COMMUTING HOMOTOPY LIMITS AND SMASH PRODUCTS

WOLFGANG LUCK, HOLGER REICH, AND MARCO VARISCO

ABSTRACT. In general the processes of taking a homotopy inverse limit of
a diagram of spectra and smashing spectra with a fixed space do not com-
mute. In this paper we investigate under what additional assumptions these
two processes do commute. In fact we deal with an equivariant generalization
that involves spectra and smash products over the orbit category of a discrete
group. Such a situation naturally occurs if one studies the equivariant homol-
ogy theory associated to topological cyclic homology. The main theorem of this
paper will play a role in the generalization of the results obtained by Bokstedt,
Hsiang and Madsen about the algebraic K-theory Novikov Conjecture to the
assembly map for the family of virtually cyclic subgroups.

to Hyman Bass on his seventieth birthday

1. INTRODUCTION

Let 7 be a small category and let E : 7 — Q-SPECTRA be a contravariant
functor, then for any space X there is a natural map

X4 Abholimzs E — holimz X AE.

In general this map is not a weak equivalence. A special case of our main result
says that the map is an equivalence if we assume that:

(i) The spectra E(c) for objects ¢ in Z are uniformly bounded below.
(ii) The homology of X is degreewise finitely generated as an abelian group.
(iii) The category Z admits a finite dimensional contravariant classifying space
(compare Definition 3.4).

In fact we will generalize the question in several directions. On the one hand
we will work throughout in an equivariant setting. On the other hand we will
investigate general mapping space constructions, of which homotopy limits are just
special cases. Moreover we will also try to obtain weaker assumptions that still
suffice to conclude that the map induces an isomorphism on rationalized homotopy
groups. And finally we will discuss a chain complex analogue of our result.

In order to state our main result we introduce some more notation. Let G be a
discrete group. Let Or(G) be the orbit category, whose objects are the homogeneous
left G-spaces G/H and whose morphisms are G-maps. Every left G-space X, in
particular every G-CW-complex (compare Section 8), gives rise to a contravariant
Or(G)-space, i.e. a contravariant functor from the orbit category to spaces, by
sending G/H to X = map(G/H, X). If we furthermore have a covariant functor
E from Or(G) to SPECTRA (from now on called an Or(G)-spectrum) then we can
form the smash product over the orbit category
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to obtain an ordinary spectrum (compare Section 3). This is an important construc-
tion since sending X to m.(X; Aor(g) E) yields an equivariant homology theory.

Our basic conventions concerning the categories SPECTRA and 2-SPECTRA can
be found in Section 2. In particular we will denote by

R : SPECTRA — Q-SPECTRA

a fibrant replacement functor that replaces a spectrum by a weakly equivalent 2-
spectrum, and r: E — R(E) will denote the natural equivalence from a spectrum
to its replacement, compare (2.2).

The homotopy limit of a contravariant functor E : Z — SPECTRA is defined as

holimz E = map;(EZ,Ro E),

see Definition 3.6. (If E takes already values in Q-SPECTRA, then one can work
with E instead of RoE, but in general the replacement is crucial.) The Z-mapping
spectrum construction is explained in Section 3 and E7 is the contravariant classify-
ing space of the category Z (see Definition 3.4). In particular E7 is a contravariant
I-CW-complex, i.e. a contravariant functor from Z to spaces which is built up out
of free cells (see Definition 3.3). Even if one is eventually only interested in ho-
motopy limits it is important for the proof of our main result to deal with other
Z-CW-complexes in place of EZ, because the proof will proceed via induction over
the skeleta.

We will now state the question we want to investigate in full generality. Let Z
be a small category and Y a contravariant Z-CW-complex. Furthermore let

E: I° x Or(G) — Q-SPECTRA

be a functor and X a G-CW-complex. There are maps of spectra t’ and t”, which
are natural in X, Y and E. They are given as follows:

t": X4 Nore) mapz(Yy, E) — mapz(Yy, Xy Aor(e) E)
sends = A ¢ to the map from Y to X A E which is given by y — x A ¢(y) and
t”: mapz(Yy, X4 Aor(e) E) — mapz (Y, R (X4 Aore) E))

is induced by the map r (X+ Nor(@) E), the weak equivalence to the fibrant re-
placement.

Question 1.1. Under what assumptions is the map
t: X1 Aor(e) mapz(Yy, B) — map; (Y, R (X4 Aore) E))
defined as the composition t" ot’, a weak equivalence?

We still need to explain a mild condition that we will always impose on our
functor E. Let GROUPOIDS denote the category of small groupoids and functors
between them. For a G-set S let GZ(S) denote the transport groupoid, whose
set of objects is S and for which the set of morphisms from s; to s, consists of
{9 € G|gs1 = s2}. Composition of morphisms is induced from the group structure
on G. We obtain a covariant functor G&: Or(G) — GROUPOIDS by assigning
GY(G/H) to G/H. We call a functor F: GROUPOIDS — SPECTRA a homotopy
functor if it sends an equivalence of groupoids to a weak equivalence of spectra. It
seems that all interesting examples of Or(G)-spectra can be obtained by composing
a suitable homotopy functor F : GROUPOIDS — SPECTRA with the functor G&.
For a subgroup H C G we denote by ZgH = {g € G | gh = hg for all h € H} its
centralizer.

Theorem 1.2. Consider the following data:
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o A functor E: I°° x Or(G) — Q-SPECTRA which factorizes as
E = Fo (id xG%),

where F is such that for each object ¢ inT the functor F(c, —) is a homotopy
functor.
o A contravariant T-CW complex Y .
o A G-CW complex X.
Suppose that there are numbers d, n and N € Z with d > 0 such that the following
conditions are satisfied:
(A) Y is d-dimensional.
(B) The spectra E(c, G/H) are uniformly (N —1)-connected, i.e. for all objects
¢ inZ and all orbits G/H we have my(E(c,G/H)) =0 for ¢ < N.
(C) The G-CW complex X has only finite isotropy groups and only finitely
many orbit types.
(D) For each finite subgroup H C G and every p < n+d — N the homology
group
H,(ZcH\X";7)
s a finitely generated Z-module.
Then for each p < n the map

mp(t): mp (X4 Aor(ey mapz (Y, E)) — m, (mapz (Yo, R (X4 Aowe) E)))
is an isomorphism.

This theorem will be proven in Section 5. In Example 1.9 we discuss that none
of the assumptions can be dropped. A chain complex version of Theorem 1.2 will
be discussed in Section 6.

If one is only interested in the question whether the map t induces an isomor-
phism on rational homotopy groups one can obtain results where assumption (D)
is replaced by a weaker assumption. A very naive guess here would be to require
the rationalized homology groups to be finitely generated as Q-vector spaces. But
this is too weak, compare Remark 5.6. In order to formulate the weakest possible
assumption and strongest conclusion we introduce the notions of almost finitely
generated modules and almost isomorphisms, compare Section 4.

A Z-module M is almost trivial if there is an element r € Z,r # 0 such that
rm = 0 holds for all m € M. A Z-module M is almost finitely generated if
M/ tors(M) is a finitely generated Z-module and tors(M) is almost trivial. A
Z-homomorphism is an almost isomorphism if its kernel and cokernel are almost
trivial. An almost isomorphism becomes an isomorphism after rationalization.

Addendum 1.3. If we weaken assumption (D) in Theorem 1.2 by requiring the
homology groups to be almost finitely generated Z-modules, then we obtain the con-
clusion that the map m,(t) is an almost isomorphism and in particular a rational
isomorphism for all p < n.

As already explained we obtain results about homotopy limits by specializing to
classifying spaces. For the convenience of the reader we formulate the corresponding
result explicitly.

Corollary 1.4. If T admits a finite dimensional model for its contravariant clas-
sifying space EZ, then there is a natural equivalence
X4 Nor(a) holimz E — holimz X | Nor(@) E

for a functor E : I°P x Q-SPECTRA as in Theorem 1.2 and a G-CW compler X
provided that:

(B) The spectra E(c, G/H) are uniformly bounded below.
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(C) The G-CW complex X has only finite isotropy groups and only finitely
many orbit types.
(D) For every finite subgroup H C G and every n the homology group

H,(ZgH\X";7)
1s a finitely generated Z-module.

Of course there is again a version with an “almost finitely generated”-assumption
and correspondingly an “almost isomorphism”-conclusion for the map induced on
homotopy groups. Also there is the analogous refinement specifying the range of
dimensions where we have to impose the finiteness conditions in order to obtain
the conclusion for a given dimension.

In the case where G is the trivial group assumption (C) is redundant, assumption
(D) simply says that the ordinary homology groups of X are degreewise finitely
generated Z-modules and the conclusion is about the map

X4 Aholimz E — holimz X AE.

Example 1.5. An important example is the case where the category is N, the
category whose objects are the non-negative integers and for which moras(4,j) is
empty if ¢ > j, and consists of one element if i < j. In that case a contravariant
functor E : N'— SPECTRA is simply an inverse system of spectra

E0<—E1<—E2<—....

There exists a 1-dimensional model for the contravariant classifying space EN,
compare Section 7.

Example 1.6. Illuminating is also the extreme case where the only morphisms in
T are the identities. In that case Z can be identified with an index set I and a
contravariant functor Z — Q-SPECTRA is just a family of Q-spectra {E; | i € I}
indexed by I. In the case where G is the trivial group the above specializes to
results about the map

xin[[B = [[R&XGAE)
i€l i€l

and is a variation on [Ada95, Theorem 15.2 on page 326].

Now we would like to briefly explain the concrete situation that motivated the
investigations in this paper. In [LRRV03] we study to what extent the methods
used by Bokstedt, Hsiang and Madsen in [BHM93] to prove the algebraic K-theory
Novikov Conjecture can be applied to prove rational injectivity results for general-
ized assembly maps in algebraic K-theory. The main tool in both cases is to use the
so called cyclotomic trace to topological cyclic homology in order to detect elements
in K-theory. The K-theoretic Novikov Conjecture says that the “classical” assem-
bly map corresponding to the family consisting of the trivial subgroup is rationally
injective. Using generalized assembly maps we can detect a much bigger portion in
K-theory. The method of comparison via the cyclotomic trace thus naturally leads
to study generalized assembly maps for topological cyclic homology:

EG(F)+ Nore) TC(A(?);p) — TC(A(G);p).

Here EG(F) is the classifying space for a family of subgroups F (compare Sec-
tion 8), A is a fixed coefficient ring(spectrum), and for a fixed prime p the Or(G)-
spectrum TC'(A(?);p) is defined as a certain homotopy limit

TC(A(?);p) = holimrr THH(A(?))".

The category RF is described in Section 7 and we verify in Proposition 7.3 that
it has a 2-dimensional model for its contravariant classifying space. Moreover the
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spectra THH (A(G/H))“"" are uniformly bounded below, so that conditions (A)
and (B) are satisfied. In order to study the generalized assembly map it is hence
particularly important to understand the conditions (C) and (D) in the case where
X is the classifying space of a family of subgroups. The following proposition,
which is proven in Section 8, says that for certain families the conditions can be
formulated entirely in terms of group homology.

Proposition 1.7. Let F be a family of finite subgroups of G such that the set of
conjugacy classes (F) = {(H) | H € F} is finite.

If H,(BZgH;Z) is an almost finitely generated Z-module for all n > 0 and
all H € F, then the G-CW -complex EG(F) has finite isotropy groups and only
finitely many orbit types, and for any finite group H C G and any n > 0 the
homology group H,(ZgH\EG(F)";7Z) is an almost finitely generated Z-module.

Remark 1.8. The notions “almost finitely generated Z-module” and “almost isomor-
phism” allow to prove simultaneously a result about commuting homotopy limits
and smash products as in Addendum 1.3 and the above Proposition 1.7.

If one drops “almost”, then our main Theorem 1.2 works, but the proof of a cor-
responding version of Proposition 1.7 breaks down, because then EG(F) may have
infinitely many equivariant cells. One could get away with the stronger assumption
that EG(F) has a model with finite skeleta. But that is a lot more restrictive and
often not true in the applications we have in mind.

On the other hand a version of Proposition 1.7 where the assumption and the
conclusion is that the rationalized homology groups are finitely generated as Q-
modules does exist. But under such an assumption one cannot prove an analogue
of Theorem 1.2, compare Remark 5.6.

We finish this introduction with an example that shows that no proper subset
of the conditions appearing in Theorem 1.2 is sufficient.

Example 1.9. Let G be the trivial group and Z be the trivial category. Fix two
sequences of integers 0 < mg < m; < mg < ...and 0 < nyg < n; < ng < ...
Put X = V2, 8™ and Yy = ([[;2,9™)+. (Notice that here we consider for
simplicity pointed spaces instead of spaces with a disjoint base point added). Let E
be an Q-spectrum. The transformation t appearing in Question 1.1 can be identified
with the map

<7 S™ENA ﬁ map(S™,E) — ﬁ map <S”-7, (7 S™ENA E)
=0 j=0 j=0 i=0
— ﬁmap (S"j;R (\7 Smi /\E)) .
j=0 =0

Recall that for a spectrum F we have m,(S" AF) = m,_,(F) and 7, (map(S™,F)) =
mp+n(F), and for a collection {X; | i € I} of pointed CW-complexes the canonical
map

P (XinF) = =, (\/XZ-/\F>

icl icl
is bijective. Using Lemma 2.3 and Lemma 3.9 one can identify the map above with
the canonical map

oo

@ H Ty —mitp(B) — H @ Ty —m;+p(E).

i=0 j=0 §=0 i=0
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This map is always injective. But it is surjective if and only if there exists iy such
that for all i > ip and all j we have 7, _m,+,(E) = 0. Note that condition (A) cor-
responds to the existence of a constant D such that n; < D for all j. Condition (B)
says that there exists a constant IV such that 7,(E) = 0 for ¢ < N. Condition (C)
is redundant in the non-equivariant case and condition (D) is satisfied if and only
if lim; o, m; = co. It is then easy to find examples showing that we cannot drop
any of the assumptions (A), (B) or (D).

2. BASICS ABOUT SPECTRA

The question we are studying is not even well posed in the stable homotopy
category of spectra. We are hence forced to explain what we mean by a spectrum,
and in what sense we understand the basic constructions concerning spectra.

Throughout this paper we work in the category of compactly generated spaces
(see [Ste67], [Whi78, 1.4]). So space means compactly generated space and all con-
structions like mapping spaces and products are to be understood in this category.
We will always assume that the inclusion of the base point into a pointed space is
a cofibration and that maps between pointed spaces preserve the base point.

We define the category SPECTRA as follows. A spectrum E = {(E(n),o(n)) |
n =0,1,2,...} is a sequence of pointed spaces {E(n) | n = 0,1,2,...} together
with pointed maps (called structure maps) o(n) : E(n) A St — E(n+1). A map of
spectra (sometimes also called function in the literature) f: E — E’ is a sequence of
maps of pointed spaces f(n): E(n) — E’(n) that are compatible with the structure
maps o(n), i.e. we have f(n+1)oco(n) = o'(n)o (f(n) Aide1) for all n. This
should not be confused with the notion of map of spectra in the stable homotopy
category (see [Ada95, ITI.2]). Recall that the homotopy groups of a spectrum are
defined as

mp(E) = colimy_, o0 mpyk(E(K)),
where the maps in this system are given by the composition
Tk (B(k) — mpist (B(R) A SY) T r i (B(k +1)
of the suspension homomorphism and the homomorphism induced by the structure
map. A weak equivalence of spectra is a map f: E — F inducing an isomorphism
on all homotopy groups. A spectrum E is called Q-spectrum if the adjoint of each
structure map

G(n): E(n) — QFE(n +1) = map(S*, E(n + 1))

is a weak homotopy equivalence of spaces. We denote by Q-SPECTRA the corre-
sponding full subcategory of SPECTRA.
In order to define the covariant fibrant replacement functor

R: SPECTRA — Q-SPECTRA

we first need to recall the definition and a key property of sequential homotopy
colimits. Consider a sequence of pointed spaces and maps Xo — X; — X5 — ...
This can be thought of equivalently as a covariant functor X from the category N
to pointed spaces (see Example 1.5). Its homotopy colimit is defined as the pointed
space
hocolim,, o, X, = hocolimy X = EN, An X,

compare Definition 3.6. Using the model for EA described in Example 7.1 one
gets the well-known reduced mapping telescope construction. Since any map from
a compact space to hocolim,,_.., X,, factors for some N through the natural map
Xn — hocolim,, ., X,,, we have that for any k > 0

(2.1) 7 (hocolimy, 0 X5) 22 colimy, oo T (Xp)-
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Now for any spectrum E we define its fibrant replacement as the spectrum RE
whose k-th pointed space is hocolim,,_,, Q" E(n + k). Here the homotopy colimit
is taken with respect to the system of maps

QG(n+k): Q"E(n+k) - QQEn+k+1)=Q"E((n+1)+k)

where 7 (k) : E(k) — QFE(k + 1) is the adjoint of the structure map of E. The
adjoints of the structure maps of RE are given by the composition

hocolim,, .o Q"G (k+n)

hocolim,, .., Q" E(n + k)
= hocolim,, .o Q" E(n + (k+ 1)) £ Qhocolim,, _.oc Q"E(n + (k + 1)),

hocolim,, oo Q"QFE(n + k + 1)

where the first map is the obvious weak equivalence induced by shifting the sys-
tem, and p is the canonical map, which is also a weak equivalence as one sees
applying (2.1) above. Hence RE is indeed an Q-spectrum. There is a natural map

(2.2) r(E): E > RE

coming from the canonical maps E(k) — hocolim,,_,.. Q" E(n+k). Using (2.1) one
computes that r(E) is a weak equivalence.

Many constructions for spaces can be carried over to spectra by applying them
levelwise, i.e. to each of the individual spaces F(n). Usually there is then an obvious
way to define either the structure maps or their adjoints. For example the product
[I;c; Ei of a collection of spectra {E; | i € I} is the spectrum whose n-th space is
[Lic; Ei(n). For the structure maps observe that {2 commutes with products. For
us the main reason to consider §2-spectra is the following lemma, which will play
an important role below and does not hold for arbitrary spectra.

Lemma 2.3. Let {E; | i € I'} be a family of Q-spectra, where I is an arbitrary index
set. Then the canonical map induced by the various projections pr;: [[;c; Ei — E;

is bijective for alln € 7.
Proof. Notice that for an Q-spectrum F the canonical map
70 (F(0)) = 7, (F) = colimy o 7, (Q°F (0 + k))

is bijective and that [[,.; E; is an Q-spectrum. Hence the claim follows from the
corresponding statement for spaces. Il

The following example shows that Lemma 2.3 does not hold without the assump-
tion that each E; is an Q-spectrum.

Example 2.4. Let E be an Q-spectrum such that A = 7m¢(E) = mx(E(k)) is
a nontrivial abelian group. Denote by E(; o) the spectrum obtained from E by
replacing the spaces F(0), E(1), ..., E(i) by the one-point space {pt}. We have

0 ifk<i
Th(E(i,00) (K)) = { A ifk>i

and the maps 7 (E(; o0)(k)) — Try1(E(,00)(k+1)) are isomorphisms for k& > i. We
see that for all i we have 79(E(; »)) = A and

k o]
’/To(H E(i,oo)) = COlimk 7Tk<H E(z,oo)(k)) = colimk @ A= @ A.
i=1 i=1

€N 1€EN
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The natural map
mo(J [ Eio) = ] m0(Eiio0))
ieN i€N
can be identified with the natural inclusion @, .y A — []
morphism.

;en A and is not an iso-

Now we fix some notations and conventions about homotopy pullbacks and ho-
motopy pushouts of spectra. Consider a commutative square Dg of spectra

EOL)El

We denote by hopb(E; — Ej5 « E;) the levelwise homotopy pullback spectrum
and by hopo(Ey — Eg— E;) the levelwise homotopy pushout spectrum, i.e. the k-
th spaces are given by the homotopy pullback respectively the homotopy pushout
of the corresponding diagrams of pointed spaces. For the structure maps use the
fact that homotopy pullbacks commute with 2 and homotopy pushouts commute
with S A — up to natural homeomorphisms. There are canonical maps of spectra

a: EO — hOpb(Eg —>E12<—E1), b: hOpO(E2 <—EQ—>E1) — E12.

We call Dg homotopy cartesian if the map a is a weak equivalence of spectra; dually
we call Dg homotopy cocartesian if b is a weak equivalence. We use the analogous
terminology for spaces.

Remark 2.5. A homotopy pullback is a special case of a homotopy limit (the in-
dexing category is 2+ 12— 1 for contravariant functors). In Definition 3.6 below,
we discuss that in order to define a homotopy limit of a diagram of spectra, one
should first replace all spectra in sight with (2-spectra by applying the fibrant re-
placement functor R, and then take the levelwise homotopy limit. At first glance
this seems to be inconsistent with the definition of homotopy pullback given above.
But Lemma 2.6 below implies in particular that the canonical map r induces a weak
equivalence of spectra

hOpb(Eg — E12 — El) — hOpb(REQ — RE12 <—RE1)

Finally we recall the well-known fact that a commutative square of spectra is
homotopy cartesian if and only if it is homotopy cocartesian. We would like to
stress that it is important for later proofs to have such a statement for hopb(E; —
Ei12 — E;) as opposed to hopb(RE; — RE12 +— RE;). We have not been able to
find an explicit reference (in particular none dealing with this extra subtlety) in the
literature, therefore we include a proof.

Lemma 2.6. A commutative square Dg of spectra is homotopy cocartesian if and
only if it is homotopy cartesian. In this case there is a natural long exact Mayer-
Vietoris sequence

T (£1) D7 (f2)
—_—

an 1
RN T (Eo) Tn(E1) ® 7, (E2)

Tn(81)—mn(g2) ) Tn—1(f1) @70 —1(f2)

7Tn(E12) i 7Tn71(E0

Example 2.7. A special case of this Lemma yields the following well-known fact:
For any pair of spectra E; and E5 the natural map E; V E; — E; x E; is a weak
equivalence.

Proof of Lemma 2.6. The key step in the proof is to show the following
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Claim: If a commutative square of spectra is levelwise a homotopy cocartesian
square of spaces, then it is homotopy cartesian.
We first explain why this claim implies the lemma. Any levelwise homotopy carte-
sian square of spectra yields a natural long exact Mayer-Vietoris sequence. Using
the natural map a we get a natural Mayer-Vietoris sequence for every homotopy
cartesian square. For every commutative square Dg we consider the levelwise ho-
motopy cocartesian square Dy,

EO%El

| o

E; —— hopo(Ey—Eq—Ey).
82

The claim implies that D, is homotopy cartesian, and therefore there is a long
exact Mayer-Vietoris sequence associated to Dy.

Now assume that Dg is homotopy cartesian. In this case both Dy, and Dg
induce long exact Mayer-Vietoris sequences, and the map b induces a natural
transformation between them. The Five-Lemma then implies that b is a weak
equivalence of spectra, i.e. Dg is homotopy cocartesian. Conversely, assume that
Dg is homotopy cocartesian. Using the natural weak equivalence b we get a long
exact Mayer-Vietoris sequence for Dg from the one for Dy,. Then a Five-Lemma
argument shows that the map a is a weak equivalence, i.e. Dg is homotopy carte-
sian.

It remains to prove the claim. This is based on the following well-known stable
range statement about homotopy cocartesian squares of spaces (a version of Blakers-
Massey homotopy excision theorem, see for example [G0o092, Section 2, in particular
Theorem 2.3]). Assume that the commutative square of spaces

X, x,

Xy —— X9

is homotopy cocartesian, and that f; is k1-connected and f5 is ko-connected. Then
the natural map : a: Xo — hopb(Xs— X192+ X7) is at least (k1 +ko—1)-connected.

Now suppose we are given a levelwise homotopy cocartesian square Dg of spectra.
Since homotopy pushouts commute with suspensions we have for every n,k € N a
homotopy cocartesian square of spaces

»k n
S By(n) 3 S4B ()

Z’sz(n{ [Ek!}z(")

2( ) 2 g1 (n) 12( )
Now consider the following diagram

ska(n)

YFEy(n) ————— XF hopb(Fy(n) — E12(n) « E1(n))

H [
Sk Eo(n) — " hopb(£¥ Ex (n) — £F E1o () < SF B (1))
UJ’ a(n+k) J'M
Eo(n + k) —— hopb(Ea2(n + k) — E1a(n + k) — E1(n + k))
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where o comes from the structure maps of Eg, 1 is the natural map, and u the
map induced by the structure maps of Es, Ei5 and E;. One checks that the
diagram commutes and that the composition pu o n is the structure map of the
spectrum hopb(Es — E15 < Eq) (recall that for the homotopy pullback spectrum
one actually defines the adjoints of the structure maps, using the fact that homotopy
pullbacks and loops commute up to natural homeomorphism). From the Blakers-
Massey connectivity statement recalled above we get that the natural map ay, in
the middle row of the diagram is at least (2k — 3)-connected. Hence we can apply
Lemma 2.8 below to conclude that the natural map of spectra a: Eg — hopb(E; —
Ei12«—E;) is a weak equivalence, i.e. Dg is homotopy cartesian. O

Lemma 2.8. Let f: E — F be a map of spectra and |l € Z be an integer. Suppose
that for all n € N there exist a k = k(I,n) € N and a commutative diagram
skf(n
sk B(n) =2, sk ()
! fron 1

Eypn ——— Fin

l l
k+n
Bk +n) " Pk 4
where fin is (I + k 4+ n)-connected, and the outer vertical maps are given by the
structure maps of the spectra. Then f: E — F is l-connected.

We omit the elementary proof, which just uses the definition of homotopy groups
of spectra, basic properties of sequential colimits, and diagram chases.

3. BASICS ABOUT SPACES, SPECTRA AND MODULES OVER A CATEGORY

In this section we recall some basic notions about spaces, spectra and modules
over a small category Z. More information for spaces and spectra can be found
in [DL98] and for modules in [Liic89, I1.9].

A covariant (contravariant) pointed I-space X is a covariant (contravariant)
functor from Z to the category of pointed (compactly generated) spaces. A map
between Z-spaces is a natural transformation of such functors. For pointed Z-
spaces X and Y of the same variance let mapz(X,Y’) be the space of pointed maps
from X to Y with the subspace topology coming from the obvious inclusion into
[cconjiz) map(X(c), Y (c)). Let X be a contravariant and Y a covariant Z-space.
Define their smash product to be the space

(3.1) XAy = \/ X(AY(e)/~,
c€obj(Z)

where ~ is the equivalence relation generated by (z¢,y) ~ (z, ¢y) for all morphisms
¢: ¢ — din Z and all points € X(d) and y € Y (c). Here z¢ stands for X (¢)(x)
and ¢y for Y(¢)(y). If Z is the trivial category with only one object and only
one morphism, then X and Y are just pointed spaces and X Az Y is the ordinary
smash product X AY. For an ordinary pointed space Z let map(Y, Z) denote the
obvious contravariant pointed Z-space whose value at an object c¢ is the mapping
space map(Y(¢), Z) of base point preserving maps. One easily checks the following
lemma.

Lemma 3.2. Let X be a contravariant pointed I-space, Y be a covariant pointed
T-space and Z be a pointed space. Then there is a homeomorphism

T: map(X AzY,Z) = mapz(X, map(Y, Z))
which is natural in X, Y and Z.
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A covariant (contravariant) I-spectrum is a covariant (contravariant) functor
E: 7 — SPECTRA. A covariant (contravariant) T-Q-spectrum is a covariant (con-
travariant) functor E: Z — Q-SPECTRA. Given a contravariant pointed Z-space
X, a covariant Z-spectrum E and a contravariant Z-spectrum F we obtain spectra

XAzE and maps(X,F)

in the obvious way by applying the constructions discussed above levelwise. Notice
that for an Z-Q-spectrum E the spectrum X Az E is not necessarily an 2-spectrum.

Definition 3.3. A contravariant Z-CW -complex X is a contravariant unpointed
Z-space X : Z — SPACES together with a filtration

P=X,CcXpcXyCXyC...CX,C...CX= UX"
n>0
such that X = colim,, .., X,, and for any n > 0 the n-skeleton X,, is obtained from
the (n— 1)-skeleton X,,_; by attaching free contravariant Z-n-cells, i.e. there exists
a pushout of Z-spaces of the form

., morg(—,¢;) x S* 7 — 5 X,
iel,

| J

]_L.eln morz(—,¢;) X D" ——— X,

where the vertical maps are inclusions, I,, is an index set, and the ¢; are objects
of Z. (In [DL98, Definition 3.2 on page 221] this is called a free Z-CW-complex,
but we will drop the word free here.)

Definition 3.4. A contravariant Z-CW-complex EZ whose evaluation at each
object of Z is a contractible space is called a contravariant classifying space for Z.

Remark 3.5. Any two models for EZ are Z-homotopy equivalent. A bar-construc-
tion model for EZ, which is functorial in Z, is given in [DL98, page 230].

Definition 3.6. If X is a covariant pointed Z-space and Y a contravariant pointed
Z-space the homotopy colimit respectively the homotopy limit are defined as the
pointed spaces given by

hocolimyz X = EZy Az X  respectively  holimz Y = map;(EZ,,Y),
compare [DL98, Definition 3.13 on page 225]. For a covariant Z-spectrum E and a
contravariant Z-spectrum F we define similarly
hocolimr E=EZ; A7E and holimz F = map;(EZ;,RoF).

But note the replacement functor that appears in the homotopy limit and the fact
that even if E is an Z-Q-spectrum the homotopy colimit need not be an Q-spectrum.

Remark 3.7. The homotopy type of the homotopy colimit or homotopy limit does
not depend on the choice of the model for EZ. If the bar-construction model for E7
is used, then our definition agrees with the obvious modification of the one given
in [BK72, Chapters XI and XII] for diagrams of simplicial sets. Some properties of
homotopy colimits and homotopy limits become obvious with our definition. For
instance €2 commutes with homotopy limits of spaces because of the adjunctions

map(Sl7 mapI(EIJmX)) = ma'pI(Sl Az EI+7X) = mapI(EIJm map(sl7X))

(see [DL98, Lemma 1.6 on page 206]). This fact is used to define the structure
maps of the homotopy limit of spectra.

We collect some results that will be needed below (compare [DL98, Theorem 3.11
on page 224 and Lemma 4.6 on page 234]).
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Lemma 3.8. Let Y be a contravariant T-CW -complez.

(i) Let f: Z1 — Zs be a map of covariant or contravariant respectively I-
spaces such that f(c) is a weak equivalence for all objects ¢ in . Then the
induced maps

YNt Z1—=Y Nz Zy
and
map,(Y, Z1) — mapz (Y, Zs)

respectively are weak equivalences.
(ii) Let f: E — F be a map of covariant T-spectra such that f(c) is a weak
equivalence for all objects c in . Then the induced map

YANE —-Y AL F

s a weak equivalence.
(iii) Let f: E — F be a map of contravariant T-Q-spectra such that f(c) is a
weak equivalence for all objects ¢ in L. Then the induced map

mapz(Y, E) — mapz(Y, F)
18 a weak equivalence.

Lemma 3.9. Let E: 7 — Q-SPECTRA be a contravariant functor and let Y be a
contravariant T-space. Then mapz (Y, E) is an Q-spectrum.

Proof. The adjoint of the k-th structure map of mapz(Y;, E) is the composition

map(id,7(k))

mapz(Vy, E(k)) mapz(Vy, QE(k + 1)) = Qmap (Vy, E(k + 1)),

where the first map is a weak homotopy equivalence by Lemma 3.8 (i) and the
second one is the canonical homeomorphism (compare Remark 3.7). O

The constructions discussed above for spaces and spectra all have analogues in
the world of modules and chain complexes. We will usually refer to this analogy
as the “linear case”. We collect some basics. Fix a commutative associative ring
R with unit. A covariant (contravariant) RZ-module is a covariant (contravariant)
functor from Z to the category of R-modules. Morphisms are natural transforma-
tions.

Given a contravariant RZ-module M and a covariant RZ-module N, their tensor
product is the R-module

Mo N = @ M@ on N/ ~,
ceobj(T)

where ~ is defined similar as in (3.1). Given two RZ-modules M and N of the same
variance, define hompz (M, N) to be the R-module of natural transformations from
M to N. The obvious analogue of Lemma 3.2 is true for ® gz and hompgz.

The category RZ-MIODULES of covariant (contravariant) RZ-modules inherits
the structure of an abelian category from the category of R-modules. In particular
the notion of a projective RZ-module makes sense. There are enough injectives and
projectives in RZ-MODULES (see [Liic89, 9.16 on page 167], [Wei%4, Exercise 2.3.5
on page 42 and Example 2.3.13 on page 43]). Hence standard homological algebra
applies to RZ-MODULES. For instance, one can define the R-module Torfl (M,N)
for a contravariant RZ-module M and a covariant RZ-module N.

An RZ-chain complex is a chain complex in RZ-MODULES, or, equivalently, a
covariant (contravariant) functor from Z to the category of R-chain complexes. We
denote by ch(RZ-MODULES) the category of RZ-chain complexes.
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We now specialize to the case where 7 is the orbit category Or(G), whose objects
are the homogeneous G-spaces G/H and whose morphisms are G-maps. A (left)
G-space X defines a contravariant Or(G)-space

X: Or(G) — SPACES,  G/H — mapg(G/H, X) = X"

If X is a G-CW-complex, then X considered as a functor is a contravariant Or(G)-
CW-complex (see [DL98, Theorem 7.4 on page 250]). Every Or(G)-CW-complex
defines a functor from Ov(G) to the category of C'W-complexes, which we can
compose with the functor cellular chain complex. Thus we associate to an Or(G)-
CW-complex X its cellular ZOv(G)-chain complex cror(@) (X). This is always
a free ZO7r(G)-chain complex in the sense of [Liic89, 9.16 on page 167] and in
particular projective.

Furthermore we will also need the category Sub(G), which is a quotient category
of Or(@G). Its objects are the subgroups H of G. For two subgroups H and K of G
denote by conhomg(H, K) the set of group homomorphisms f: H — K, for which
there exists an element g € G with gHg~! C K such that f is given by conjugation
with g, i.e. f =c(9): H— K, hw ghg—!. Notice that c(g) = ¢(g’) holds for two
elements g,¢' € G with gHg™! C K and ¢’H(g')~! C K if and only if g~'¢’ lies in
the centralizer ZgH = {g € G | gh = hg for all h € H} of H in G. The group of
inner automorphisms of K acts on conhomg(H, K) from the left by composition.
Define the set of morphisms

morsyp(e)(H, K) = Inn(K)\ conhomg(H, K).
There is a natural projection
(3.10) pr: Or(G) — Sub(G)

which sends a homogeneous space G/H to H. Given a G-map f: G/H — G/K,
we can choose an element g € G with gHg™! C K and f(¢’H) = ¢'g ' K. Then
pr(f) is represented by c(g): H — K. Notice that morsyp(c)(H, K) can be iden-
tified with the quotient morg.)(G/H,G/K)/ZgH, where g € ZgH acts on
moro () (G/H,G/K) by composition with R,-1: G/H — G/H, ¢'H — g'g~'H.

Recall that a functor F: GROUPOIDS — SPECTRA is a homotopy functor
if it sends an equivalence of groupoids to a weak equivalence of spectra. This
is equivalent to requiring that naturally isomorphic functors between groupoids
induce the same map after applying 7. (F(—)). Recall also the transport groupoid
functor G¢ defined before Theorem 1.2.

Lemma 3.11. Let F: GROUPOIDS — SPECTRA be a homotopy functor, then the
functor m,(F o GF(—)) factorizes over the projection pr: Or(G) — Sub(G).

Proof. Tt suffices to show that the identity and G¥(Ry-1): G¢(G/H) — G%(G/H)
are naturally isomorphic for d € ZgH. A natural transformation is given at the
object gH by gd~'¢~': gH — gd ' H. O

4. ALMOST TRIVIAL AND ALMOST FINITELY GENERATED MODULES

In this section we discuss some elementary properties of the notions “almost
finitely generated modules” and “almost isomorphisms” that were used in Adden-
dum 1.3. The main aim is to verify that we have the fundamental properties that
are necessary to do spectral sequence comparison arguments.

Let R be an integral domain, i.e. an associative commutative ring with unit
such that R has no non-trivial zero-divisor. An R-module M is called faithful if
its annihilator ideal Anng(M) = {r € R | rm = 0 for all m € M} is the trivial
ideal {0}. We call M almost trivial or non-faithful if M is not faithful, i.e. there
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exists r € R,r # 0 such that rm = 0 holds for all m € M. Recall for an R-
module M that tors(M) is the submodule consisting of elements m € M for which
there exists some r € R,r # 0 (depending on m) with rm = 0. We call M almost
finitely generated if tors(M) is almost trivial and M/ tors(M) is a finitely generated
R-module. We will often abbreviate M/ tors(M) by M/ tors.

Recall that a Serre subcategory of an abelian category is an abelian subcate-
gory closed under subobjects, quotients, and extensions (see for example [Wei94,
Exercise 10.3.2 on page 384]).

Lemma 4.1. (i) The full subcategory of R-MODULES whose objects are the
almost trivial modules is a Serre subcategory.
(ii) If R is Noetherian then the full subcategory of R-MIODULES whose objects
are the almost finitely generated modules is a Serre subcategory.

Proof. (i) Obviously a quotient module and a submodule of an almost trivial module
are almost trivial again. Let My — M; — M be an exact sequence of R-modules
such My and M are almost trivial. Choose r; in Ann(M;) with r; # 0 for i = 0, 2.
One easily checks that the product ror lies in Ann(M7) and is different from zero.
Hence M is almost trivial.

(ii) Consider an exact sequence of R-modules 0 — My — M; — My — 0. It
suffices to prove that both My and M, are almost finitely generated if and only if
My is almost finitely generated. Define C' to be the cokernel of the induced map
tors(M;) — tors(Ms) and K to be the kernel of the induced map M/ tors —
M/ tors. Then we get exact sequences

0 — tors(My) — tors(M;) — tors(Mz) — C' — 0,
0 — My/tors - K — C — 0, and

0 — K — M/ tors — M/ tors — 0.

Suppose that M; is almost finitely generated, i.e. tors(Mp) is almost trivial
and M/ tors is finitely generated. As R is Noetherian, K is finitely generated.
Therefore C is finitely generated and C = tors(C), hence C is almost trivial. We
conclude from assertion (i) that tors(Mp) and tors(My) are almost trivial. Since R
is Noetherian and M;/ tors is finitely generated, both M,/ tors and Ms/ tors are
finitely generated. This shows that both M, and M, are almost finitely generated.

Suppose that both My and M, are almost finitely generated. We conclude from
assertion (i) that C' and tors(M;) are almost trivial. We obtain an exact sequence

homp (K, My/ tors) — homp(My/ tors, Mo/ tors) — Exth(C, M/ tors).

Since C' is almost trivial, we can find » € R,r # 0 which annihilates C' and hence
also Extp(C, My/ tors). Therefore r - id: My/ tors — Mg/ tors is sent to the zero
element in Ext},(C, My/ tors). Hence we can find a R-map f: K — M/ tors whose
restriction to Mg/ tors is r - id: My/ tors — Mg/ tors. Consider = € ker(f). Since
r annihilates C, the element r - z lies in M/ tors and belongs to the kernel of
r-id: Mo/ tors — Mo/ tors. This implies 7% - = 0. Since K is a submodule of
M,/ tors and hence is torsionfree, we conclude = 0. This shows that f: K —
M/ tors is an injection. Since My/ tors is finitely generated and R is Noetherian,
K is finitely generated. Since My/ tors is finitely generated and R is Noetherian,
M / tors is finitely generated. Hence M; is almost finitely generated. ]

Definition 4.2. A map f: M — N of R-modules is called an almost isomorphism
if its kernel and cokernel are almost trivial R-modules.
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We conclude from Lemma 4.1 (i) that for two composable R-maps f: L — M
and g: M — N all three maps f, g and g o f are almost isomorphisms if two of
them are. Moreover there is a Five-Lemma for almost isomorphisms. For an almost
R-isomorphism f the F-map F' ®p f is an F-isomorphism, where F' denotes the
quotient field of R. An R-module M is almost trivial or almost finitely generated
respectively if and only if it is almost isomorphic to the zero module or respectively
to a finitely generated R-module.

5. COMMUTING HOMOTOPY LIMITS AND SMASH PRODUCTS

In this section we will prove our main result Theorem 1.2 and the Addendum 1.3.
The proof will proceed by induction over the skeleta of Y and hence we start with
the following lemma.

Lemma 5.1. Theorem 1.2 and Addendum 1.3 are true if Y is a zero-dimensional
Z-CW -complex.

Proof. For a large part we will treat the proofs of the theorem and of the addendum
simultaneously.

By assumption we can find a family of objects {¢; | ¢ € I} such that ¥ =
[1;c; morz(?,c;). Notice that there is a canonical isomorphism

mapy (morz(?,¢)4, F) = F(c)

for any contravariant Z-spectrum F and any object ¢ in Z. Hence it suffices to show
that the map

t: X1 Aowe) [ [E(e:) = [[R (Xt Aowe) E(e))
i€l iel
which is induced by the various projections pr;: [];.; E(c;) — E(c;) followed by the
replacement maps r(X; Ao E(ci)): Xy Ao E(ci) — R (X+ Aor(@) E(ci))
of (2.2), induces an (almost) isomorphism on homotopy groups m, for all p < n.
For all p there is a commutative diagram

mp(t)
™ (X4 Nore) [ier Blei) —— mp (Iier R (X4 Aowia) Ee)))

(5.2) J P

HiEI Tp (X+ Nor(a) E(Ci)) — Hie[ Tp (R (X+ Nov(G) E(Cz)>> .

The vertical maps are induced by the obvious projections. The right hand
vertical map is an isomorphism by Lemma 2.3. The lower horizontal map is
the product of the isomorphisms induced by the fibrant replacement equivalences
r(X4 Aore) E(¢)): Xy Aore) E(ei)) — R (X4 Aowe) E(c;)) and hence an iso-
morphism, compare (2.2). We see that it suffices to show that the left hand vertical
map is an (almost) isomorphism for p < n. This is what we will prove next.

For any covariant Or(G)-spectrum F and any G-CW-complex Z we get a ho-
mological spectral sequence (E:7*, d;*) which converges to mp,4q (Z+ Nor (@) F) and

whose E2-term is given by the Bredon homology

EZ, = HEO"O)(Z;7m,(F))

p,q

This follows from [DL98, Theorem 4.7 on page 234, Theorem 7.4 (3) on page 250].
Recall that the Bredon homology of a G-CW-complex Z with coefficients in a
covariant ZOr(G)-module M is defined by

HEOr(G)(Z;M) —H, (C%Or(G)(Z) ®zor(@) M) .
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This spectral sequence reduces to the classical Atiyah-Hirzebruch spectral sequence
if G is the trivial group. A map of covariant Or(G)-spectra F — F’ induces a
map of the associated spectral sequences. Let (Ej;*, d;*) be the spectral sequence
associated to F = [[,c; E(c;) and (E[i]; ,,d[i]; .) be the spectral sequence asso-
ciated to F = E(¢;). Our assumptions imply that all these spectral sequences
live in the first quadrant (possibly shifted down by N). This implies that all con-
vergence questions are trivial, i.e. EJ = Ej forr > p+q— N +1 and the
filtration of 71 4(X4 Aor(e) E(ci)), whose quotients are given by the E*°-term,
consists of at most p 4+ ¢ — N 4 1 stages. Notice that [, , preserves exact se-
quences. Hence we can take the product [[;.;(Eli]; ,,d[i]; ,) and obtain a spectral
sequence which converges to [];c; Tp4q (XJr Nor (@) E(cl)) and whose E2%-term is

[Lics H,?OT(G) (X; mq(F)). The usual spectral sequence comparison argument shows
that the left hand vertical map in (5.2) which is induced by the various projections
pr;: [[er E(ei) — E(c) is an (almost) isomorphism for each p < n, if the maps
induced by the projections pr;: [];c; E(c;) — E(c;)

HZOT(@) <X+;7rq (H E(ci)>> — [T HZO ) (X457 (B(c:)))

iel i€l

are (almost) isomorphisms for all p,q € Z with p+ ¢ < n.
The canonical map

Tq <H E(Ci)) = [ m(E)
iel i€l

is bijective by Lemma 2.3 since we assume that the E(¢;) are Q-spectra. The
assumptions about E imply that Lemma 3.11 is applicable and hence the ZOr(G)-
modules 74(E(c;)) and [],.; mq(E(c;)) factorize through the canonical projection
pr: Or(G) — Sub(G). Let Fx = {H C G | X # ()} be the family of isotropy
groups of X. Let Sub(G;Fx) be the full subcategory Sub(G) whose objects are
in Fx. Let Cfsub(G;fX)(X) be the contravariant ZSub(G; Fx)-chain complex
which is the composition of the “cellular chain complex”-functor with the con-
travariant functor from Sub(G; Fx) to the category of CW-complexes which sends
an object H to the CW-complex ZgH\X. Given a covariant ZSub(G; Fx)-
module N, define

HSP@FX) (X N) = Hy (Cgsub(c;fx)(X) QzSub(GiFx) N) '
If M is a covariant ZSub(G)-module, then we obtain a natural isomorphism
Hy OO (X pr* M) = HpS*P 70 (X M sup ()

where pr* M is the ZOr(G)-module M o pr and M |syup(c;7y) is the ZSub(G; Fx)-
module given by the restriction of M to Sub(G; Fx). This follows from the adjunc-
tion of induction and restriction [Liic89, 9.21 on page 169], since the induction of

Cfsub(G;fX)(X) with respect to the inclusion Sub(G; Fx) — Sub(G) and the in-

duction of CZO™(@ (X) with respect to the projection pr: Or(G) — Sub(G) agree.

In the sequel we abbreviate Sub = Sub(G; Fx ). Hence it remains to prove that for
any family {M; | i € I'} of covariant ZSub-modules the canonical map induced by

the various projections Hiel M; — M;

HESub <X;HM1;) — [[HE™ (X; M)

i€l el
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is an (almost) isomorphism for all p € Z with p < n — N. We will prove that for a
contravariant projective ZSub-chain complex C, (such as C2 Sub(GiFx )(X )) and a

family of covariant ZSub-modules M; the canonical map

(53) fﬁ,((xﬂgZSub:[I]MQ) - I]}H}(CL:@%SubﬁdB
iel i€l

induced by the various projections [[,.; M; — M; is an (almost) Z-isomorphism for
all p < n— N, provided that the Z-module H,(C\(H)) is (almost) finitely generated
for any object H in Sub and p <n — N.

We will first treat the case of the addendum, where we assume that the homology
modules are almost finitely generated and want to conclude an almost isomorphism.

There are spectral sequences converging to

H,iq (C* R7Sub H Mi) respectively  Hpiq (Cy Qzsup M;)
il

2 .
whose E -term are given by

TOI“ZZ)Sub <Hq(C*), H Mi> respectively TorZZ)S“b (Hy(Cy), My).
icl

Taking the product over i € I of the second spectral sequences yields a spec-

tral sequence which converges to [[,c; Hpiq (Cx ®zsub M;) and whose E;q—term

is [[ier Tor%sub(Hq(C’*)7 M;). By the standard spectral sequence comparison ar-

gument it suffices to prove that the canonical map

(5.4) Tor’>4® (Hq(C*), 11 Mi> — [ Torl>*® (Hy(C.), M)

il i€l
is an almost isomorphism for each p,q € Z with p 4+ ¢ < n — N. The following
diagram commutes

Torzz)sub (Hq (Cy), Hie] Mi) B Hie[ Torgsub(Hq(C*)a M;)

| l

Tor{z,Sub (Hq(Cy)/tors, [Lic; Mi) —— T1ier TorgSub (Hqy(Cy)/ tors, M;).
As Sub has only finitely many isomorphism classes of objects and tors(H,(C.(H)))
is almost trivial for each object H, there is an integer k # 0 which annihilates
tors(Hy(C,(H))) for each object H. Hence Tor{z)Sub (tors(Hgy(Cx4)), N) is annihilated
by k for each covariant ZSub-module N. By the long exact Tor-sequence associated
to the exact sequence of contravariant ZSub-modules

0 — tors(Hy(Cy)) — Hy(Cy) — Hy(CL)/ tors(Hy(Ck)) — 0
we conclude that both the kernel and the cokernel of the canonical map
Tor’“® (H,(C.), N) — Tor*“® (H,(C.)/ tors, N)

are annihilated by k for any covariant ZSub-module N. This implies that in the
commutative square above, the vertical arrows are almost isomorphisms. Hence it
suffices to prove that the lower horizontal arrow is an almost Z-isomorphism. By
assumption the Z-module H,(C,(H))/ tors is finitely generated for all ¢ <n — N.

Since we assume that Sub has only finitely many isomorphism classes of objects
and autsyp(H) = WeH = NgH/H - Z H is a finite group for any object H € Sub,
the category Sub is finite in the sense of [Liic89, Definition 16.1 on page 325].
(Notice that Or(G; Fx) does not have this property and therefore it is crucial to
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pass to Sub.) Hence the category of ZSub-modules is noetherian, in the sense that
each submodule of a finitely generated ZSub-module is itself finitely generated.
Moreover a covariant ZSub-module L is finitely generated if and only if L(H) is
a finitely generated Z-module for each object H € Sub (see [Liic89, Lemma 16.10
on page 327]). By assumption H,(C.(H))/tors is a finitely generated Z-module
for each object H in Sub. This implies that there is a finitely generated free (not
necessarily finite-dimensional) ZSub-resolution F, for H,(C,)/tors for ¢ <n — N
(see [Liic89, Lemma 17.1 on page 339]). Thus we get for ¢ < n — N identifications

TOI‘;Z)SU.b(Hq(O*)/tOI'S7 HM‘) = Hp(F* RzSub HM‘)

i€l el
and
[ Tori>®(Hy(Cu)/ tors, Mi) = ] Hp(F. @zsun M)
el el
= Hp <H F* ®XzZSsub Mz) ’
el

under which the map

Tor, ¥ (Hy(C.), [T Mi) — J] Tory™® (H, (C.), M)
i€l il

becomes the map induced on homology by the canonical Z-chain map

(5.5) F, ®zsuv HMZ — HF* ®zsub M;.
iel iel

But this chain map is a chain isomorphism since each chain module F; is a finitely
generated free ZSub-module. Here one uses the fact that the processes of taking
sums over a finite index set and products over an arbitrary index set commute.

The case where we assume the homology groups to be finitely generated Z-
modules is similar but easier. Using the fact that the category of ZSub-modules is
noetherian one can replace the complex C, which appears in (5.3) by a homotopy
equivalent complex F, of projective ZSub-modules which is of finite type. For

such a complex a map like the one in (5.5) is an isomorphism and hence so is the
map (5.3). O

Remark 5.6. Before we finish the proof of Theorem 1.2 and its addendum we want
to discuss where the proof above breaks down if we ask for a rational isomorphisms
and weaken assumption (D) to the requirement that H,(ZgH\X;Q) is a finitely
generated Q-module for all n.

We would have to show that the map appearing in (5.4) is a rational isomorphism.
The following example shows that this is not possible. We claim that for a fixed
prime p the canonical map

Tor” @ Z/p™, H Z/p" | — H Tor” @ Z/p™, Z/p"
m>2 n>2 n>2 m>2
cannot be a rational isomorphism although (6D,,~,Z/p™) ®z Q = 0. Namely, the
source is €B,, 55 [ 1,52 Z./p™in(mn) - which vanishes after applying — ®z Q. The
target is Hn>2_@m>_2 Z,/p™in(mm) which contains [[,,~, Z/p™ as a submodule and
hence does not vanish after applying — ®z Q.

Now we finish the proof of Theorem 1.2 and Addendum 1.3.
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Proof of Theorem 1.2 and Addendum 1.3. We use induction over the dimension d
of Y. If d = 0, the claim has already been proved in Lemma 5.1. The induction
step from d — 1 to d > 1 is done as follows. We can write Y as a pushout

YO’L—1>Y1

Ll

Y, — Yy

where Y is a (d — 1)-dimensional Z-CW-complex, Yy = [[;o; morz(?,¢;) x Sd-1
Yz = [[;c; morz(?,¢;) x D and iy is the inclusion. In particular Y; is a (d — 1)-
dimensional CW-complex and Y5, is Z-homotopy equivalent to the 0-dimensional
CW-complex [[,.; morz(?,¢;). Hence the induction hypothesis applies to Yy, Y3
and Ys.

The canonical map from the homotopy pushout of Y5 < Yy — Y7 to Y is a map of
I-CW-complexes whose evaluation at each object ¢ is a homotopy equivalence since
i2(c) is a cofibration. Hence it is a Z-homotopy equivalence (see [DL98, Corollary 3.5
on page 222]). Since for any covariant Z-space Z the functor mapz(—, Z) sends a
homotopy cocartesian square of spaces to a homotopy cartesian one, the following
diagram is levelwise homotopy cartesian for each object G/H € Or(G)

mapz (Y, B(G/H)) —— mapz((Y1)+, E(G/H))

| |

mapz((Y2)+, E(G/H)) —— mapz((Yo)+, E(G/H)).

We conclude with Lemma 2.6 that the square is homotopy cocartesian. By the
same line of argument the diagram

mapz (Y, R(Xy Aowe) E(G/?))) —— mapz((Y1) 4, R(X Aore) E(G/?)))

| |

mapz((Y2)+, R(X4 Aor@) E(G/7))) —— mapz((Yo)+, R(X+ Aore) E(G/7)))

is homotopy cocartesian. Since the functor X, Aoy gy — respects homotopy co-
cartesian squares because of the associativity of A, we conclude from Lemma 3.8 (ii)
that the following diagram is homotopy cartesian

X4 Nore mapz (Y, B) ——— X4 Aor(g) mapz((Y1)+, E)

| |

X4 Nore mapz((Y2)+, E) —— Xy Aor(g) mapz((Yo)+, E).

The various transformations t(X,Y;, E) and t(X,Y,E) yield a map from this ho-
motopy cartesian diagram to the one before. Hence they yield a transformation
from the long exact homotopy sequences associated in Lemma 2.6 to these ho-
motopy pullbacks. Now Theorem 1.2 follows from the Five-Lemma for (almost)
isomorphisms. O

6. THE LINEAR VERSION

In this section we state the linear version of our main Theorem 1.2. This will be
needed in [LMRO3]. The proof in the linear setting is completely analogous to the
one for spaces and spectra presented in Section 5, and therefore we omit it.

Theorem 6.1. Consider the following data:
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e A functor E,: I°? x Or(G) — ch(Z-MODULES) which factorizes as
E, = F, o (id xG%),

where Fy: T°? x GROUPOIDS — ch(Z-MODULES) has the property that
for each object ¢ in T the functor F,(c,—) sends equivalences of groupoids
to homotopy equivalences.

o A contravariant chain complex D, of projective ZI-modules.
o A G-CW complex X.

Suppose that there are numbers d, n and N € Z with d > 0 such that the following
conditions are satisfied:

(A) D, is d-dimensional, i.e. Dy(c) =0 for all objects ¢ inZ and for allk € Z
such that k < 0 or k > d.

(B) The chain complezes E.(c,G/H) are uniformly homologically (N — 1)-
bounded below, i.e. for all objects ¢ in T and all orbits G/H we have
H,(E.(¢,G/H)) =0 for g < N.

(C) The G-CW complex X has only finite isotropy groups and only finitely
many orbit types.

(D) For each finite subgroup H C G and every p < n+d — N the homology
group

H,(ZgH\X";7)
is an (almost) finitely generated Z-module.
Then for each p < n the map

Hp(t.)
s

H, (CfOT(G)(X) ®20v(C) homI(D*,E*)) H, (homI (D*, CEO"O)(X) @p0vc) E))

is an (almost) isomorphism.

Here of course
t,: CEOTO (X) ®zor(@) homz(Dy, Ey) — homz (D*, crer@) (X) ®zor(@) E*>
is the chain map that sends = ® ¢ to the map D, — oLer@ (X) ®z0r(c) B« given
by y — x ® ¢(y). There are also linear versions of Examples 1.6 and 1.9.

We mention that Theorem 6.1 above remains true in a more general setting.
Namely we can replace the ring of integers Z by any commutative Noetherian
ring R, and cor(@ (X)) by any contravariant ROr(G)-chain complex satisfying the
following conditions: C, is a complex of projectives concentrated in non-negative
degrees; the set S(C,) := {(H) | Sq/aCp # 0 for some p € Z} is finite; (H) €
S(C.) implies that H is finite; and for any finite group H C G and any p < n+d—N
the homology group H,((pr, C.)(H)) is an (almost) finitely generated Z-module.

Here (H) denotes the conjugacy class of a subgroup H C G and S/ is the
splitting functor defined in [Liic89, 9.26 on page 170]; pr.C. is the RSub(G)-chain
complex obtained from C, by induction (see [Liic89, 9.15 on page 166])) with the
projection pr: Or(G) — Sub(G) defined in (3.10).

The situation above is a special case because Cfor(c)(X) is a free (in the sense
of [Liic89, 9.16 on page 167 and page 356]) and hence a projective ZOr(G)-chain
complex, the set S(CfOT(G)(X)) is just the set of conjugacy classes of isotropy
groups of X, and H,(pr, C2°"9(X)(H)) = H,(ZcH\X " 7).

7. EXAMPLES OF CATECGORIES WITH FINITE-DIMENSIONAL CLASSIFYING SPACES

In this section we show two examples of categories that have a finite-dimensional
contravariant classifying space, in the sense of Definition 3.4. The second example
is relevant to the construction of topological cyclic homology and will play a role
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in the applications discussed at the end of the introduction. In both examples we
will denote by N the set of non-negative integers {0, 1,2,...}.

Example 7.1. Let N be the category associated to the partially ordered set N,
i.e. the category whose objects are the non-negative integers N and for which
mor(i,j) is empty if ¢ > j, or consists of precisely one element if ¢ < j. There is
a 1-dimensional model for the contravariant classifying space EAN. In fact, define
EN (i) to be the interval [i,00). The zero-skeleton is given by the intersection of
[i,00) with Z; the 1-cells are then obvious. (Compare also [DL9I8, Example 3.9 on
page 224].)

Example 7.2. Let RF be the following category. The set of objects is N =
{0,1,2,...}. The set of morphisms from m to n is {(i,j) e NxN|i+j=n—m}.
In particular there are no morphisms from m to n if m > n. The identity morphism
of n is given by (0,0). The composition of (ig,jo): no — n1 and (i1,71): n1 — ne
S (7/0 + il,jo +]1) ng — Ng.

Notice that a contravariant functor E from RF to the category of spectra is the

same as a sequence of spectra Eg, E1, E, ... together with a system of maps
ro ry ro
E- E; Eo
fg fl f()

such that r; o f;11 = f; or;y; holds for all ¢ € N. Namely, put E;, = E(4),

=E((0,1): i — (i+1)) and f; = E((1,0): ¢ — (i+1)). Topological cyclic homol-
ogy is defined as the homotopy limit of such a system of spectra, where the E,,’s
are given by the fixed points of cyclic p-groups acting on topological Hochschild ho-
mology, and the structure maps are the so-called Restriction and Frobenius maps
(see [BHM93]).

Proposition 7.3. There is a two-dimensional model for the contravariant classi-
fying space of RF.

Proof. Define a contravariant RF-space E by sending an object n to the space
{(z,y) € Rx R | z,y > 0} and a morphism (¢,j): m — n to the map (x,y) —
(z + i,y + j). Obviously each space E(n) is contractible. It remains to construct
the RF-CW-structure.

Define Ey(n) = Nx N, Ei(n) = {(z,y) € RxR | z,y > 0,z ory € N} and
Es(n) = E. This yields a filtration Ey C Fy C Ey = E of contravariant RF-
spaces. We claim that this is an RF-CW-structure. We have to construct the
relevant pushouts of contravariant RF-spaces. Define for each n € N embeddings
of contravariant RF-spaces

Qo(n): morrx(?,

Q"(n): morgr(?7,n) x |

Q7 (n): morgx(?,n) x |
Q2(n): morgx(?,n) x[0,1] x [0,1] = FE

i,J) = (4, 9);

(4,5),8) — (i+s,5);
(4,4),8) = (i, 5 + s);
(4,7),8:1) = (i+ s, +1).

We claim that [[, .y im(Qo) = Eo and that we get pushouts of contravariant RF-
CW -complexes

n)
0,1 - E
0,1] 1,

(
(
(
(

HnEN (mOI'R]-"(?,n) X {0,1}HmOI‘R]_—(‘7’n) X {07 1}) WEN(QI‘ Qﬂ) By

l (@ ey k

I,en (morR}-(?,n) x [0,1] [ morg#(?,n) x [0, 1]) E;
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and

[ nmorar(?.m) x (10, 1] x 0, 1)) — =L, p,

l neN Q2 ‘

[,cnymorrz(?,n) x [0,1] x [0,1] ——— F

where Q%|, QY| and Q2| denote the obvious restrictions. This finishes the proof of
Proposition 7.3. (]

8. THE HOMOLOGY OF CLASSIFYING SPACES FOR FAMILIES

This section is devoted to the proof of Proposition 1.7. We first recall some
definitions.

A G-CW-complezr is a CW-complex with G-action such that for an open cell
e and g € G with g-eNe # () multiplication with g induces the identity on e.
For information about G-CW-complexes we refer for instance to [Liic89, Sections 1
and 2] and [tD87, Chapter II, Section 1]. A G-CW complex is proper if all isotropy
groups are finite. Recall that a family F of subgroups of G is a set of subgroups
closed under conjugation and taking subgroups. A G-CW-complex EG(F) all
whose isotropy groups belong to F and whose H-fixed point sets are contractible
whenever H € F is called a classifying space for the family F. This notion is due to
tom Dieck (see [tD87, Chapter I, Section 6]). Any G-CW-complex whose isotropy
groups belong to F admits up to G-homotopy precisely one G-map to EG(F). In
particular any two models for EG(F) are G-homotopy equivalent. A functorial
bar-type construction for EG(F) is given in [DL98, Lemma 7.6].

Lemma 8.1. Let X be a proper G-CW -complex. Suppose that there exists for each
p > 0 a positive integer d(p) such that for any isotropy group H of X multiplication
with d(p) annihilates }NIP(BH; 7).

Then the canonical projection pry: EG xg X — G\X induces for allp > 0 a
Z-almost isomorphism

H,(prx;Z): H,(EG x¢ X;Z) — H,(G\X;Z).

Proof. Let X, be the n-skeleton of X. Then both maps FG x¢X,, — EGxgX and
G\X, — G\X are n-connected and induce isomorphisms on H,(—;Z) for p < n.
Hence it suffices to prove the claim for each n-skeleton X,,. This will be done by
induction over n. The induction beginning n = —1 is trivial since X_; = (). The
induction step from n to n + 1 is done as follows.

We can write X, 1 as a G-pushout

[, G/H; x S* —<"" x,,

J i€l Qi

Hie] G/HI X Dn—i_1 4)Xn+1.

Applying EG xg — and G\— one obtains two pushout squares whose left vertical
arrows are again cofibrations. The projections pr, where Z runs through the four
corners of the G-pushout square yield a map between the two new squares. By a
Five-Lemma argument, the Kiinneth formula and the fact that H,(—;Z) satisfies
the disjoint union axiom for arbitrary index sets, the induction step follows from
the assumption that the map Hy,(prg 3 Z): Hy(EG xg G/H;Z) — H,({pt}; Z) is
surjective and its kernel is annihilated by d(p) for each isotropy group H of X. O
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Lemma 8.2. Let F be a family of finite subgroups of G. Fiz an element H € F.
Suppose that there exists for each p > 0 a positive integer d(p) such that for any
K € F with H C K the annihilator ideal of Hy(B(ZgH N K);7Z) contains d(p).
Then Hy(ZgH\EG(F);Z) is an almost finitely generated Z-module for all p > 1.

Proof. Fix H € F. The projection EZgH X7,y EG(F)! — BZgH is a ho-
motopy equivalence since EG(F) is contractible. Now apply Lemma 8.1 to the
proper ZgH-CW-complex EG(F)H and the projection EZgH Xz, EG(F)? —
ZgH\EG(F)H. O

We are now prepared to prove Proposition 1.7.

Proof of Proposition 1.7. Obviously EG(F) has finite isotropy groups and only
finitely many orbit types. There is a number d such that the order of any ele-
ment H € F divides d. Hence H,(BK;Z) is annihilated by d for each K € F
and p [Bro94, Section II1.10]. Now apply Lemma 8.2. U
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