarifies the exposition.

We will always assume for a pair of spaces (X, 4) that the inclusion of 4 into X is
a cofibration. This condition is satisfied if (X, 4) is a pair of CW-complexes or if X is a
manifold with submanifold 4. A map (F, f): (X, A) - (Y, B) of pairs is a relative homo-
topy equivalence if Fuid: X U, B — Y is a homotopy equivalence. Here X' U, B is obtained
from X | | B by identifying a € A with f'(a) € B. Notice that (F, /) is a homotopy equivalence
of pairs if and only if f is a homotopy equivalence and (F, /) is a relative homotopy
equivalence. Given a cellular relative homotopy equivalence (F, f) : (X, 4) — (Y, B) of pairs
of finite CW-complexes, define its Whitehead torsion as the Whitehead torsion of the
homotopy equivalence Fuid: XU, B — Y of finite CW-complexes

(1.1) t(F, f)=1(Fuid) eWh(Y).

We refer to [4], §6, §21 and §22, for the definition of the geometric Whitehead group and
Whitehead torsion and their identifications with the algebraic Whitehead group Wh(z,(Y))
and Whitehead torsion. Notice that 7(F, /) depends only on the homotopy class of (F, f)
and satisfies the composition formula, the formula for pairs and the product formula as
stated in 1.6. This follows from the special case 4 =0 in [4], §22 and §23. Given a pair
(Y, B), we call two relative homotopy equivalences (£}, f;) : (X;, 4;) = (¥, B) with pairs of
finite C W-complexes as source for i =0, 1 equivalent if

T((G,g) ° (FOsfo)) = ‘C((G,g) ° (F1af1))

holds for any relative homotopy equivalence (G, g): (Y, B) —» (Y', B’) into a pair of finite
CW-complexes.

Definition 1.2. A relative simple structure on a pair (Y, B) is an equivalence class of
relative homotopy equivalence (F, f): (X, A) — (¥, B) for a pair of finite CW-complexes
as source. O

1.3. Let (X, A) be a pair with a relative simple structure and g: 4A” — A be a homo-
topy equivalence with a finite CW-complex as source. Then we can extend g to a repre-
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sentative for the simple structure (G, g) : (X", 4”) — (X, A) which is a homotopy equivalence
of pairs as follows.

Choose some representative (F, f): (X', 4") —» (X, A) for the given simple structure.
Furthermore choose a homotopy inverse g~ ': 4 — A", a homotopy ¢ from g"'cf to a
cellular map A’ — A" and a homotopy y from gog™ o f to f. Let X" be the finite CW-
complex X'u, A" Define (G, g): (X", 4") — (X, A) by the following composition of (re-
lative) homotopy equivalences or their homotopy inverses

X'y, A" = X' x[0,1]u, A"« X' Uyer, ;A" > X'y y-1. A
- X' x[0,1]u, 4« XU, 4> X.

The proof that (G, g) represents the given simple structure is done by the results of [4],
§5. O

1.4. Given a (relative) simple structure on (X, 4) and on 4, we construct a preferred
simple structure on X as follows. Because of 1.3 there is a homotopy equivalence of pairs
(G,2): (X", A") - (X, A) such that it represents the given relative simple structure on (X, 4)
and g represents the given simple structure on 4. The preferred simple structure on X is
then represented by G. This is independent of the choice of (G,g) by 1.6. O

Given a relative homotopy equivalence (F, f): (X, 4) — (Y, B) of pairs with relative
simple structures, we still can define its (relative) Whitehead torsion

(1.5) t(F, f) e Wh(Y)

as follows. Choose representatives (G,g): (X', A") —» (X, A4) and (H,h): (Y',B')— (Y, B)
for the relative structures. Because of 1.3 one can arrange that (H, /) is a homotopy equiva-
lence of pairs. Define 7 (F, /) as the image of Whitehead torsion © ((H,h) o (F, f) - (G, g))
defined in 1.1 under the map H, : Wh(Y') - Wh(Y) induced by H.

1.6. We have already mentioned homotopy invariance, the composition formula

1((G,g) * (F, /) =1(G,8) + G, 1(F, f)
the formula for pairs
T(F) =t(F, f)+i,7(f)
and the product formula

t((F, ) xidy) = x(Y) - i, T(F, f)

where i denotes the obvious inclusions. One easily checks that they remain true in the
more general case that (X, 4) is not necessarily a pair of finite C W-complexes, but carries
a relative simple structure. 0O

1.7. Let f: E — B be a fibration such that B is a finite C W-complex and the fiber
has the homotopy type of a finite CW-complex. Suppose that we are given a cellular base
point system {b.|c € I} for B, i.e. a choice of points b, in the interior ¢° for each ¢ € I where
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here and elsewhere I, is the set of n-cells and [ is the disjoint union of the 7,-s. Further-
more suppose that we have specified a simple structure on each fiber F, = f~'(b,). We
want to define a simple structure on £ depending only on these choices as follows. Recall
that any homotopy class of paths w from b, to b, defines a homotopy class of homotopy
equivalences ¢,,: F, — F, by the fiber transport [21], 15.12.

Let E, be f~*(B,). As B,_, — B, is a cofibration, the same is true for E, _, - E,
[22], I.7.14. Because of the construction 1.4 it suffices to specify a relative simple structure
for (E,, E,_,) for all n = 0. This will be done by the next Lemma 1.8 taking into account
1.6 and that the Whitehead torsion of any homotopy equivalence (D", S" ') — (D", S" 1)
is trivial since D" is simply-connected and hence Wh(D") is trivial. O

Lemma 1.8. Suppose we have specified a cellular base point system for B and for each
element in I, an orientation. Then there is a relative homotopy equivalence which is uniquely
defined up to homotopy

U FbCX(Dnasn_l) - (En’Enfl)'

cel,

If we change the orientation of the cell c, then the map is changed by the selfhomotopy
equivalence id X s : F,_x (D", 8"~ h - F, x (D", S"~ 1) where s is a map of degree —1. If we
change the base point b, of ¢ to b, then the map is changed by the homotopy equivalence
txid: F, x (D", S""1) = F, x (D", 8"~ ') where t: F, — Fy, is given by the fiber transport
along any path in c° connecting b, and b,.

Proof. The map will be constructed as the composition of the following four maps
or their homotopy inverses.

There is up to homotopy one orientation preserving homotopy equivalence of pairs
(D", S" 1) > (¢°,¢° — b,). This gives the first map

I £, xD"S" " - [] F,x(c°c"—b,).

cel, cel,

Choose a homotopy ¢, : ¢° X [0,1] — B from the canonical inclusion ¢® — B to the constant
map with value b, such that its evaluation at b, gives a path within ¢°. By the homotopy
lifting property we obtain a strong fiber homotopy equivalence which is unique up to fiber
homotopy [21], Proposition 15.11

icx (co’co_bc) - (E|c ’E|c“7bc)‘

The second map is the disjoint union of these maps over I,. The third map is the relative
homotopy equivalence given by the inclusion

]_[ (E|c"’E|c"*bc) - (EnﬂEan*{ u bc})-

cel, cel,

The fourth map is the homotopy equivalence of pairs given by the inclusion

(EnsEn—l) - (En7E|B,,—{ I bc))-

cel,
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This finishes the proof of Lemma 1.8. O

1.9. Let {b|cel} and {b |ce I} be two base point systems and suppose F, and
F,, come with simple structures. Let ¢ and ¢’ be the simple structures on E given by the
construction 1.7 for these two choices. Let 7, : F, — Fb; be the homotopy equivalence which
is given by the fiber transport along any path in ¢° from b, to b,. Denote by i(;): F,, —» E
the inclusion. Then we get from 1.6 and Lemma 1.8

t(id: (E,0) > (E,0) = Y (=D)" Y i(b),t(t,: K, — F). O

n=0 cel,

Next we give a criterion when the choice of base point system does not affect the
simple structure on E. Fix a base point b € B. Given an element w in 7,(B, b), define

0,(w) =i(b),t(t,: F, > F,) e Wh(E)

where 7, is the fiber transport and i(b) : F, — E is the inclusion. As i(w(1)) o t,, ~ i(w(0))
holds for any path w in B, one easily checks using 1.6 that this defines a homomorphism
from 7, (B, b) to Wh(E) and thus a cohomology class which is independent of the choice
of be B

(1.10) 0,€ H'(B;Wh(E)).

Definition 1.11. A choice of simple structures on the fibers is a choice of simple
structure on each fiber F;. It is called coherent if for any path w in B we get

i(w(),t(t,: Fyoy = Fy1) =0 Wh(E). O

1.12. Notice that a coherent choice of simple structures on the fibers exists if and
only if 0, is trivial. If we fix a coherent choice of simple structures {c(F,)|b € B} on the
fibers, the induced simple structure o on E of 1.7 is independent of the cellular base point
system by 1.9. Moreover, if we have a different choice of coherent structures on the fibers,
then

t(id: (E,0) - (E,0") = 72(B) - i(b), (e (id : (Fy, 0 (F})) ~ (F,,0'(F)))) .

In particular we see for a fibration p: E — B over a finite CW-complex B such that the
homotopy fiber has the homotopy type of a finite CW-complex and y(B) =0 and 0, =0
holds that E has a preferred simple structure. 0O

Lemma 1.13. Let F— E —2— B be a smooth bundle of compact smooth manifolds.
Equip B and each fiber with the simple structure given by a smooth triangulation. This gives
a coherent choice of simple structures on the fibers. Then the simple structure on E given by
a smooth triangulation agrees with the one given by 1.7. 0O

Remark 1.14. The construction 1.7 can be extended to the case where B is not
necessarily a CW-complex but carries a simple structure. Namely, choose a representative
g: X - B of the simple structure. The pull back construction yields a fibration f: g*E —» X
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and a fiber homotopy equivalence g : g*E — E. Equip f with the coherent choice of simple
structures on the fibers induced by g and the given one of f. Construction 1.12 applies to
fand gives a simple structure on g*E. Equip E with the simple structure for which 7(2)
vanishes. It is not hard to check that this is independent of the choice of the representative
g. The main step is to show in the case where X and B are finite C W-complexes and g is
an elementary expansion that 7(g) vanishes with respect to the simple structures on E and
g*E given by construction 1.12. O

2. Milnor torsion for cochain complexes

In this section we give a brief introduction to torsion invariants of cochain complexes
as defined in the introduction. We give no proofs but refer to [16] and [12].

Given linear isomorphisms f, g of finite-dimensional real Hilbert spaces, the number
[-] of 0.4 has the following properties:

2.1 [/]=In(ldet(4)|) eR

where A is the matrix describing f* with respect to some choice of orthonormal basis for
source and range.

[foel=[r1+1el.

(5 )]]-11+1a
=11

Let C = C* be a finite Hilbert cochain complex, i.e. a cochain complex of finite-dimen-
sional Hilbert spaces such that C'=0 for |i| = N for some natural number N. If C is
acyclic, we defined in (0.5) o (C):=[(c* + y*): C*" - C°%] € R, where ¢* is the differential
and y* a chain contraction. This is independent of the choice of y*. For f: C — D a chain
homotopy equivalence of finite Hilbert cochain complexes, #( /) was defined in (0.6). It
turns out that ¢( ') depends only on the homotopy class of f and t(fog)=1t(f)+ t(g).
Notice that with these conventions we get for an isomorphism f: C — D of finite Hilbert
cochain complexes

t(H)=x =01

Let C be a finite Hilbert cochain complex such that H(C*) carries a Hilbert structure, i.e.
H"(C*) is equipped with a Hilbert space structure for each ne Z. If i: H(C) - C is the
chain map which induces on cohomology the indentity, we defined ¢ (C):= — (i) € R. The
minus sign ensures that this definition coincides with the one in 0.5 in the acyclic case. If
we fix an orthonormal basis for each C" and each H"(C), then the logarithm of the torsion
defined by Milnor [16], page 365, is ¢(C).

Let C be a finite Hilbert cochain complex and equip ker(c?) and im(c? ') with the
Hilbert substructures and H?(C) = ker(c?)/im(c? ') and CP?/ker(c?) with the quotient
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Hilbert structures. If c?: C?/ker(c?) — im(c?) is the obvious isomorphism induced by ¢?
and A?: C?/ker(A?) — C?/ker(AP) is the automorphism induced by the endomorphism
AP = (cP)*oc? + P o (¢P1)*: CP — CP, then we get

0D @ =T [@] = =T p- 3 (et (@),

A simple structure on a (real) cochain complex C is an equivalence class of chain
homotopy equivalences u: C — C with a finite Hilbert cochain complex as source where
u and v: C — C are equivalent if 7(v™ ! o u) vanishes. Let : C — D be a chain homotopy
equivalence of cochain complexes with simple structure. Define

2.3) ()=t o fou)eR

for any representatives u: C — Cand v: D — D of the simple structures. Let C be a cochain
complex with simple structure such that H(C) has a Hilbert structure. Define

24) e(C)=¢(C)eR

for any representative u: C — C where we use the Hilbert structure on H(C) for which
H(u) is an isometry.

Next we collect the basic properties of these invariants. We mention that one firstly
verifies them for finite Hilbert cochain complexes and uses this to show that the definitions
and results extend to cochain complexes with simple structures.

If0 - C—- D — E — 0is an exact sequence of finite Hilbert cochain complexes, we
can view C" - D" —» E" as an acyclic finite Hilbert cochain complex concentrated in
dimension 0, 1 and 2 and define

0(C—> D — E):= Z (=" o(C"—> D"—> E").

neZ

This extends to an exact sequence 0 - C - D — E — 0 of cochain complexes with simple
structures as follows. Construct a commutative diagram of cochain complexes

with the property that the rows are exact and the vertical arrows are homotopy equivalences
which represent the given simple structures. In particular the lower row is an exact sequence
of finite Hilbert cochain complexes and we put

(2.5) 0(C—>D—E)=9(C—>D-E).

2.6. In the following list of basic properties all cochain complexes come with simple
structures.
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1. Homotopy invariance.
f=g=1(f)=1().
2. Composition formula.

1(fog)=1(f)+1(2).

3. Exactness.

Given a commutative diagram of the shape above with exact rows and homotopy
equivalences as vertical arrows, then

()=t +th)y=0(C—-»D—-E)—o(C—-D—E).
4. Sum formula.

Let 0 > C—> D — E — 0 be exact and the cohomolgy of C, D and E come with
Hilbert structures. Let LHS be the acyclic finite Hilbert cochain complex given by the
long cohomology sequence where LHS® = H°(C). Then:

0(D) —o(C)—(E)=9(LHS)—9(C—> D - E).
5. Transformation formula.

If /- C — D is a homotopy equivalence and the cohomology of C and D come with
Hilbert structures, then:

e(C)—eD)=1(H)— X (=0 [H"(N].

neZ

3. Milnor torsion for spaces and local coefficient systems

The fundamental groupoid IT(X) of a space X has as objects points in X and a
morphism w: x — y is a homotopy class relative to end points of paths in X from y to x.
For x € X let X(x) be the set of all morphisms w: x — y with x as source. The projection
p(x): X(x) > X sends w to y. Assume that X is locally path-connected and semi-locally
simply connected. This condition is always satisfied if X is a CW-complex or manifold.
It ensures that there is precisely one topology on X (x) such that p(x) is a model for the
universal covering of the path component of X containing x. Thus we get a contravariant
functor

X:II(X) - SPACES.

Composing it with the covariant functor singular chain complex with real coefficients
yields the contravariant functor

Csne(X): 1(X) > R— CHAIN.

A local coefficient system }J on X is a contravariant functor V: II(X) - R — VECTOR
into the category of finite-dimensional real vector spaces. For instance a flat vector bundle
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over X defines a local coefficient system. Define the singular cochain complex and the
singular cohomology of X with coefficient in V by

(3.1) C(X;V):=hom (Ci(X), V),
(X; V)= H*(C(X; V)

smg sing

where hom denotes the real vector space of natural transformations.

Suppose that X is a CW-complex. Then X becomes a functor from IT(X) into the

category of CW-complexes and we can define the cellular versions CZX, (X;V) and

HZE, (X; V) of the definitions above by using the cellular chain complex instead of the
singular one. There is a homotopy equivalence

(32) cell (X V) - CsTng(X’ V)
which is unique up to homotopy dnd naturdl in X and V ([10], page 263). It induces a
natural isomorphism HZ, (X V) — HZ (X V).

Let X be a space and V°, V', ..., V" local coefficient systems. We say Y (—1)4- V4
is unimodular if we have for each automorphism w: x — x in IT(X) =0

[T 1det(K7: V2 > VP =1.
q=0

A Hilbert structure on 'y, (—1)?-¥V4is a choice of Hilbert space structure on V4 for each
q=0

ge{1,2,...,r} and x € X. It is called unimodular if we have for each morphism w:y — x

in I1(X)

Z (_1)q.[[/ququ_,yyq]}:0

in the notation of 0.4. Notice that ) (—1)?-¥“is unimodular if and only if it admits a

unimodular Hilbert structure. a=0

Definition 3.3. Let X be a space and VO, V!, ..., V" be local coefficient systems.
Assume that X comes with a simple structure, ) (—1)¢- V4 with a unimodular Hilbert

q=0
structure and HZ _(X;V9) with a Hilbert structure. Define the Milnor torsion

sing

Q(X; Z (—1)"'V"> Z (=D o(CE (X VD)

where ¢ (C,,(X; V) was defined in (2.4) and we use the simple structure on C
defined below. 0O

XV

smg
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Let f: Y — X be a representative for the simple structure on X. Fix a cellular base
point system {b |ce I}, i.e. a choice of base points b, e c° for each cell ¢ of ¥, and an
orientation for each cell c. For each cell ¢ there is precisely one lift & = ¥(b,) which contains
the canonical base point in ¥ (b,) given by the constant path at b,. The orientation of ¢
induces an orientation of ¢ Thus we get an element [¢] e Cgf’j}(c)(f’(bc)). Define an iso-
morphism

3.4 Cean (V. f*V) > DV, 1 ((B)[ED)ecr, -

cel,

Equip CZ,, (Y, f* V%) with the Hilbert structure induced by the isomorphism 3.4 above and
the given Hilbert space structure on the various V{, )-s. The desired simple structure on

Cog (X3 V1) is represented by the composition of the chain homotopy equivalences given
by (3.2) and f

(f)1

Coan (Y [V = CL, (Y f* V) —— X; 7).

sing smg

The choice of the orientations of the cells does not affect this simple structure. If we
change the base point system, the simple structure and hence o(CX _(X;V')) changes.

sing
However, Z (=14 Q(CSlng (X;V)) does not change because of the formulas 2.6 and the
q=0
assumption that the Hilbert structure on Z (—1)4- V4 is unimodular.
q=0

r

If > (—1)-V4is unimodular, we can define a homomorphism
q=0

(3.5) q§< Z (—1)q-Vq>:Wh(X) SR
qg=0

as follows. An element [#] € Wh(X) can be represented by an automorphism u: M — M
of a finitely generated free Z I1 (X )-module M. Composition with u defines an automorphism
u?:hom (M, V?) - hom (M, V7 of a finite-dimensional real vector space. Put

cb( > (—1)‘1-V"> ([ul)= 3 (~1)7 In|det(w)].

.
The unimodularity condition on ), (—1)?- V' ensures that trivial units are send to 0. The

q
following lemma is a consequence of the definitions and the formulas 2.6.

Lemma 3.6. Let f: X — Y be a homotopy equivalence of spaces with simple structures.
Let VO,V ..., V" be local coefficient systems on Y. Assume that V := Z (=12 V4 comes

with a unimodular Hilbert structure and HX (X; f*V4%) and H

sing (Y; V") come with Hilbert
structures. Then:

Smg
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e(YVsV) —o(X; f*V) =@ (V) (2(f))

— Z (=D% Y (=D)?- [ fPHE (Y;V) - HE (X f*V)]. O

pz0

4. Torsion and spectral sequences

Let C be a cochain complex with finite descending filtration by cochain complexes £, C
C=FKCoFKCoFKCos - oFRCoE, ,C> -

Finite means that there is a natural number / with F;C = {0}. Put F,C = C for p < —1.
We recall the construction of the associated spectral cohomology sequence (Ej*, df*
converging to H*(C) since we will need it explicitely (see [2] or [15]). In the sequel 0
denotes the boundary operator of the long exact cohomology sequence associated to a
short exact sequence of cochain complexes. We will abbreviate F,C by F,. Define for r = 1:

Zpa—im(H? (B [F,.,) » H 9(E [E,. ).
Bra=im(H? " (F,_, ., |F) —— H"*(F,/F,.,)),
Zrt=im (H?*9(E) - HP*(E |F,, ),

Brt:=im (H? 9~ (C/E) —— H" 4(E |F,, ),
Epts= 709/ BP,

Epa— 204/ Bra,

Fra=im (H?*4(E) » H?*1(C)).

We have the inclusions:
0} =Bptc - cBrBCZ e ZPle e e 2 = HP (R ).

The map H?*9(Fy/E,,) = HP*4(E, [F, , ) resp. HP*4(E, [ F,,) > H? " V(F B )
is induced by the inclusion resp. is a boundary operator. We get epimorphisms

HP (B, ) — Z1) 21,
and

HPYU(E [F,,) — BRI~ 1 Bperaret,

Now the standard diagram chase shows that these maps have the same kernel. Hence we
obtain canonical isomorphisms
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PO ZPAZES > BRI P for r2
Analogously one gets a natural isomorphism

p.4. p.q4/ ppt1l,q—1 P4
pha: FrajF — EP4,

We define the differential

r.q. p.d — 7p.4/ RP-4 ptrg—r+1 _ —7p+rg—r+1 ptrg—rt1
dr 'Er _Zr /Br _)Er _Zr /Br

by the composition:

i _ - _ _
p.q P-4 P-4 P-4 ptrg—r+1 ptrg—r+1 ptrg—r+1 ptrg—rt1
ZPa|BPa — Zpa|zpa T, Bp | B! - Z! | B! .

We obtain cochain complexes

(Eerrr*,q—(r—l)*’ derrr*,q—(r—l)*)’ réo

if we use for r =1 the definition above and define E§™* to be the (—p)-th suspension
XTPE | F, . of F,/F, . Since ker(d/?) is ZF4 /| BP9 and im (d,1) is

+r,g—r+1 +r,g—r+1
BrioTr BT,

we obtain a canonical isomorphism
G HO(EP 79700 o Ep,
in the case r 2 1, in the case r = 0 we use the identification H®(E§***) = H? " 4(F, | F, . ).
4.1. Now suppose we have fixed the following data:
1. Simple structures on F,/F, , ;
2. a Hilbert structure on H(C). O

Equip F, inductively with the simple structure for which the number defined in (2.5)
satisfies

o(Fyy > B> E/F,)=0.

p

In particular we get a preferred simple structure on C = F, and ¢(C) is defined. Equip
FP4c HP"4(C) with the Hilbert substructure and F?4/FF*14~1 with the Hilbert quo-
tient structure. Do iteratively the same for EP% and H(EP "™~ ¢~ 1*) Observe that ¢4
become isometries. Notice that 4.1.1 implies that EP*¢ is finite-dimensional for r = 1.

Definition 4.2. Define for the finite descending filtration F, C with respect to the
data 4.1 and choices above:
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GEA(F,C)= ¥ Y Y (—1)prae g(Eptreaemny LY (L qypra. [ppa],

r>22 p=0 ¢

0t (F,C):=Y 0(F, |F )+ ), i Y (—1)PHa- g(EPTreas -y

r>1 p=0 ¢

_ Z (_1)p+q. [[wp,q]};

where ¢ was defined in (2.4) and [ | in (0.4). O
Remark 4.3. o (F, C) depends on the choices 4.1.

For the definition of ¢ (F, C) one can fix Hilbert structures on E££¢ instead of data
4.1.1 and equip E?? and H(EP "™~ ¢~ D*) (r = 2) with the corresponding Hilbert sub-
and quotient structures. Then, o5 (F, C) depends not on 4.1.1 but on these choices as
follows: if Uf4: EP4 — EP4 is the identity on E, equipped with two different Hilbert

structures, then

o (F,C) — oii (F,C) = ). (=)™ [Us]
p.q

(torsion computed using these two Hilbert structures). This follows from the transformation
formula 2.6.

The main result of this section is:

Theorem 4.4. We get with respect to the data 4.1 and the conventions above

0(C) = inl(F* C).
It will follow from the next three lemmas.

Lemma 4.5. It suffices to treat the following special case: C itself is a finite Hilbert
cochain complex with the simple structure represented by id : C — C and the Hilbert struc-
tures on F, and F, | F, . ,, are obtained by the given one on C by taking Hilbert sub- and quo-
tient structures.

Proof. One easily constructs a finite Hilbert cochain complex D with finite cofiltra-
tion F, D together with a chain homotopy equivalence f: D — C with the following pro-
perty: f'induces chain homotopy equivalences F, f: F, D — F,C for all p such that the given
simple structure on F,C/F, . ,C is represented by F, f/F,,, f: F,D/F,. D - F,C/F,,C.
Equip H(D) with the Hilbert structure for which H( f): H(D) —» H(C) becomes an iso-
metry. We have by assumption and construction for all p that

o D> ED—->ED|FE, ,D)=0=¢o(F,,C>FC->FEC/F,  C).

Hence we conclude from 2.6
0(C)=10o(D).
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The maps F, f induce isometries between the EP "4~ ¢~ D*for r > 1 and H(EF ™4~ ~1%)
for r 2 0 associated to F, D and F, C. Now one easily verifies

e (F, C) = 0y (F D) .
This finishes the proof of Lemma 4.5. O

From now on we will only consider the special case described in Lemma 4.5. The
proof of the next lemma is similiar to the proof in [19], Theorem 2.2.

Lemma 4.6.

e(O)y=Y o /E. )+ Y Y (=Dl = Y (=177 [pme].

rz1 p,q

Proof. We do induction over / with F;C = {0}. The begin of induction / = 0 is trivial,
the induction step from /— 1 to /=1 done as follows.

Let C be F, = F, C with the cofiltration

P=E7 =:F;+1C'

~

We will denote the various data coming from the spectral sequence associated to C as the
ones for C decorated with an additional bar. Let LH.S be the acyclic finite Hilbert cochain
complex given by the long cohomology sequence associated to 0 - C —» C - C/C — 0.
It induces for n = 0 an acyclic finite Hilbert cochain complex D (n) concentrated in dimen-
sions 0, 1, 2 and 3 by

Hn(c)/Fl,n—l_)Hn(C/C)_)Hn+1(C)_)F1,n

where we equip F1'" ' = im(H"(C) — H"(C)) respectively H"*1(C)/F*'-" with the Hilbert
substructure respectively quotient structure. Define an acyclic Hilbert subcochain complex
D(n,r) for r =1 of D(n) by

H"(C)/F1n=1 o z0n  Frotint2-r _, proti-r

Notice that D(n,1) = D(n). The following diagram of acyclic finite Hilbert cochain com-
plexes concentrated in dimensions 1, 2 and 3 commutes:

ZFO,n/ZrO_;_n1 Fr—l,n+2—r/Fr,n+1—r Fr,n+1—r/Fr+1,n—r
?ro,nl wr—l.rwz—rl wr.nﬂ—rl

rn+l—r rn+l—r Zr—1,n+2—r/ pr—1,n+2—r rn+1—r rnt+1—r
Br+1 /Br Zoo /BOO Z /Bw

where the upper row is the quotient D(n,r)/D(n,r + 1) and the lower row is induced by
the obvious inclusions and projections if one takes the following identities into account:
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pr—1,n+2—r _ proa+l—r.
B:O n r — B:‘ n r

b

r,n+1—r __ ront+1—r.
Br+1 _Boo ?

Zr—l,n+2—r — Zr,n+1—r
o0 o0 *
We conclude from the sum formula and transformation formula 2.6

0(C) =0(C)+0(C/C)+o(LHS),
e(LHS)= Y (—=1)""'o(D(m),

n=z-—1
-1
o(Dm) =o(D(m.D)+ Y, o(D(n,r)/D(n,r+1)),
r=1
(D, 1) [D(n,r+1) = [y "]+ [p "2 =[] for1=r<1.
Since D (n, /) is concentrated in dimensions 0 and 1 and its zero-th differential is ", we get

o(D(n, 1) =[p*"].

We compute using the fact

ptl,g—1

7P = ! for p = 1
and the induction hypothesis applied to C:
e(C) =0(C) +e(F, | Fy)

3 o (T S B T T D)

n=>-—1

= Y e /E )+ Y Y (=D iyt = Yy (= nrre - [gre]

pz1 r=1 p=1,q
+ o (Fy/ Fy)
1-1
+ Z (—1)"+1'<[[1p0’"]}+ Z _[[yro,nﬂ+[[l/—)r1,n+zr]_[[lpr,nﬂr])
nz—1 r=1

=Y e /B )+ Y Y (=D ppa] = Y (=Drte- [ypre].

rz1 p.q

This finishes the proof of Lemma 4.6. O

Lemma 4.7.

e (F,C) =Y o(F/F )+ Y X (=D [yl = Y (=17 [ypre].

rz1 p,q

Proof. We get from 2.2

Q(Ef+r*’q_(r_1)*) — Z(_l)k . [[,yrp+rk,q—(r—1)k]} .
k
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This implies

Y (=nrra-ypa] =Y, Z Y (—1)Pte- Z( 1)k - [yp+riea=o=Di]

rz1 p.q rz1 p=0 ¢

Z i Z(_1)p+q'Q(Eerr*,qf(r*l)*)‘

rz1 p=0 g¢q

This finishes the proof of Lemma 4 and hence of Theorem 4.4. O

5. The fibration formula for Milnor torsion

For the remainder of this section we suppose that we have a fibration f: E — B so
that B is a finite connected CW-complex, the homotopy fiber has the homotopy type of
a finite CW-complex, the class 0,€ H'(B; Wh(E)) defined in (1.10) is trivial and E is
locally path-connected.

5.1. Moreover, we assume that we are also given the following data:
1. A local coefficient system V" on E with a unimodular Hilbert structure;

2. a Hilbert structure on H* (E;V);

sing

3. a coherent choice of simple structures on the fibers;

4. a unlmodular Hilbert structure on ) (—1)?- H4,,(F; V) for the local coefficient

systems HZ (F;V') over B; 4

smg

smg

5. a Hilbert structure on H*,(B; HS, (F;V)). O

smg

We mention that a choice of a unimodular Hilbert structure on ) (—1)?- H,
is possible because of 1

(F:V)

smg

Lemma 5.2. Iff: E — B s a fibration as described above, then Y (—1)- H& (F;V)
q

is unimodular.

smg

Proof. We get from Lemma 3.6 for a loop w in B with base point b if ¢, : F, > F,
is given by the fiber transport along w:

Z(—l)q [(t)*: Hio (B V) = Ha (Fi V)] = 0 (B3 V) — o(F V) + @(V) (0,(w) = 0

where we think of 0, as homomorphism =n,(B,b) —» Wh(E) and @ (V) was introduced in
35. O

Notice that Z (=D HE ,(F,V)is unimodular but not necessarily each HE  (F; V).
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5.3. We will consider the following real numbers:

1. o(E; V).

We get by construction 1.7 a simple structure on E from the data 5.1.3 if we specify
a cellular base point system on B. However, by 1.9 the choice of cellular base point system
does not matter. Now we use this simple structure and data 5.1.1 and 5.1.2 to define the

Milnor torsion ¢ (E; V') according to Definition 3.3. Notice that it depends only on 5.1.1,
5.1.2 and 5.1.3. This is the invariant we want to compute.

2. o(F; V).
Choose b € B. Then we get from Definition 3.3 applied to data 5.1.1, 5.1.3 and 5.1.4
the Milnor torsion ¢ (F;,; V). Here and elsewhere we supress in the notation that we view

V as a local coefficient system over F, by the inclusion of F, into E. We get from Lemma
3.6 that o (F,: V') is independent of b since B is path connected. We abbreviate

o(F5 V) =o(F; V).
This number depends only on 5.1.1, 5.1.3 and 5.1.4.

3. o(B; Z( D1 Hip (F3 V).

This is the Milnor torsion and depends on the data 5.1.4 and 5.1.5.

smg(f)

We have the Leray-Serre spectral sequence for singular cohomology associated to
the fibration f: £ — B. Namely, the skeletal filtration of Binduces a filtration £, = /'~ 1(Bp).
It yields a cofiltration on C* _(E;V’) by putting

smg

smg(E V) smg(E V) .
Recall ~ that C&,(E,E,_;V) is the kernel of the canonical map
Ca(E;V) = Ch(E,_q; V) induced from the inclusion . We will later recall in (5.5) the
isomorphism which identifies the E,-term of the associated spectral sequence
UP A erll(B Smg(F; V)) - Ef,q .

Equip E}? with the Hilbert structure so that U$*¢ becomes an isometry. Using Definition
4.2 put

Osine (/)= 057 (F, CL (X: V) + 3 (=P e[Up].

Using Remark 4.3, 55, (f) depends only on the data 5.1.2 and 5.1.5.

The main result of this section is
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Theorem 5.4. If F is a fibration as described above with data 5.1 then

Q(E;V) = x(B)- o(F;V) + o(B; Z( 1) HE (F3 V) + 0kse ().

Proof. Fix a cellular base point system {b_|c € I} for B and an orientation for each
cell ¢ € I. The homotopy equivalence of Lemma 1.8 together with the suspension cochain
homotopy equivalence and the obvious identification of F,/F,,; with C V)
yields a cochain homotopy equivalence unique up to homotopy

qmg( p 17

Up*: @ E7Choy(FsV) > BE, .

sing
cely,

We have defined an isomorphism in (3.4)

pq Cé’ell(B smg(F V)) - @ smg(Fbc V)

cel,

Recall that we equip CZ,,,(B; H, (F; 1)) with the Hilbert structure for which u?*4 becomes
an isometry. Define an isomorphism by the composition

UPa: Cry (B HE, o (F; V7)) 25 @ HE, (F,5V) = er) HP (2P Ch (B3 V)
HP (Up) Hp+q(l;;,/€,+1): H()(E(I),,qu*) oy Ef”q,

This isomorphism is independent of the choice of base point system and orientation of
the cells and is compatible with the differentials on C*,,(B; H4,  (F;V)) and E} 4. Hence
we get a canonical isomorphism

smg

HP (U

(5.5 Ut H2(B; HE, (F;V)) s HP(Ep) = HO(Ep*+ ) 21, ppa.

smg

The simple structure on F,_induces one on CJ,(F, ; V). Put on F,/F, ., the simple struc-

sing
ture for which the torsion t(U” @ ErC, (B V) > EF,, ) defined in 2.3 vanishes.

cely,

Equip F, inductively with the simple Structure for Wh1ch o(Fy+y = F,— F,/F,, ) defined
in (2.5) vanlshes Then this simple structure on F, = Cg,, (E V') agrees w1th the one we
get from the simple structure on E which we have defined in 1.7 by an inductive proce-
dure over the E,-s and Lemma 1.8. We conclude from Theorem 4.4:

Q(E; V) = 0y (F, Ca (E5 V) .

sing

Because ¢}f7 are isometries, we get from the transformation formula 2.6:

ZQ(FI;/ +1) - Z Z Q(chsmg(Fbc;V)) + Z Z(_i)q ’ H:Hq(Ug’*)]

p cel.

=Y (=17 ¥ o(F )+ X (=1 [ aug)]

cel,

= (B) o(F;V)+ ) (=prra-[Uupi],
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Z(—i)q o(EF) = Z (1)1 0(C&y(Bs Haoo(F31)) — Z(—m Z(—n" [Ur]
+ g(—nq : g(—m [H? (U]
= @(B;g(—i)q - HI(F;V)) — I;I(—i)"*q- %
+ I;I(—m*q' [Uz].
We get from 5.3.4 and Definition 4.2:
01t (Fy Cng (E3 V) = ZQ(F/E;+1)+ Z(—1>q 0 (Ef?)
+ o5, (/) — Z (=nrre-[upa].
Now Theorem 5.4 follows. O

Remark 5.6. One can extend Theorem 5.4 to the case where B is not necessarily a
finite CW-complex but carries a simple structure and one requires in data 5.1.5 a Hilbert
structure on HZ,,(B; H4(F;V)) instead of H},(B; H%(F;V')). Then we still get a simple

structure on £ by Remark 1.14. It remains to define QSLiEg (f). Choose an arbitrary homotopy
equivalence 4 : Y — B for a finite C W-complex Y. Let f: h*E — Y be the pull back fibration
and h:h*E — E be the canonical fiber homotopy equivalence. Equip A, (h*E; h*V') and

Hy (Y h*HE,, (F;V)) with the Hilbert structures for which the following isomorphisms
become isometries (see (3.2))

(h)

W E vy Y qx (B

smg smg

and

. (h*)~1
(Y h*Hq (F: V)) smg(B

sing

Hc*ell(Y h*HE, . (F, V)) -

sing

(F:V)).

smg smg

Then o%5,(f) is defined and we put

Qsing (/) = 0aing (/) -

This is independent of the choice of & and Theorem 5.4 remains true.

6. The fiber bundle formula for analytic torsion

In this section we give the proof of Theorem 0.2 and Corollaries 0.8, 0.9 and 0.10.

We begin with the proof of Theorem 0.2. In the first step we reduce the claim to the
case where the Riemannian metric on V is unimodular. By assumption we only have to
treat the case where dim (F) is odd. We will vary the Riemannian metric on V, but fix the
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Riemannian metrics on E and B. Denote by V' the flat bundle V" with the given Riemannian
metric and by J the flat vector bundle ¥ with some unimodular Riemannian metric. Let

ok2 (f) and ghR( f ) be the two values of the correction term for the choice of these two
Riemannian metrics on V. Notice that either Pfy is zero or dim(F,) is odd. We get from
Theorem 0.13 and Definition A.7

0 (EsV) = 0 (Es V) = = Y (= 1)? - [HE (E; V) — HE (E;7)],
ann(Fb;V) ’ PfB_ ann(Fb;I?) : PfB
— — [(X(=1) [H& (Fy; V) —% Hi (F,; 7)]) - Pl

Qan(Bﬂ H(?R(Fa V)) - Qan(Bﬂ H((iIR(F I7))

== Z(—W’ [HE (B: Hig (F:V)) —— Hf (B: Hig (F; V)]
+ j[HgR(Fb;V) —d’HgR(FbQV)] - Pfy,
an(f)—Q R(f) = Z(—l)””'[ b (B; Hig (F; V) —% HE (B Hig (F; ]

. R
= Y (= D)P [HE(EsV) —— HE (E; V)] .
p
We conclude from the equations above:

Qan (E; V)—(IQan(Fb,V) Pfy +Z( DT+ 040 (B Hi (F: V) + 0r (/)

= Qun (E; V)—(IQan(Fb,V) Pfy +Z( 1)+ 040 (B; Hig (F; 7)) + 2k () -

Hence we can assume in the sequel without loss of generality that the Riemannian metric
on V' is unimodular.

Given a closed smooth manifold M and a flat vector bundle W over M with
Riemannian metrics on M and W, the harmonic Hilbert structure on the singular coho-
mology HX (M;W) is given by the deRham isomorphism

smg

Hi(M; W) — HE (M W)

sing

and the harmonic Hilbert structure on H; (M; W) coming from the Hodge decomposition
and the Hilbert space structure on the space of harmonic forms as explained in the intro-
duction. If we have choosen a smooth triangulation on M, the harmonic Hilbert structure
on HX,(M; W) is induced by the canonical isomorphism

Hc*ell(M; W) — (M; W)

smg
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induced from (3.2). Denote by g,,,(M; W) the Milnor torsion of M defined in 3.3 with
respect to the simple structure represented by a smooth triangulation and the harmonic
Hilbert structure on H* (M;W).

sing
Denote by HZ, (F;V') the flat bundle over B with fibers HY  (F,; V) equlpped with
some Riemannian metric such that the induced Hilbert structure on Z (—=D2-HL (F;V)

smg

is unimodular. Recall that this can be done by Lemma 5.2. Equip B and F, with the CW-
structure given by some smooth triangulation. Let o (F}; V") be the Milnor torsion of F,
with respect to Hg,  (F; V) (see Definition 3.3). We have seen in 5.3.2 that it is independent
of b € Band abbreviate it by o (F; V). Let o5, ( f) be the correctlon term of 5.3 with respect
to the harmonic Hilbert structures on H,, (E; V) and HZ,,(B; H%,,(F:V)). We conclude
from Lemma 1.13 and Theorem 5.4:

smg smg

(6.1) 0y (EsV) = 1(B) - o(F; V) +0(B; Z(—l)q Hi (F3V)) + 05ine (f)-
Next we want to show:

(6.2) Qan(E3V) = 0o (E5 V),

(6.3) Qun (B3 V) = 0op (3 V),

(64) Z(_l)q Qan(B smg(F V))_Q(B Z(_1)q smg(F V))

The first two equations follow directly from Theorem 0.12. For the proof of the last
equation we must take a closer look at the result of Bismut and Zhang [1], Theorem 0.2.
The problem is that the Riemannian metric on Z (=1D2- HL (F;V) is unimodular but it

smg

is not true in general that each of the flat bundles
admits some unimodular Riemannian metric.

(F; V) isunimodular or, equivalently,

smg

Choose a Morse function f on B. Let X be its gradient vector field with respect to
some Riemannian metric on B which can be different from the given Riemannian metric
such that X satisfies the Smale transversality conditions. We obtain a C W-structure on B,
denoted by B’, and a cellular base point system {b_|c € I} given by the critical points of
f. The simple structure represented by id: B’ — B is the same as the one represented by
any smooth triangulation. Let C%,, (B, {b.}; H%,,(F;V)) be the cellular cocham complex
with the Hilbert structure defined in (3.4). We equip H?(C*, (B’ {b.}; H. ng (F5 1))) with

the harmonic Hilbert structure. We get by inspecting Definition 3.3
(B Z( 1)(1 smg(F V)) Z(_l)q (Ccell (B, {b } smg(F V)))

But C&, (B, {b.}; Hi,,(F;V)) is isometrically isomorphic to the Thom-Smale complex.
Let vol,,.,, be the volume form associated to the harmonic Hilbert structure. Hence we
get from the definitions (cf. [1], Remark 2.3 and Remark 1.10)
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Qan(B smg(F V)) = _ln(||V01

Q( cell(B/ {b} W) - —1n(||V01

harm| detHir(B;HE (F;V))) 4

sing

et e B HT 7))
harm [l det Heon(B: H,, (F: V)

where the terms on the right side are the invariants appearing in [1]. We get from [1],
Theorem 0.2

Qun (B: Hii(F3V)) = 0 (Con(B b} Hiw (Fi1))) = [ 0(H (V) X*p(B)
for a certain (dim(B) —1)-form y(B). We conclude
Z(—l)q Qan (B; Hi, (o (F;V)) — 0 (B, Z(—Dq Hi, (F;V))
—Z<—1)q Oun (Bs Hyoo(F3 V) — Z(—1>q 0(Cay (B {b.}; Hiny(Fi1)))
—fZ(—nq O0(Hine(F;V)) - X*y(B).

Now one easily checks that Z( 1) 0(HS dng (F 1)) vanishes as the Riemannian metric

on Z( DI HE (Fy V) is ummodular This finishes the proof of (6.4).

Denote by Hi (F; V) and HE, (F; V) the flat bundles with the harmonic Riemannian
metrics (in contrast to H  (F;V')). We get from the transformation formula 2.6 and (6.3)

(6.5) 1(B) - o(F;V) — £Qan(Fb; V) - Py
= ;E (0(Fy V) = 0uop(F; V) - Pl
=1 Z(—Dq [HEo(F V) —— H, (F: V)] - Pl
We conclude from (6.4) and Theorem 0.13:
(6.6) o(B; Z(—Dq H (F;V)) — Z(—Dq Oan (B; Hix (F; V)
—Z(—Dq (0an (B; Hio (F3V) = 00 (B3 H,, (F3 1))
=Z(—1)q (- Z( 07 [H (B, Ho(F:V)) — Hi (B Hi\ (F: V)]

+ H[ Hi (FV) —— H&, (F3 V)] - Pfp)

- z ( )p+q [[ R(B smg(F; V)) & R(B smg(F; V))]

+Z(_1)q j[ smg(Fb>V)%Hq (Fb’V)ﬂPfB

sing
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The deRham isomorphism HJ; (E; V) — Hs'ing(E; V') is compatible with the two fil-
trations and the identifications of the E,-term in the Leray-Serre spectral sequence for
deRham and singular cohomology (0.3) and (5.5). It yields isomorphisms on E? 4 for r = 2.

This implies using Remark 4.3

(6.7) okS. (f) — ok (f)
=Y (=) [HE (B, HL (F;V)) —— Hi (B, HS,o (F: V)] .

p.4q

Now Theorem 0.2 follows from (6.1), (6.2), (6.5), (6.6) and (6.7). O

Next we prove Corollary 0.8. Recall that H{; (F; V) vanishes by assumption. In
particular the E,-term of the Leray-Serre spectral sequences for cohomology vanishes.
Hence Theorem 0.2 implies

Qan(E; V) = jgan(Fb;V) : PfB .
B

If dim(B) is odd, the right hand side of the equation above and % (B) - ¢,,'F,; V") vanish
and the claim follows. Suppose that dim(B) is even. Then dim(F,) is even and the
Riemannian metric on ¥ is unimodular by assumption or dim(#;) is odd. In both cases
0., (F,; V) is independent of he B by Theorem 0.13 and the claim follows. This finishes
the proof of Corollary 0.8. O

Next we outline the proof of Corollary 0.9. Analogously to the first step in the proof
of Theorem 0.2 we can show that we can assume without loss of generality that the
Riemannian metric on W is unimodular. Put V"= f*W. There is a canonical isomorphism
of local coefficient systems over B

Hng (B3 2) @ W — HG, (3 V)

sing

Recall that we assume that £ and B are oriented. (One can drop this assumption if one
allows an additional twist for W.) This implies that 7, (B) acts orientation preserving on
the homology of the fiber. Hence we can choose an isomorphism of local coefficient systems
of Z-modules from H,, (F;Z) to the trivial coefficient system with value Z. Hence we

obtain identifications

W’ q=05n7

F;
smg( V) {0, q=|=0,l’l

We conclude from Theorem 5.4

up(E; V) = 1(B) - 0(F,; V) + 0(B; Z(—l)‘* HE W (F3 V) + 053, (f)

where we use on HE , (F,; V') the unimodular Hilbert structure given by the one on W and

sing
the identification above and on HY,__(B; Z( 1)4- Hi_ (F;V')) the harmonic one. We get

smg Slﬂg



Liick, Schick and Thielmann, Torsion and fibrations 29
e(F5V)=0
o(B; Z( D)1 HEW(F; V) = 1(S™) " 0op(Bs W),
0sing () = 0iR (),

Qan(E; V) = Qlop(E; V) >
Qun (B; W) = Qiop (B: W)

since there is a canonical isomorphism

(F; )@, W— CE(F;V)

smg sing

and H}, (F,;Z) is free as Z-module, the deRham isomorphism is compatible with the
cofiltrations on the deRham complex and the singular cochain complex and with the
identifications of the F,-terms of the associated Leray-Serre spectral sequences (0.3) and

(5.5) and we have Theorem 0.12. Hence it remains to show

eir(f) = 0(G*).

Notice that the E-term of the Leray-Serre spectral sequence is trivial except for the 0-th
and n-th row. Hence we can splice the spectral sequence together to one exact sequence

dpry drrin
RN Erf’,n " Eyf)+n+1.0 N HP+n+1(E;V) N Efrlln n

If one takes the identification of the E,-term (0.3) and the obvious identiﬁcation EPi=FEP4
into account, one gets an exact sequence whose torsion is precisely g ( f). Moreover, it
can be identified with the Gysin sequence up to sign. This finishes the proof of Corollary
0.9. The proof of Corollary 0.10 is similar. O

A. Torsion and determinants

We start with a description of the determinant of a finite dimensional vector space.
Let V' be an n-dimension (real) vector space. Define its determinant det(}V') to be the 1-
dimensional vector space A"}V given by the n-th exterior power. There are canonical iso-
morphisms

detVow) —= det(V) ® det(W),
det(V'*) —= det(V)*,
det (V)* ® det(W) =, homg (det(V), det(W)),
det(U)* @ det (V*)®@ det(V) @ det (W)  —=>  det(U*) ® det (W),

det(V) — (det(V)*)*.

Given a homomorphism f: V' — W, we obtain a well-defined element
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det(f)edet(V)*® det(W).
Under the identifications above

det(fog) = det(f)®det(g),

det <f h> =det(f)® det(g).
0 ¢

If (V7,), is a graded vector space graded by nonnegative integers p = 0 and almost all
are zero, then we define

det ((¥,),) = () det (V)"

pz0

where det (V)" is det(V) and det(V)™ ! is defined by det(V)*. If (¥, ,),., is bigraded by
non-negative integers p,¢ = 0 and almost all ¥, are zero, then we define

det (%, ,),.,) = det (17,),)

n

where (W), is the associated graded vector space with W,= @V, ,_,.
p=0

Now we will introduce algebraic torsion invariants in the language of determinants.
Given an acyclic finite cochain complex, we define

(A1) a(C)edet((CP),) !

by the determinant of the isomorphism c* + y*: C* — C°%. For a homotopy equivalence
f: C - D of finite cochain complexes we define

(A.2) 2(f)+=¢(cone(f))edet((C?),)"! ® det((D?),)
=~ homyg, (det(C”)p, det (D")p) .

Given a finite cochain complex C, we use the cochain map i: H(C) — C to define the
isomorphism

(A.3) 2(C):=(a())" :det((CP),) — det((H"(C)),) .

The topological torsion ¢(X) of a finite CW-complex X is defined as the torsion of the
cellular cochain complex.

The definition of the torsion of a filtration/spectral sequence is a little bit more
elaborate.

Let F, W be a fibration of a finite-dimensional vector space W

{0}=F_1C"'CFPCF;+1C'“CF;,=W.
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This determines an isomorphism

(A.4) dNE W) Q) det(F,/F,_) —=— det(W)

pz0

which is defined inductively over n. The begin of induction n =1 is given by the Milnor
torsion of the acyclic 2-dimensional cochain complex Fy, > W — W/F,. For the step n — 1
to n observe that

n—1
G (FE,_}): @ det(E/F,_,) —= det(F,_))

p=0

is defined by induction, and we simply compose (after tensoring with det(W/F,_,)) with
the Milnor torsion of £, _, - W —> W/F,_,.

In particular, suppose f: E — B is a fibration of closed manifolds as in the intro-
duction. This yields a filtration of Hiz(E;V) for n = 0. Take the tensor product of the
corresponding torsion isomorphisms resp. their inverses depending on the parity of n to
obtain an isomorphism

" idet (F™a/Frehath), ) — det (H"(E:V)),) -

In the deRham spectral sequence, we can compute the torsions of the cochain complex
(Ep*rea= (=D gptreq==1+) We obtain an isomorphism

Q—(Ep+r*,q—(r—1)*).®det(Hn(Ep+r*,q—(r—1)*)(—1)") N ®det(Ep+rn,q—(r—1)n)(—1)"
r . r r .
n n

r—1
Taking X) (X) (g(EP*r=4~0~ D))= D" yields an isomorphism for r = 2

p=04q=0

Q_ . det ((HO (Erp+r*,q_ - 1)*))p,q) - det ((Erp"i'ql)P,q) .

Together with the natural isomorphisms V?4: HE. (B, Hiy(F,V)) — EI'% and ¢P1
between the homology of E, and E, , this defines an isomorphism

(A.5) 0ar(f): det (Hfp(Bs Hig (F: 1), ) — det (Hix (E:V),)

as the composition of isomorphisms (use the fact that E, and E_ are equal for r large
enough)

det (HZ(B: Hix (F:V)), ) 224 det (E29), ) —> det (HO(EZ*2979), )

(63)

0 g — 2% (9%
0 det (E29),.,) —— (HO(E*3=a72%), )

0 ey et ((Ef’q)p,q) N

(™)™

 det (B2, ) -0 e, ey (e prt =ty ) E det (Hi (B; V)),)) -

For the spectral sequence associated to an arbitrary filtration F, W of a finite-dimen-

>

sional vector space W one can define ¢y, (F, W) and @;ﬂz (F, W) in the obvious analogous
way.



32 Liick, Schick and Thielmann, Torsion and fibrations

Now, we have to relate the invariants ¢ to the previously defined real numbers ¢ —
using given inner products.

If the finite-dimensional vector space V' has a Hilbert structure, it induces in a
canonical way a Hilbert space structure on det(}). In particular the norm ||v|| € R=? is
defined for any element v € V. If VVand W come with Hilbert space structures, for any element

u € homg (det(U), det(V)) = det(V)* ® det (W)

we get its norm
(A.6) |ul| € R=°.

It turns out that for a finite Hilbert cochain complex C with given Hilbert structures on
H(C)

e(C) =In(lle(O)).

In the case of the fibration f: £ — B of the introduction, the Riemannian metrics on
E, B and V induce harmonic Hilbert structures on H (E; V) and HZy(B; H (F;V)) as
described there. Then the norm of the element ¢}$( /) defined in (A.5) is just

(A7) eax (f) =In(lleaz (HI) -

Of course, with similar definitions a similar result can be obtained for Q;‘iig( f). Also,
the corresponding equation for g, of a filtration is true.
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