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0. fntroduction
'fhis 

paper studies equivariant fixed point theory of G-complexes r,r'ith cellu-
lar methods. We introduce the uniaersal Lefschetz ring UL(G) and the Lefschetz
ring L(G) of a compact Lie group G. They are both quotients of the set of
G-endomorphisrns of finite G-complexes by an equivalence relation based on
Lefschetz numbers of the inclucecl maps on XE f WHo and XH. 

-Ihe 
ring L(G)

bears a similar relation to UL(G) as the Burnside ring A(G) to the universal
additive invariant U(G). 

'fhere 
is a commutative square of ring homomorphisms

L(G)

A(G)

u'here the horizontal arrorvs are quotient maps and the vertical arro\\'s are
inclusions sending a finite G-complex X to id: X--- X.

The groups UL(G) and U(G) are in fact defined for arbitrary topological
groups G by certain universal properties. 'I'his 

universal property is mainly
used for constructing homomorphisms rvith UZ(G) as source.

Let Con G be the set of conjugacy classes of subgroups {(H) I H <G\ and
con G be the set of conjugacv classes of elernents {(g) | ge G). Denote by
CI(ZG) the free abelian group generated by con G or, equivalently, the group
of class functions G-- Z u'ith finite support. Under a mild technical condition
rvlrich is satisficd for compact or discrete G we can define the uniaersal
Lefsclrctz cl.ttss

uL(f ) = 
,,r9o,ncl(z 

nowH)

of a G-endomorphism / of a finite G-complex by applying the Hattori-
Stallings trace to the induced chain map on the cellular ZzroWH-chain complex

uL(G)

1
I

U(G)
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(0.1)

C'(X', X") for (I1) e.Con G. We can use tJL(f) to defin" 'h-t-. uniaersal Euler

class ux(x)=p^-t. '  Denote by r(w): GIH--GIH for wewH the G-map

gH -.- gwH. l-rt't1g1for g e G always denote left multiplication with g'

T h e o r e m A . S u p p o s e f o r G t h a t a n y G - m a p G | H - . - G l H i s a G - h o m e o r n o r .

phism (This hotds for compact G). Then UL(f) and' UX(X) induce isomorphisms

UL(G): @,Cl(ZtoWH) and U(G)= 
9'Z

where the sums run oaer con G' A Z-base for (JL(Q es {(zr-)] l(t't') €con trowH'

(I/)e Con G) ancl l lGlHl l(H) eCon' G) is a Z-base for u(G)'

T h e g r o u p s ( J L ( 6 a n d ( J ( G ) g i v e r i s e t o a g e n e r a l m e t h o d o f c o n s t r u c t i n g

homotopy invariants of G-map, i, X--X (resp' spaces X): assign to the basis

elements lr(*)l(resp. lGlH)) urbitrury values in an abelian group' This frame-

work covers Brown,s equivariant Euler characteristics of discrete group actions

[3, Ch. IX. 7] and tom Dieck's Burnside ring of a compact Lie group [6' Ch' IV]'

Ind.eed, the first one is obtainecl by mappinglGlH] to the Euler charactcristic

of Hin the sense of group .oho-oiogy,-whereas the second one results by con-

sidering the lluler chlracteristics of tht spaces GIH and their fixed point sets'

Forthe rest of the introduction, let Gbe a compact Lie group' If f: x--x

is a self-map of a finite G-complex X and H <G then the Lefschetz numbers

Lr(f)(*) : L(X* lWHo, t(*-')"f H lWHo), wezroWH

define a class function L'(f) on roWH:WHlWHr' The universal Lefschetz

ring UL(G) is obtained by identifying /, and J when L'(.fr):L'(fr) for each

H<G. Th. h;;orrrorptirms ZF ä.n"! an injective group homomorphism

L: UL(G1 --* IICI( ZttsWH)

which is a ring horrromorphism only for finite groups' To get an invariant more

accessible to computations, considär the class functions L'(f): zroWH- z de-

fined by

(0.2) Lr(f)(*) :  L(X*, t(zn-\"|n1, weWH

E. LetrrNrN AND W. LÜcr

If /, and f, are identified rvhen L*(f,,):L'(fr)-for each H <G the result is the

Lefschetz ring Z(G). It admits " t i"; .-Uläaittg L: I '(G)*#, CI(ZzroWH)'

For finite groups G the rings uL(G) and L(G)-coincide' In general' the class

of r(w): G|H_,G|H tn UL(G) *up, to zero in t(G) if zl has irrfinite centra|izer

in WH,and the remaining generators form a basis of Z(G):

L(G)- @CIö(Z troWH)
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where Cl6(ZtroWH) is the free abelian group on those conjugacy classes (zu)

of rroWH for which C*r(*) is finite. 
'fhe 

ring UL(G) is of theoretical interest

whereas L(G) is adequate for explicit computations.
'fhe quotient set of G-maps under the coarse relation based on the l,efschetz

numbers L(X*,/ä) turns out to be the Burnside ring ,4(G). The fact that A(G)

is also the quotient of the sarne relation on spaces has important consequences

and has no counterpart for UL(G) and U(G)

So far the spaces have been finite G-complexes. Next rn'e apolv homologi-

cal algebra in the categorV of modules over the orbit category to r,r'eaken the

finiteness assumption. The idea is to approximate the cellular chain complexes

of all fixed point sets simultaneously by finite projective complexes, replacing

thus the arguments based on induction over orbit types. 
'Ihis approach u'as

used in the context of finiteness obstructions of finite groups by tom Dieck [5].
We are ready to state the main results. Let X be a Z-homology finite G-

complex, i.e. 11a(X*; Z) is f initely generated for each H <G. Then \ re pro\re

that /1*(XHIWH., Z) is also finitely senerated for each H<G, so that the class

functions L'(f) and L'(f) from (0.1) and (0.2) are defined for all G-maps

f : X_--X. Recall that LH and LH define homomorphisms UL(G)--CI(ZnoWH).

Theorem B. Let G he a compact Lie group and let X be a finite-dimensional
Z-hontologl, fnite G-complex of fnite orbit tyPe. Then eüery G-map .f: X-rX

hns an eqrdaariant Lefschetz class l.fl itt UL(G) wch that LH(f):L'(lfl) and

L'(f):L'(lfl) for each subgroup H <G.

Tlrus the relations between LH(f) or LH(f) for various H are the same as

those that occur for the maps r(w): GlK"--GlK. In particular

Corollary C. With the assumptions of theorem B the Lefschetz numbers

L(f') satisfy the Burnside ring congruences: let H <Lbe closed subgroups of G.

i) If LIH is Jinite then

L(f ')

sr;mmed oxer tlrcse K<L which correspond to non-triaial cyclic subgroups of LlH.

ii) If LIH is a torus then L(fH):L(f ').

Corollary D. (Lefschetz fixed point formula). With the assumptions "f

theorem B, L(d:X(Xu) for  each elenrcnt ge G.

Verdier [18] and Brown [4] have proved versions of Corollary D for finite

groups.

Section 1 contains the definition of UL(G) for topological groups G and the

proof of Theorem A. In section 2 u,e relate it to ordinary Lefschetz numbers,

r,r'hen G is a compact Lie group, and prove the main results in the special case

of finite G-cornolexes. Section 3 cleals r.,ith homological algebra over the orbit
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494 E. LarrrNBN AND W. Lücx

category. In section 4 u'e give axioms for Lefschetz invariants of chain map-
pings. In section 5 we apply the algebra to G-complexes and. prove Theorem
B and Corollaries C and D in slightly more general form allowing arbitrary coef-
ficients. Section 6 is devoted to homotopy representations which formed the
authors' original motivation for constructing Lefschetz ciasses in A(G) fbr finite
G-complexes in [11] and [12].-I'he 

paper was u'ritten r,vhile the first author u,as visiting Sonderforschungs-
bereich 170, Geometrie uncl Analysis, at Gcittingen. He r.r,ishes to thank SFII
for its hospitality.

1. The universal Lefschetz group of a topological group

I'et G be a topolosical group. Topological groups as u,ell as G-spaces are
supposed to be Hausdorff. For a general discussion of G-complexes lve rcfer
to [6, II. 1+2]. lVc call a G-complex pointed if rve have chosen a base point,
i.e. a G-fired point in the zero-skeleton Xo. A G-map is pointed if it pr...ru.,
the base point. Givcn a G-map f: X-,y, let X* and y* be thc pointecl
G-spaces x+: xlL{clc} and y+: ylLtGlG} *,ith base point GIG ancl
f*: x*--- 'Y+ be the pointed G-map/-l l id. Denote bv [Ä y]c (resp iÄ ylf)
the set of (pointcd) G-hornotopy classes of (pointecl) G-nrup5, fro,1 X to y.
If S' has trivial G-action ancl V: S, --- S, V S, clenotes the pinch rnap then
t/] + [S]: [f V g "V] defines a group structr,rre on [^S, A X, S'A X] f n,, n] l
rvhich is abelian -,r4ren n)2.

A Lefschetz inrsariant for G co.sists of an abelian
assigning to a pointed G-endomorphisnr /: X---X of a

group A and a function
pointed finite G-cornplex

an element L(f)e I satisfying
i) Homotopy inoari.unce

If f, g: X--- X arc pointed G-homotopic then
ii) Comrnutatiz;itv

L(f )== L(d.

If f: X-. Y and g: Y->f, are pointed G-rnars thcn L(S.n:L(f "g).
iii) Additiaity

Consider the cotnmutative diagram of pointed finite G-cornirlexes u'ith i the
inclusion of such G-cornplexes

t
A - x _ _ x l A

f

A

I
t "
i

Then L(f)-L(gWL(h):0.
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iu) Linearity

For f , g: SIAX---SrAX we have fU+$: L(f)+L(d. ( 'I 'his makes sense

because of i).

Remark 1.1. Notice that homotopy invariance and commutativity imply

that L(f):L(d if there is a G-homotopy commutative square

r,r'ith a pointecl G-hornotopy equivalence ft.

Example 1.2. Consider thc function assigning to a pointed G-endomor-

phisnr f: X-,X of a pointed finite G-cornplex the ordinary reduced Lefschetz

nurnber of f lG: XIG-, XIG rn Z. 
'['his is a l,efschctz invariant for G.

In the sequel u.e need the follorving condition (0) on G n'hich is satisfied for

all abelian or colnpact or ciiscrcte groups G

(0) 
'I 'he 

Weyl group WH: !,IHIH - leeG I g-'Hg: H) lH is open irr

GIHH -.  {SeG I  g- 'HgcH\ lH for any H <G.

Notice tltat II/H is alu,'ays closed tn G lH 
H zs H ( G is closecl, Flence G lH'

is the topological surn WH ll GlH". 
' l 'hercfore thc G-cornplex structure on X

induccs a relative trVH-complex structure on (Xr, X'*). If R is a commutative

ring and ,t1* denotes singular homology u'ith R-coefficients define the cellular

chain complex C'(Xu, X>') rn'ith R-coefficients by

A 4, ,
. . .  

un* ' ,  
H , ( (x* ,  x " ) , ,  (x ' ,  x " ) , - r )  

-n ,

l I , - r ( ( x * , r t t ) ) , , - ,  ,  ( x u ,  x > " ) , - r ) A " .  . . .

n'hcre A,, is thc boundzrrl' operator of the corresponcling triplc. Ily naturality

and lronrotopy invariancc C'1Xa> , X') is a RnolI/H-chain cotnplcr. It is finitc

free l rccasue of  H,,((Xt '  ,  X") , , ,  (X*,  X") . - r )  ^z O H,( , I ,VH x (D",  S'- t ) )=

@H^(WH) rvhere the sum runs ovcr tire re-clirnensional lü'H-cells in Xä\X>ä.

A celltr lar G-map .l ' : X--,- X induce" C'(f ' , f"): C'(XE, X")*C'(X', X").

We make the convention that for a pointed G-compler X rvith base point x X>c

is {;v}. 
' [ 'henu-e 

hirvc (- ' '(Xu, X'u):C'(Xti,, Xio) fbr a G-cornplex X and

I
t t  l h
, l
I '--- '( --- Y



EqutventeNt Lppscrre'rz Cr-assas

iu) LinearitY

For f  ,  g:  StAX-*S'AX we have f( f+$: L(f )+L(d.  ( ' l 'h is makes sense

because of i).

Remark 1.1. Notice that homotopy invariance and commutativity imply

thx L(f):L(g) if there is a G-homotopy commutative square

Ih l ,
v l

l '  --- - '( _--Y

lvith a pointecl G-hornotopy equivalence ft.

Example 1.2. Consider thc function assigning to a pointed G-endomor-

lrhisrn f : X---X of a p.intecl finite G-cornplex the ordinary reduced Lefschetz

,r.,,",-,1r., otflG: XIG'--XiG tn Z. 
'['his is a Lefschetz invariant fot G'

In the sequel 1r'e neecl the follou'ing condition (0) on G u'hich is satisfied for

all abelian or colnpact or discrete groups G

(0) 
' l 'hc lveyl group wH: l{HlH: lgeG I g-'Hg: H\ lH is operl in

Gf  HH - , |ge  G I  g - 'HgcH)  lH  fo r  any  H <G-

Notice tbzt IVI{ is alr,vays closecl in GIHH as -F1 ( G is closetl, Hence G lH"

is the to'ological surn WH ll GlH". 
'l'herefore the G-cornplex structure on X

induccs a relative trVH-conplex structure on (XE, X")' If R is a commutative

ring and f/a denotes singular homology r,r,ith R-coefficients define the cellular

chain complex C'(Xu , X'*) u'ith R-coefficients bv

A A "
. . .  

un* ' ,  
H,((Xu, X")u,  (X' ,  X'u)*-r)  - : \

I Iu - t ( (X* ,X t t ) ) , , - ,  ,  (x " ,  x ' " ) , - r )a ' - l  " '

rvhcre Ä,, is thc bolndlr1' operator of thc corresponding triple. Ily naturality

:rncl lronrotopy invarianc e C'(XH>, X') is a Rnol4/H-chain complcx' It is f initc

free becastte of  H,,((Xo ,  X>H), , ,  (X' ,  X'u)*-r)  - :  f l )  H.(WH x (D' '  S ' - t ) )=

@H.(WH) rvhere the sum runs o\-cr the n-clirnensional W'Il-cells in Xä\X>s'

A cel lu lar  G-map . l ' :  X--X induce, C'( f ' ,  f " )"  C'(XH, X")--C'(X" '  X,-u) '

We make the conr,,ention that for a pointed G-compler X rvith base point x X>G

is { ;v} .  
. l . l ren r i ' t l  har,c ( , ' " (YH' Y>H):C,(X' | ,  Xi , )  for  a G-cornplex X and
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we can treat in the sequel the unpointed and pointed case simultaneously.

Let K be a group. Denote by CI(RK) the free R-module generated by

the conjugacy classes (A) of elements A e K. There is a canonical epimor-

phism of R-modules

(  1 .3) T: RK -. CI(RK)

with the group ring RK as source. It is bijective if and only if 1( is abelian.

Consider an endornorphism f: P--P of a finitely generated projective RK'

module. In [8], [17] and [1] there is defined atrace Tt""(,f) e CI(RK) as follows.

Choose a finitely generated RK-module Q and an isomorphism /z: RK"*P@Q

from the based free RK-module of rank n. 
'fhe endomorphis^ h-'"(fCI0)'ft

of RK" is given by u (n, n)-matrix A:(o,,). Then the Hattori-Stallings trace

o f / i s

Consider a finitely generated projective RK-chain complex C and a RK-chain

map /: C --- C. Define

(1.s) Lr*( f )eCt(RK).

by 
ä(-1),Tr**(f,). 

This is a Lefschetz invariant in the sense of section 4,

i.e. homotopy invariance, additivity, linearity and commutativity are satisfied.

Consider a (pointed) G-endomorphism f : X--- X of a (pointed) finite

G-complex. Let ULH(/)e Ct(ZnrWH) be L*o*r(C'(X' , X"), C'(g)) for any

cellular G-map g with .f = g. Define the unioersal Lefschetz class

U L(f ) e @Cl(ZnoWH)

by the collection |UL,(f)) where (F/) runs over the set Con G of conjugacy

classes (H) of subgroups H<G. This makes sense as ULH(f) depends only on

(I1) and is different from zero only for H eIsoX. One easilychecksusing the

remarks above that the universal Lefschetz class defines a Lefschetz invatiant

for G. In particular we get from remark 1.1 that tlL(f) do:s not depend on

the G-complex structure on X. We will see that (lL is the most general

Lefschetz invariant.

We call a Lefschetz invariattt (A, L) uniaersalif for any Lefschetz invariant

(A' ,  L ' )  there is exact ly one homomorphism Ö, A- 'A'suchthat +(I ' (n) :

L'(f) holds for any pointed G-endomorphism f of a pointed finite G-complex.

Up to unique isomorphism there is only one universal I-efschetz invariant.

One can construct a model by introducing on the abelian group generated by the

isomorphism classes of pointed G-endomorphisms of pointed finite G-complexes

the necessary relations corresponding to the axioms.

(1.4)

(1 .6 )



(1 .8 )

(1.e)
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DnrrNrrrox 1.7. Let UL(G) together with the function f *lfleUL(G)

be the universal Lefschetz invariant of the topological group G. We call

UL(G) the uniaersal Lefschetz group of G.

Notice that we obtain by the universal Lefschetz class UL(f) and the uni-

versal property UL(G) a homomorphism

UL: UL(G) --- @Cl(ZztoWH)

uniquely determined by UL(l-fl):UL(f). We can define a homomorphism

"h, 
,g 

Cl(ZtroWH) * UL(G)

by sending the base element (*) =Cl(ZnoWH) represented by weroWH

to lr(*)*l where r(zo):GlH---GlH sends gH to gwH. 
'fhis is independent of

the choic e of w bv homotopy invariance and commutativity since any path from

ztr to ztr' in WH induces a G-homotopy between r(w) and r(w') and r(w)"r(x):

r(xw) holds. One checks directly that [l-o$ is the identity. Norv assume

that G satisfies the condition

(EI) Any G-endomorphism of a homogeneous G-space is a G-homeomor-

phism.

This is equivalent to GIHH:WH so that (EI) implies (0). It G is compact

(EI) is satisfied. Now \\re can prove Theorem A of the introduction'

Theorern 1.10. If G satisfies (EI) then UL and "lr are inzserse isomorphisms.

Proof. It remains to prove that "/" it surjective. We write (H)<(K) if

H <K holds for appropriate representatives H and K. This is equivalent to

the existence of a G-map GIH--GIK. We get from condition (EI) that

(/1)<(K) and (K)<(F1) implies (11):(K). Consider a pointed G-map f : X---X

of a pointed finite G-complex. Numerate {(H) | H elso X} : {(f/ ') '  (Hr), " ',

(H,)\ such that (Ht)t(H,.) i-plies i >i. 
' fhen 

X(k): U f =' X@i) is a G-sub-

complex of X and f induces by restriction/(Ä): X(k)--- X(k). We obtain from

additivity

lf (k)lf(k-1)l

Similarly we obtain from the skeletal filtration

l f l :21f,ff.-,1 .

Hence it suffices to shorv t/]er*r*. * uncler the assumption X:Yi-t GIH+A

So for n)0. By additivity and hornotopy invarianc. [S'Af]:-lf l  holds as

[ / ]  :>
h - l
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we have the cofibration X'--.1AX-'S1AX and I AX is contractible' 
' fhere-

fore r,ve can also suppose n)2. If M,(ZtoWH) is the ring of (r, r)-matrices

over ZrroWH we next construct an isomorphism of abelian groups

F: M,(ZtrWH) -' lX, Xlg '

Let X be a space. One shorvs inductively for n)2 that S/AX* is (zr-l)-con-

nected an{ the Hurernicz homomorphism on(S" AX*)-'fr,(S'AX*) it bijective'

In the start n:Z use the theorem of Seifert-r,an Kampen. Hence u'e obtain

an isotnorphism of abelian groups for n)Z

[Io(X) -. fro(x*1 -1 EI,(x*)-* fsn,soAX*]r .

We dcfinc /" as the cotnpostion

M,(ZrotrVH) :Q g--,nrgU) :,.9, Ur(y,GlH'i)

:  ö [s ' ,  ü GlHrAs']*:  6 lGlH*Äs',  Y," lu*As"lf
i l j l t l I

.7v. C1A*AS", y,* lo*As' l? :  [x,  x l? '
, t

Ict t le.M,(ZzroWH) be gir.en. Let ö;,; be the Kronecker symbol: 8;,;:0

for i  * j  and 8; , ; :1,  
' fhe matr ix E( i , j ) : (ö, , , "  8 i , i ' ) ; ' , i '  has alrn 'ays 0 as entry

cxcept at (i, j) i ,r 'here it is 1. Wc get

F(A) :
i , i

i\pplying additivity to

I

I

GIH,  A s"

I
I

l11t . t )
I
t

Gl r I tAs '  ->

7

r  t  f \ l l f  n  Q ' l
V \-,  l l l  ,  , / \  ^) _.--+

Ä :  I

i
I
I I;@; ,E(i, i))
|  

" J

It

G l I I ,  A S" -+

GIII , A S"

6; , iR ' (a , , ' )

GIII, A S"

and lincarity to O ),-{1.-.O yields

LF (n,, i l l( i , i))) : ö,,;[1"( a i,)f .

Hence it remains to show for ae.zrrowH that lF(a)]eimr/n holds for F(a)"

GIH*A Sn--.G lH+ AS'. Since \Ä'e can rvrite a:2 a,u'tD we can assume a:u'

I lut [F(zr)] i. ( --I)"lr(w)*] and lr(*)*lcimrf" is obvious. t
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Let u(G) be the universal additive invariant for pointed finite G-complexes

(see [6, IV.1.]). It is universal rvith respect to homotopy invariance and additi-

vity.- By the universal property rve obtain unique homomorphisms

( 1 . 1 1 ) I: U(G) -- UI'(G), [X] -- lid: X - X]-

Let B(X,H,n) be t [c ntunber of  cel ls of  type GlHxD" in ({  r ) .  Def ine

t]xT(x)=Z by Iä:o (-l)"ß(x,II, n). suppose that G satisfies (0). since
'lt2rto(w,)(ZroWH,id)e Ct(ZngWH) is the base element given by the unit

ea.WH we have ULH(id,: X-X):UXH(X)'it]. Flence u'e get a ',vell-defined

homornorphism

(1.12) r'tx: U(G) *,9, Z, lxl -- (UxH(X))<ut

such that the map i, 
PrZ_- 

Cl(ZtoWH) sending (n, e Z)rr, to (n*'lele

Cl(ZnsWH))1"y makes the follorving diagram commute

LI  I .

(  I I ;

( 1 . 1 3 )

+ ) z
( l / )

t  i  L ( G ) , , l l ' l  I )

I

t i
l

Lir.

I f G s a t i s f i e s ( E I ) t h e m a p U x i s a n i s o t n o r p h i s m . W e c a l l r - ] x ( X ) t h e u n i o e r s a l
Euler cltnracteristic. 

'I'he possibility of defining equivariant Eulcr characteri-

stics for general groups was suggested to us by Soren Illman.

If one drops in the dcfinition of the Lefschetz invariants the linearity

ariom one is led to larger universal groups (see Dold [7], Okonek f 15])'

2. Lefschetz invatiants for compact Lie groups

In this section G is alrnays a cornpact Lie group. We continue the study of

UL(G) and Lr(G) and the universal Lefschetz class UI. Next rve shorv horv to

comptrte fJL by orclinary Lefschetz nurnbers. 
'I'his is based on the following

observation for a finite G-complex X-
'I ' irere is a relative noWH:WHlWHo-cotnplex structure on (X', X")lWH,

Let C'((X', X'u)lWH) be its cellular Zto l'Vg-chain complex'

Lemma 2.1. Tlrc cunonical pro.iection pt: C'(X', X")-C'((X', X'*)l

WHo) is a base preseraing ZzroWH-chain isomorphism'

Proof. If e rl lns o\.er the cells of type GlHx.D'rve can write pr, as the

composition of isomorphisrns
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H,((Xu , X")n, (X' , X"),-r) : @H'(WH x(Dn ' S'-t))

: @ H o(W H) = O Hr( W H I W H o) : @ H,(W H I W H o x (D"' S' -'))

:H,((XH, X>H)*lWHo'(Xu ' X")*-' lWHi ' n

Denote by L,((Y, B),f) the ordinary Lefschetz number of an endomor-

phisrn f , (Y, B)-(Y, B) of a finite relative cw-complex' If Tt, denotes the

ordinary trace of u' endomorphism of a finitely generated abelian group we have

for any cellular approximation g of f

(2.2) Lr( f) :  ä 
(-  1)"  Tr r(C"(g))  :  i  ( - -  1) '  Tr r(H"(f))

Consider the (pointed) endomorphism of a (pointed) finite G-complex

f : X-- X. Given H <G,let (zu) b. th" conjugacy class of we,noWH. Write
'ryt:(f) 

u. 
ä 

{JLH(f)(w).(rr) in cl(zrowH). Let I(w-') bt the map given

by left multiplication with zo-1 and C*o*"(*):{oetoWHlow -wolbe 
the cen-

tralizer of w in rowH' Let c be I c)r'*'l*)l' Denote by (fu ' f") the map

(f, , fr*)lWHo; (Xu , X")lWHo-- (X' , X")lWHo'

Theorem 2.3.

uLn(f)(zn) -- t, 'rrrr' , x'")lwHo, l(w-t1"1f ' ' f 'u)) '

proof. tsy Lemma2.1,and Che definitions of LTro*, and L, it suffices to

prove for an end,omorphism Q: ZzroWH-'ZttoWH

'lr  
7ao{wu)q :  

ä } ' "  r ( t (*- ' ) "  Ö) ' ( t 'u) '
(*) c

Givenz l ) ,woaZnoWI I le t l (zu_ l )o r (wo)betheendomorph ismZl tgWH-- - -Z l to |VH,
0--w-rowo. One easilY comPutes

(2.+)

This proves the claim' 
I

The coefficients Lr((X, , X>E)lWHo, I(w-t)"(f t, f") ) are rather difficult

to compute in practice since even in the case of a rinear representation sphert

X:SVof a finite group G the singular set X>H in XH is a union of subspheret

whose intersections form a complicut.d .o-binatoriar object. trve shall therefon

study the follorn'ing absolute numbers

(2.s) L'(f )(*) : L r(X' IWII,' l(w-t)" f n)
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(2.6) L'(f) :  
ä 

L'(f)(*) '(w)eCt(ZttsWH)

and their collection |L.(f) l(H) €Con G) denoted by

(2.7) L(f)eII Ct(ZzroWH) '

S ince ]1 . - ->XHlWHoiscompat ib lew i thequ iva r ian thomotopyand inc lu .
sions of equivariant CW-compl."., and (S t AX)* lWHo:SrA (XH IWH) holds,

Z is a Lefschetz invariant. Hence we get a homomorphism

(2.8) L: (JL(G) * 
,ll, 

Ct(ZtoWH)' [/] -- L(f) '

Theorem 2.9. L is injectioe'

Proof. By l'heorem 1..10 it suffices to show that the composition

4r. L

P,  
Cl (ZzroWH) 

t '  UL(G) 
" '  

f l  C l (Zr t 'WH)

is injective. Consider u o:äo(H) with a(f/)eCl(ZtoWH) in the kernel of

L.ü. Suppose that a is not zefo. Then choose (//) maximal with a(H)+o'

since GIKH+$ implies (H)< (K) LH"$@) is L{":!/l1a1tt11' write a(H):

Z n * ' ( r r ) . A s G l H > ä i s e m p t y w e g e t f r o m T h e o r e m 2 ' 3 a n d 2 ' 4
( r )

- [ ,H 
"g(a(H)) :  

ä 
lC*o*r(*) l ' r* ' (*)  .

This is a contradiction to lC*o1rys(') I >0' n

Now we show that the universal property of (JL(G) induces the structure of

a commutative ring rvith unit. I'et f : f,-> X be a pointed G-endomorphism of

a pointed finite d-.o-pl.*. If g: Y--Y is another such map over G'f Ag:.

X AY- X AY is a pointed G>(G'-endomorphisrn of a pointed finite GXG'-

complex and defin.. [i A g] e (l L(G x G'). on_e easily checks that g - lf A g] c

ryf(C X G') is a Lefschetz invariant for G', so that there is a unique

homomorph ism 0( / ) :  L IL (G ' ) -  uL(GxG' )  [g ] - - ' l I  Ag l '  Now f -Qf )c

Hom (,rL(G'�)-,uL(GxG'�)) is a Lefschetz invariant for G' 
-fhe induced

homomorphism (lL(G)--- Hom (uL(G'�)-.t lL(GX G'�)) can be viewed as a pairing

(2.10) P(G, G'):  UL(G)B UL(G') - '  UL(G 8G')

uniquely determined by the property P(G, G') (t/18[S]):U nf'l '

Let i; H_-G be a subgroup. consider the pointed endomorphism f : x-'x

of the pointerl finire G-complex x. It follows from the triangulation theorem

that there is a pointe<l finite .I/-complex and a pointed r/-homotopy equivalence

h: Y---res X, see [9, Th. A] or [13]. We get fres /] aUL(H) by lh-l"f "hl'
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T'his is independent of the choice of" h, h-r and Y by homotopy invariance and

conrrnutativity. We lear-e it to the rcacler to check that ./--' [res/]eUL(H) is

a Lefschetz invariant for G. Hence rve get a hotnomorphism

(2.11)

sending ff] tu fres l']. If
and 2.7I.

Theorem 2.12. 'I'he

i'nduces the structure oJ an
GIG*I on UL(G).

ix: (iI '(G) - UL(H)

A: G ---(]XG is the cliasonal map u'e get from 2.10

compositiort L* " P(G, G) : U L(G)8 L|L(G)- -U L(G)

associatiue contnnr.tatit;e ring zaith' unit lid*: Gf G*--'

One should compare this u'ith [14, section 6]. Ilecause of 
'I'heorem 2.9 and

2.I2 we can also clefine tlL(G) as the set of equii'alence classcs [/] of pointed

G-endomorphisms of pointed finite G-cornplexes under the equivalence relation

f ,^t,geL(f):L(g). -I'he ring structure is induced from V and A. Given

J': X-,X, an inverse of [/] under addition is givcn by [/Aid"] for any finite

Cl4-complex I'rvith trivial G-action and ordinary Euler characteristi X( Y): - 1.
'['hc 

evaluatiol of' the prochrct in UL(G) is in irractice vcrrv tliflicult u'l'ren

clim G>0 so rve study a u'eaker equivalencc relation. Call trvo ltointed G endo-

rr-rorphisrns f : X--rX ancl g: Y-,1' of pointed finitc G-cornplexes equivalent if

rye have tbr any II cG and z'=zroWH tbat Lr(l(t 
-t)"f ')-:Lr(l(w-t)"gF) holds'

Let L(G) be the set of equivalence classes. It becomes a commutativc ring with

unit [id* : GIG*- GIG*) by V ancl A. We call t(G) the Lefschetx ring of G.

Let LH(f)eCl(zrrow'I l )  be the element )  Lr( l (w- ' ) .Ju).( t ) .  
' l 'he col lect ion

IL'(f)l(ä) eCon G) defines an inductive ring homomorphism

(2.13) I ' : L(G) --- g Cl(ZzrolVH)

if the equip CI(Zn.WII) rvith thc ring structure incluced by Cl(ZroWH):

fI Z. 
'l'he zrdyantage of /,(Q is that /, is a rinq hornonrorphisnr rvhich is not

<u>
true for Z from (2.8) r,vhen G is infinite.

C)r're easily checks that the function f -L(f)efI Cl(Zrotrl/H) is a Lcfschetz

invariant of G. Ry 2.13 ancl the universal propertv rvc gct a ring hontomorphism

(2.1+) P: (tI'(G) -' /.(G), [/] -" [/] .

Theorem 2.15. Let con5(n.I,VH) be the set of conjugacv classes (wWH) ol

elements zuWHoeWIIlWHg:7rg[VI.I ytch that C,,,,(zo) is .finite. I,hen o Z-bay

.for L(G) is gixen by

n : {V(zo)) l(wWH}econ5Qro(WH )), (1/) e Con G}
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Proof. Consider zuewH and z eWK. 
'fhen 

l(x-L)or(s1)K: GIHK"-GIHK

is a C**(zo)--up under the right Crr(w)-action. If C*u(w) is infinite it contains

a circle so that Lr(l(o-t)"r(*)u) vanishes by Lemma2.16 belorv. Suppose K:H

and C**(w) to be finite. If (aWH){(wWH} then l(a-L)"r(7r.')tr has no fixed

iroints so that L2(l(a-r)"r(za)II) r'anishes by tlic Lef-schetz fixed point theorem.

lf (z;tr141):lwWIlo) holcls wt: can supposc n--zl) by remark f.i. 
'-fhcn 

u'e

crbtain from thc Lefschetz ilxed point fbrrnula 2.18 below Lt(l(w-')"r(w)u):

X(C*r(zu)) :  I  Cr*(*) | .
'I'his 

shor,vs that the condition "C*r(*) is finite" depends only on (wWH).

By 
-I ' lreorem 

1.10 and the epimorphism 2.14the set.B generates L(G). Suppose

that a:\a(II,w)-lr(zt)] is zero u'irere the surn runs over -8. Assume that

not all a(H, zo) vanish. Choose (F/) maximal with n(H, w)*0 for some u).
'I'lren 

LH(a)(w) equals lC**(*) | , a contradiction. n

Lemrna 2.L6. Let f : X---> X be a G-endomorphism of a fnite free G-cont-
plex. If G es S' we lmae Lr(f):X(X):11. If G is a finite group Lr(f)-X(X)
: 0 m o d l G l .

Proof. Obviously it suffices to show for f inite G that Lr(f)-0 mod lGl
is valici since Sr contains Zlp as a subgroup for all prime nurnbers p and Lz(id):

X(X) holds. If / is cellular then Lr6(C'(f))ccl (ZG) is defined. 
' l 'he horno-

rnorphism

CI(ZG) ,  Z,  
Aorrr ' (S) 

- ,  IGI ' r r<,>

maps it to Lr(f). I

Rr:rtanr 2.I7. 
'I'heorem 

2.15 implies that the property "C*r(zr) is finite"

clelrends onlv on the conjugacy class (wWH) of zuWHoeWHlI,VIIo:rro(WH).
'['lris 

can be seen clirectly as tbllows. Choose a Cartan subgroup S cWH

containing za such that zrSo generate s z65: S/Sr. 
'I'hen 

S is finite if and only

rf Crrr(zn) is finitc and thc conjugacy class (wWHo) determines the conjugacy

class of S in WH.

Proposition 2.18. (Lefschctz fixed point fonnula.) We lmzse for a finite
G-complex X und gec

Lr (X,  / (g ) ) :  X(Xr ) .

Proof. Lct C be the closed subgroup of G generated by g. Choose a

finitc C-complex Y and a C-hornotopy cquivalcnce Y--X. 
'I 'hen 

Lt(X, /(g))
--Lr(Y, l (SD and X(Xt) :X(Y"),  so \ \ :e may suppose that X: Y and G:C is

topologically generatecl by g. tr}y ad<litivity rve can even suppose Y:CIH.

I f  H *C then /(g):  Y-,Y is f i red point  f ree so thx L"( l (g)) :0:X(Y')  holds.

I f  t I :C then I ' is  a poi . t ,  / (g) : id and clear ly Lr( l (g)) :1:X(\") .  n

503
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Now we look at the ring L'(G) defined analogously to 
t\9) 

but using the

equivalence relation f ,-'g *7U4-L(S\ for all H cG' The Burnside ring

A(G)is the set of .q,ri,ru1..r.. .1^... iX1 of pointed finite G-complexes under

the relation X '- 'Y ex(X', x):x(Y;'/ fo' all H cG' There is a natural

ring homomorPhism

I ' :  A(G) - - - '  L ' (G)  [X ]  -  [ id :  X  - - '  X l '

L e t p r : L ( G ) - - L , ( G ) b e t h e o b v i o u s e p i m o r p h i s m [ / ] - - ' y ] . C o n d i d e r a b a s e
element lr(zo): GIH-, GlHl. If (wWH) + (eWi) then r(a') has no fixed

points so that f,g1*1u, GiH*---CF\ is zero for all KcH by the Lefschetz

fixed point theorcm. Since C*r(w) i; assumed to be finite WH is finite in

the case w--eH. Hence a set of generators in L'(G) is given by {lrd: GIH--

G,'Hfl (H) €Con G, WHfinite) . lni. set is also l inearly independent' suppose

t h a t l > n ( H ) . | i d , : G i H - - . G | H ) i s z e r o b u t n o t a ] - l ] - n ( H ) v a n i s h . C h o o s e ( / / )

maximar with z(r1)+0. 
'I 'hen the homomorphisnt L'(G)--'2,lf l-L(/ä) maps

t h i s s u m t o n ( H ) . | W H | a c o n t r a c l i c t i o n . A s { i G l H ] | ( H ) € C o n G , W H f i n i t e }
is a Z-base for A(G) we have

Theorem 2.1g. I' : A(G)-- L'(G) is a ring isomorphism'

This implies in particular that the Burnside ring relations of corollary c

in the introduction are valid for the Lefschetz numbers L(J\ if f : x-' x is.l

(pointed) G-endomorphism of a (pointed) finite G-complex' This includes tht

.u." of a compact smooth G-manifold'

The authors constructed, Lefschetz classes t/] i" A(G)-for finite G-com'

plexes in [11] for f inite and in [12] for compact Lit gto,'pt' If J: L(G)--A(Gl

is (I,)-loirr they are t6e images'of itt. present classes t/]c UL(G) under

uL(G) J-. L(G)J' AG)'

we have already constructed a homomorphism 'I: u(G):uL(G)' [x]-

[ id: x--x] in section 1. 
'fhe same formula defines I: A(G)-'L(G)' Then

is a ring homomorphism P: (J(G)'--A(G) sen<ling [X] to [X]' Hence we obtan

a commutative cliagram of ring homomorphisms

P

(2.20)

P
...-....-......------'-.-------.-.--J>

uL(G)
+
r l
I

L(G)

(G)

1
I I
I
(G)

The splitting /: L(G).-,A(G) sencls explicitly the class of r(w): GIH_.G|HI
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IGIH] r,vhen zo represents e e 4WH and to
morphism and satisfies

0 otherwise. It is a ring homo-

(2.2r) A.UtfD : L(fu), H <G ,
where ÖrlXl:x(X'). Of course one can define a splitting of abelian groups
UL(G)-'U(G) similarly but the analogue of (2.21) is no moreialid. For general
infinite G it cannot be satisfied by any map t_lL(G)- U(G).

Ind'eed, Iet UL'(G) denote the set of equivalence classes of endomorphisms
of finite G-complexes under the equivalence relation

f -go L(f " IWH) : L(gr lWH) , H <G .

The inclusion 1' : tJ(G)-- UL'(G) is usually not surjective, so thar the projec-
tton UL(G)- LIL'(G) cannot factor through it.

Exan'rpln 2.22. Regard G:o(z) as -R-automorphism of c. 'I'he 
complex

conjugation cGo(2) has normalizer Ä/:(c, -1> in G. Let X:Gle)=Sr and
Iet f : X----X be multiplication by - 1. ' fhen 

L(Jr lWHr):1 for H:l and 0 for
H+1,. However, if Y is any finite G-comprex rvith x(yrlwHo):g for H *r
then the class of Y in tJ(G) is a multiple of iGl and x(ylso(2)) is divisible by
x(o(Z) lso(2)) :2.  Thus [ / ]e ul ' (o(z))  does not l ie in the image of  u(o(z)) .

3. Homological algebra over the orbit category
'I-he 

purpose of this section is to reformulate the technique of induction
over orbit types in the language of modules over the orbit category. Giyen a
G-space X, each G-map GIH--g/K gives rise to a map XK--XH so that X can
be regarded as a functor from the orbit category consisting of homogenous spaces
GIH to the category of spaces. The cellular chain.o-pl.".s C'a(XE) of a G-
complex X, and the singular chain complexes ci(xä) of a general G-space x,
form sirnilar functors from the orbit category to the category of .fruin complexes.
Our aim is to give conditions on X u,hich guarantee that the complexe. C*1X";
can simultaneously be replaced by finite projective complexes, since these are the
ones where Lefschetz numbers can be computed on chain level. Some syste-
matic approach is needed for compact Lie groups G since then the categoiy of
modules over the orbit category is not Noetherian. T'o simplify notation, we
shall work rvith general functor categories. For more details and other appli-
cations, see tom Dieck 6, [Ch. I. 11] and Luck [13].

Let I be a small category and let R be a commutative ring u,ith unit. An
Rl'module is a contravariant functor M: t--MOD-R from I.' to the category of
R-modules. A homontorplüsm between Äf-modules is a natural transformation.
Let MOD-RI denote the category of ^Rf-modules.
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Exarlpln 3.1. A1y group (i can be considerecl as a category with a single

ol-rject anrl one urori',,1tirrr',. for cach group elernent' Contravariant functors

M: G--,MOD -�Rarc ccluivalent to right rnodules over the group ring ÄG'

'I'he category MOD- Rf inhe rits a structure of abelian category from

I|IOD - R. For example, a sequLrilce of Äl-rnodules is exact if its value at

each object of r.. is cxact. An Rr-module p is projectiae, if it has the foilorving

lift ing proPertY:

P

I
l "
I

,\
f u

r,'I - --> -* ---> u

if gr is a morpfiism ancl el is an epimorpfiisrn, there exists a morphism zo such

that tna-,:z:. ProjectiYe tnoclulcs arc related' to free modules in thc usual way'

once free mocrui.. ur. dcfinccl as acijoints to suitable forgetting functors as follows'

A f-se/ is a farnily (4") of ,.t. B, inclexecl by o0(r)' A l-ntap between

trvo f-sets (8") a^cl (C') is a fa'ri ly (/,1 B,'C') rif maps' If l1. ' l  cienotes the

category having thc sar-rrc objects as I ancl only iclentities as morphisms, we can

intcri.rret f-scts as functors l l l-Set' Each Rf-mociule M has an underlying

I]-set, also clcnotccl b1' 11. It is essential that ri'c forget not only the R-rnodule

s t ruc turebuta lso t l rcnon- i r l cn t i t ymor l ' i l r i sms in | .
An Rl.-mo<lule F is .free ,riil, t-""t ß c F as basis if each l-map h" IJ'-' Iil

into an Rf-rloclule II l-ras a uniquc extension to an Rf-homomorphisrn

H : F -, I/1. A frcc mociule F rvith basis B is r.rniclue uP to isomorphism by the

universal prol--crty. It is cor.rstructed as folloll,s. Let .R,S denote the free .R.

rnodule rvith basis s. lior each object r of I1 the Rl-module

Rf (x) : R FIom ( ?, t)

is free 'uvith basis ic1" e ,R Ftrom (:v, "ru) b,v tire Yonecla Lemtna' 
'I'he free modult

over a l-sr:t I]:(ßr) is nor"' defined as

Rf(/r) : 
,=u}o. 

e Rl (,v) .

It is clear that every Rr-rnorh it' fuI is a quoticnt of the trec rnodule Äf(M)

anci that pr:ojcctivc Rf -nrodulcs are precisely the direct summands of free ones'

Let M bc air Rf -rnoclulc antt iet E cM be a l-subset' 
'l'he submodult

gencratetl b,v 11 is the smallest Rf-subntociule of M containing E' i'e' the imag

of the Rl-hornornorpl'risru nf(Z')-- M crtenciing the inclusion' An Rf -modul

is Jutitety getrcrated if it is gcnerateci by a finite l-subsct or ecluivalently' if it i



EqulventnNT I-rt scnntz Classns 507

a quotient of some finitely generated free Rf-module.

T'he chain cornplexes over the abelian category MOD-Rl form an abelian

category. We shall ah,vays assurne that chain complexes C are positive, i.e.

Cn:O for n<0. We cail C frce (resp. projectiz,e), if each Cn is free (resp. Pro-

jectii,e), an,J, finite-dinrcnsionnl if Cn:o for zr)0. A fnite projecti'.-e Rl-cl-rain

cornplex is a finitc-clirnensional projcctir,e Rf-chain courplcr C such thal each

C,, is finitely generatecl. A chain mair /: C -, D bettvecn Rf -chain cotnirlcxes

is a weak eqttixalence if f .: C(r)--D(ru) induccs an isomorphism in homologt' for

each object r of f . We can nor,r' state the

PRonrntr When is a Rl-chain complex C rveakly equivalent to a finite

projectir,-e complex P?

Its rclevance to topology beconres clear in the follotving example.

Exavrpr.n 3.2. i) Let G be a topological group ancl let X be a G-sPace.
'I'he orbit cutegory OrG has the homogeneous siraces GIII as objccts and

G-maps as morphisms. 
'[ 'hc natural bijection \ 'Iap" (GlII, X)-*X" sending

.f: GIH--X to.f(ell)eXH givcs rise to a contravariant functor frotn thc orbit

category to the category of topological spaccs

X:  Or  Q ' -> ' I 'op  ,  X(Gl f I )  :  XH

Erplicit lv,lf .f: GIK---Glf{ is zr G-rnair u'ith f(tK):gII then g-r1(gcI{ and

X(f) is the composite map

xH cyt- t rs 
l (s\  

**  .

Let G be a cornpact Lic group. 
'fhe cliscrete orbit catcgorY Ora G is the

homotopy category of Or G: it has thc same objects but hornotoiry classcs of

rnaps as morphisrns. Since GI\IK is a disjoint r.inion of finitely many WK-

orbits L2,II.5.7] the spacc GlHulIVK0 is discrete. We gct an iclentif ication

lGlK, GlHl" : no((GlH)*) : (GlH)* lWKo: Mapc (GIK' GIH)|WK, '

Heuce a G-space X gives rise to a contravariant functor

X: Oro G ' ' l 'op 
GIH '--, X'lWHo.

Composing X rvith the functor sinsular chain complex u'ith R-coefficients gives

irn R Or, G-chain cornplex C'(X), callcci the singulor R Oro G-choi.n combletc of X.

i i) Let G bc a comrract Lie srollp. If X is a G-complcr then X catr be

regarclecl as a functor from Ar,,G to CI,V-c.ctn'ntlcres. Inclcerd, X1G,tH1:

XH lWHo is a rolV4-conplcx, ancl hence an orclinarv CW-comtrlex u'ith skele-

tons XjI/I,VH.. 
'fhe quoticnt XIIfLI'IIo is the largcst quotient of X// u'ith a

nattrral Cl{,Lstructure. 
'L'lte 

celhrlur R Oru(G)-c/tuin complex C'(X) of X is the
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composit e of xand the functor cellular chain complex with R-coefficients'

If J, is the set of z-dim.n.iorrul equi'ariani cells of x' choose a charac-

teristic map 0; : GlHlx(D',S'-;;-* (X " { '- ')for 
each j e J' '  By restriction to

eH,xD' and.o,,tpotition rvith the projection it induces

üi, (D", S'- ') '-- 6f lWHo, XI-'IWH)'

The image under "h i of a generat or w €Hn(D" , Sn_l ; R) is an element

b,eC',(X)(GlH) : H'(XI lWHo' Xf-' lWHo; R) '

, l .he set  Bn:\bi |  jaJ, \  forms a basis for  the R or,  G module C'"(X),  s ince

C',(X)(G,tH) :  H.(Xf lWKo' XX-' lWKo\ = 
,9,H'((G|H 

i)u lWHox(D" '  S'- ' ))

anrl (GlH)u lWHois precisely the Hom-set lGlH' GIHÄ"'

.I.he cellular chain conrplex c'(x) is thus u r""'n or' G-chain complex'

rvhich is finite-dimensionul (r.rf . n"\tti if X is finite-dimensional (resp' finite)'

Rarrenr< 3.3. 
"I'he Bredon-Illman equivariant cohomology of a G-complex

x with coefficients in an n or, G-modul ' M "obtained from the cellular chain

complex C'(X) bY setting

Ht(X,M):  F1*(Hom(C'(X) '  M))  '

'uvhere Hom means homomorphism of R Or7 G-modules'

Forarb i t raryG-spacesXwecandi f ineanequivar iantcohomologytheory
by

Ht6; M) : I I*(Hom (C'(X)'  M)) '

lf G is finite, it agrees rn''ith Illman's equivariant singular cohomology' \I{t

conjecture th; this hol1s for compact Lie groups' too' Equi'ariant homolog

th.eories Hlr(X; M) areconstructed similarly using tensor prod'uct of R or7 (G)

moclules, see [6, Ch' II ' 9]'
, I . ocompare thece l lu la rand 's ingu la rcha incomp lexeso faG-comp lexv t

first recall the follorving standard lernma (see eg' [10' ch' I])'

L e r n m a 3 . 4 . L e t P b e a p r o j e c t i o e - R T - c h a i n c o m p l e x . A n y w e a k e E i
oalence f: C---D o.f Rl-chain 'oäpi'*" induces an isomorphism

f * ,  l P , C ) ' l P ,  D ) '

There is a func tor D from cw-conplexes to chain complexes over z an

natural transformations i: D.C, and j. D_-C, such that i(X) and j(X) u

h o m o l o g y e q u i v a l e n c e s f o r a n y C l 4 - c o m p l e x X , s e e W a l l [ 1 9 , L e m m a 1 ] . I f ,
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is a G-complex, the composite functor D"X gives rise to a third Z Oro G-chain

complex D(X) together with natural weak equivalences i(X): D(X)-'C'(X)'

j(Xi, D(X)---C'(ft). Since C'(X) is free (Example 3.2tt), applying Lemma 3'4

twice yields

Proposition 3.5. Let G be a compact Lie group and let X be a G-compl'ex'

There is a weah equioalence of Z Oto G-chain complexes C'(X)-'g'(X) which is

natural in X uP to chain homotoPY.

(In the derived category of MoD- RI.t where weak equivalences are formally

inverted, i and j define directly a natural isomorphism C'(X)-'C'(X), cf' [10'

ch. IXl.)
'fhe orbit categories Or G and Oro G of a compact Lie group G have the

property that each endomorphism is an isomorphism. A small category I

huui.rg this property is called an El-cntegory. If I is an El-category' we can

define a partial order on the set Is (I]) of isomorphism classes E of objects

r e Ob (f ) by setting ft I it eHom (x, 1\ * A. For the orbit categories this means

that ffi <F6 if and only if ,FI is subconjugate to K'

Let I be an El-categroy. In the sequel R[r] stands for the group ring

R[Aut (r)] and MOD-RI3] is the category of right Rfr]-modules' For each

object r of I we introduce a splitting functor

(3.6) S,:  MOD-R| -  MOD-R["]

and an extension functor

(3.7) E,: MOD-RIx] - MOD-RI

as follows. Giyen an Rf-module M, let M,(*) be the R-submodule of M(*)

generated by the images of M(f): M(y)-,M(x) where f, *'--y runs through the

Lorphisms with ft+t. Then M,(*) is an Rfr]-submodule of M(x), and we set

s"M:M(x)lM,(x). If l/ is ^ right Rfx]-module, u,e define an Rl-module

E,Ä/ : l /E  RHom(?,  r ) .
E[ ' ]

The functors S, and, E, are right exact and additive' They are easily seen

to preserve the properties freeness ancl finite generation' In particular, the

image of a finitely generated projective module under S" and E" is again a

finitely generated projective module.

Exenrprn 3.8. Let G be a compact Lie group. 
'Ihe automorphism group

of GIH in or, G is (zrowH)o, urr,l so right Rl.GlH)-modules correspond to left

RrroW%-modules. Let X be a G-complex rvith cellular R or, G chain complex

C'(X). Then SG/rrC'(X) is isomorphic to C'(XH lWHo, X>H lWHo) as a complex

of left RzroWf-modules. If X is a single cell GlK, this equals RrroWH if

GIK:GFI and. 0 others,ise. on the other hanl, E"/u maps RzroWH to

c'(GlH).
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Let F c Is (l) be a subset. An Rl-module M is of type F if it is generated
by u f-subsct E such that E*:Q rvhen frGp. An Rf-chain complex Ca is
of type F if each Cn has type .F. A module or chain complex has fnite type, if
it is of type F for some finite F. This should not be confused rvith finite genera-
tion. For example, Is (Or, G) can be identified rvith the set of conjugacy classes
(H) of closed subgroups of G. rf X is a G-complex then C'(x) is of type
F: {(H)lH elso X}, and it f inite type if and only if X has finite orbit type.

Let Fcls(l) be a finite famill ' .  Choose a maximal element fraF, i.e.

ieF, ft<, implies x:!. Let M be an Rf-module of type F. 
'I 'hen 

M(g:fl
for ß{i, so that M,(x):Q ar.6 S,M:M(x). We define a natural transfor-
rnation I,: E"oS,*Id of fulctors on the category of modules of type,F by the
formula

I,M: *@ 
ErR 

Horn ( ?, ,) -. M(?), rn@ f - M(f )(ut) .

'I'he 
cokernel of I-M is denoted by Col<,M. It is an Rl-rnodule of type

r\{r-}. Let Pr,rl[: M---> Cok" ]l[ be the projection. 'l'he 
result is an exact

sequence

E*s"MIaY n,1 
Pt'! 

cok, M.--- o

rvhich is natural in M.
So far M has been arr arbitrary moclule of type tr'. For projective rnodules

\ve can say more.

Theorern 3.9. I'et T be an El-category. ff P be a projectioe RT-modale
of fnite type F antl EeF is maximal, then I)"S,P is projective of type {frI and
Cok" P is projectixe of type F\{nl . The sequence

o--- E,^9, p L! ptgcok, p -, o
is exact and splits.

Proof. Since the sequence above is compatible rvith direct sums, \^,e rnay
assume that P is free, and has the typical form 4:nl[-lJ. If fr:j, then I"(p)
is an isomorphism and Cok, P:0. otheru'ise E,S"P:O and Cok" P':P.

'rheorem 
3.9 implies by induction a splitt ing P= 

,=@,E.S"P, 
sce [6, 

't 'h.

11.18 p.83]. I{ou'evcr, this splitt ing is not natural. Since u.e study Lefschctz
invariants of mappings/: P"-P, u'e shall have to use the naturality properties of
I, and, Pr". If X is a G-complex rvith finite orbit type and x:GIII is an orbit
of nrarimal type, the scquences of 3.9 for P:Ci(X) take the' familiar form

510

0 -, C',(X(ä)) -> Ci,(X) -" C',(X,;g{r)) + 0
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we are now ready to handle the problem of approximating complexes byfinite projective ones. fhe induction step u,ill use

,-rr!;;;:3'10' 
Let I be a small category. Assume that tzro members of the

0 * C r _ > e * C r * 0

of RT-chain complexes are uteakly eqaiztalent to firite projectizte complexes. Thenso is the third one, and there exists aiommutatizse diagram

'__-__---->P1 -.---._.-------��P_---.-_--P"----r-g

. l l lh, l  / ,1 t , . l
* J J

U -Cr - - - - - - - - - - - - -  C-q  _U

T::;::;',;:X',;:::; 
P,, P and P, are finite proiectiae comptexes and h,, h and h,

Proof' standarcl manipulation with the cone and cylinder functors, see[10' Prop ' r 6'10] for u p'oof of the dual statement about injective complexes.
Theorem 3.il. Let I b, 

^o: 
El-category zoith finite Hom_sers . Let R bea l\Ioetherian ring' If c is a finite-dimenJonnt prolirtfue RT-chain complex offinite type F and Ha(c(x)) is finitely generated ozter Rfor Ee F, then c is homotopyequivalent to a finite projectioe Rf _ciain complex.

Proof. We use induction over the cardinalit y of F. If I Fl :0 then C:0and the claim holds trivially. In the induction step, let .fG^F be maximal.Then ^s"c: c(r) is a finite-dimensional projective chain comprex over theNoetherian ring RL*1. since its homology is änitely generated, ,s, c is homo-topy equivalent to a finite projective Akil.f,uln comple x p 
[3,Lemrna IX 5.4].Then E's'c is homotopy .q.rivalent to th" finite projectiv" ir-.huin comprexE"P. Theorem 3.9 gives u.r-"*u., sequence

0 * Er,S"C --- C-, Cok" C_- 0 .
rf yeF then H*(c(y)) is finitery generated by assumption and" Ha(E"s,c(y))=H*(E"p(y)) is_ finitely generated since Hon, (y, *) is finite, since Ä isNoetherian, r/,p(cok, p(y)) is a finitery generatcd R-mocrule. As cok, c hastype F\ {r}, it is homotopv equivarent 

"to 
a finite projective comprex by theinduction assumption. I-.mmu 3.10 implies that c is u,eakly equi'alent to afinite projective Rf-chain complex. Ilut a rveak equivalence betrveen projectivecomplexes is a homotopy equivalence by Lernrna 3.4.
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Let FcIs(f) be a subset. An J?f-module M is of type F if i t is generated
by u l-subset E such that E,:Q when ELp. An Rl-chain complex ca is
of type F if each C,has type F. A moclule or chain complex has finite type, if
it is of type F for some finite F. T'his should not be confused rvith finite genera-
tion' F'or example, Is (oro G) can be identified rvith the set of conjugacy classes
(H) of closed subgroups of G. rf x is a G-complex then c"(xf ir-of typ.
l7: {(f1) | H elso X} , and it finite type if and only if X has finite orbit type.

Let Fcls(f) be a finite famill ' .  Choose a maximal element FeF, i.e.
!eF, fr<, implies E:r. r.et M be an Rr-module of type F. ,I,hen 

M(y):O
for n{y, so that IVI,(x):e vn6 s,M:M(x). we define a natural transfor_
tnation r*: E"o$"-*Id of functors on the category of rnodules of type ,F by thea .

Iormula

I,M: u@).3rÄ Hom (?, *) -- M(?), m@f - M(f)(nl .
'I'he 

cokernel of I,M is dcnoted by cok, M. It is an -Rr-rnocrule of type
r\{'-}. r,et Pr"rr[: M--+cok, rr be the projection. The resurt is an exact
sequence

E*s,MLy n1 P\! 
cok" tw --- 0

rvhich is natural in M.
So far M has been an arbitrary moclule of type ,F. For projective nodules

\\re can say more.

Theorern 3'9' I'et T be an El-category. If P be a projective RT-modrle
of fnite type F anr! EeF is maximal, thoi i"s"p is projectiae of ty1>e IFI and
Cok" P is projectiae of type F\{nl. Tl,, ,uqr,r:nrc

g --- ,8,s, p !! p-j4�cok" p -. o
is exact and splits.

Proof' Since the sequence above is compatible r,vith direct sums, \4re rray
assume that P is free, and has the typical form 4:Rr[_ll. rf n:5i,then I,(p)
is an isomorphism ancl cok, p:0. othe^,vise E,s,p:O and cok, p:p.

Theorem 3.9 implies by incluction a splitt ing ]"=,g, E"s"p, sce [6,'I.h.
11'18 p'83]' I{owe'er, this splitt ing is not natural. Since we study r,efschctz
invariants of mappings/: ,- 'P,u"e shall have to use the naturality properties ofI, and Pt,' If X is a G-complex rvith finite orbit type ancl x:GIII is an orbit
of nrarimal tvpe, the scquences of 3.9 for p:ci,(x) take the familiar form

0 -, C',(X(ä)) --+ Cf,(X) -- C,,(X,;g{r)) + 0
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rh. ;;;; äT"iJ'T,u"t Xloroximating comprexes by
T be a small cafugory. Assume iltat two members of the

of Rl-cttain comprexes (. 

0- c'-> f * Q-0
so is the tltird ";;';:;; ;re 

weaklv eguiztalent.!" 
fi|1;t, proiective com?texes. Then

rere exists a comm
f f 

__-vor ... cumntutatiae 
diagram

v ------=-i1'- 
P -P, ------* g

"'l /,1 /,,1v + "l

zlitlt exact 

--------------| 
C, .-.---_-----r 

6, 
V

are zaeak,;:;:;:::: 
P,, P and P, *, ,,= 

c" ----* 
e

te projectiz;e complexes and hr, lt and h,proof.

r10, p;;, rl;ii;:i;::;*1HiJi?"lT cone and crinder fun*ors, seeTheorem 3.r1. Let T ^_':^ 

utr'lr staternent about injectrve cornprexes.

;,{i','#,,'frä',,!|ö' I i' ä,,!i,;::i:rv zaitl, nniteHom-se,s Let R be
eguizsarenr rooltl 

H*(c(4) is finitely generatedoToii'p,;';,';":i!?;/i:;i;;::;f::';;:fi;;!;;;;iii";l
proof.

and the ",u,fl 
u.se induc ,rin'-"ain 

comp'

tn"" i;':ä;"t ";;ffi:if ll: ffi","v or F rr
r{oetheria",,f,;;;,.;, " 

öä_*_.'sionar r;,1:: 
;;;,,J' JJf;'" rTL?;f

*i**i:,;:i"y:Ji:ilil""Täe";:1ll;sllä:::l:ä;T#
E,p. rn.*.i 

homotopv JnjJ"l"-e Rl'rj-cl'ulL "o-0.;. "ii*.=Tu rx ;.;].nr 3 e *t';J.;:1::i:ä::Jl' nnite 1,,.o,".ti,, " ä"-.nuin comprex

rf yeFthen I 

0.* 4s"c - c-* cok" c.-- 0.
= H*(E-pu)){*(c(y)).is finitely generated bv

,'iffi :+t"rrfdt'f"r j,ffi ffi $ii:itrl-:ää"..{{rnduction assurn

."*,:j::T'j#i"*,"':ru."'-r;,'t"',t:iäf,:j\,;äT,|j,T ji jT
ornotop)'"d;f"' But a rt-eak

ence by r,ernma 
equtvalence betrveen projective

1
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Corollary 3.L2. Let G be ct compact Lie group and let X be a fnite-dimen-
sional G-cornplex of finite orbit. type. If R is a lVoetherian rhrg and H*(X, lWHo; R)
is a Jinitely generated R-module for each Helso (X), then the cellular ROraG-
chttit:, cc';;t?lex C'(X) is lrcmotopv equiz;alent to n finite pt,ojectiy-e Ä Or, G-complex.

Proof. 'l'he 
Hom-sets fG/K, GIH)G:zrr((GlH)K) are finite and, c,(x) has

finite type F: {(11) l,F/e Iso ilt . 
/ / 

ft

4. Trace and tefs chetz invariants

We give axioms for trace invariants of Rf-module homomorphisrns and
Lefschetz inYariants of Rl-chain nrappings. lVe shorv horv the trace invariants
for firritely generatecl projective nroclules determine the Lefschetz invariants for
finite projective comPlcxes and how tliey extend uniquelv to complexes having a
finite projective approximation. 'I'he 

universal trace and Lefs chetz invariants
are computed for,O1-categories. If G is a compact Lie grouir, the universal in-
r':rriant group relcvant to celiular chain c:omplcxes turns out to be the universal
Lefschetz group LIL(G\.

Let I be a s.'nall categor-v ancl let R be a comnrutatir.,e ring. We fix first
notation fbr sorne subcategorie s of the categ o\t MOD_ _Rf of _Rl_moclules and
the categorv C - Rf of Äl-chain comrrleres. Consiclering a rnoclule as a chain
conroler crlncentratccl in dirnension z.;ro, rr-c havr: follorving inclusi.ns of full
subcategories

P -RI CHP_RI CM)D--RI
n n n

c(p)-Är cuc1i1-Rf c c-Rr .
Here P-Äf consists of finitelv generated projective modules and, Hp-Rf of
modules having a finite proiecti'u'e resolution. Similariy, C(p)-R1. stands for
finite projective cornplexes ancl HC(P)- Rf for compiexe s C having a finite
projectiver approximation, i.e. a r.veak equivalence P--- C rvith finite projective p.

Dnptxtrlox 4'1. A trace inz:ariant (A, T)for P-RI. is an abelian group A
tngetlrer u'ith a function T assigning an elernent T(f)eA to each endomorphism
-f : M-- M in P-Rf such that arioms a, b ancl c hold.

(a) Atlditi''itity. If the follou'ing cliagrarn commutes ancl has exact ro\vs.

(, ----- - X,It - -n XI * A[z --*--- + 0

5r2

t ,

l l
" i lt  I  f ' l
v l

* ll'I n I,1.,- J1,
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tlren 7(/): f(,f,)+ T('fr).
(b) Lürctrity. If f, geEnd(,M), then T(f l_g): fU)+f G).
(.) Contmu,tatioity. If .f: M--1,,1, g; I{-M, then T(f$:f@f).

A trace invariant (A, T) is uniaersal, if for any trace invariant (A,, r',\ there is
a trnique homornorphism ö, A-, A' such that T,(f):d(f0).

r\ universal trace invariant is unique and can be constructed by taking as
generators all isomorriirism classes of endomorphisrns and introdtrcing the rela-
tions that follon' frorn a, b ard t:.

Exelrpru 4.2. Lct I tre a group G coirsicierecl as a catceory as in example
3.1. '[ 'he 

universal tracc invariant for f initely gencratecl projective RG-modules
u'as determined by l{attori [8] ancl Stall ings [17]. N:rnely, it is the Hattori-
Stall ings trace ' l 'r"" 

(./)e Ct(RG) of 1.4.

'[ 'hc 
axioms of trace invariants rnake sense also for chain complexes and

chain mairl ings. Each trace invariant (A, T) for P-Rf defincs an invariant
(,4, Lr) for ci'rain lnai)s in C(P) __ Pl by

(+.3)

5i3

Lr(f*)
n>O

It is clear titat I', satisfies aqain the axiorns, and tliat is erte ncls Z from the sub-
catcr{ort' P - Rf . \\re r,r'ould lilie to shou, that [,, is the uniclue extension. For
this u'c have to reqtrirc honrotolr.r ' inr.ariancc.

f)nntxrttoN 4.4. A l-efschets iitz;ariant (B, L) for C(P) -Rf is an abelian
sroulr Ii toqether u'ith a function L assigning an eleilent L(.f)eB to each chain
rnalr.f: c_- c in c(P)-Rf such that L satisfies arionrs a, b, c ancl

(.1) Ho;notopv inz:uriance. If .f 
-S thcn L(f):L(g).

Proposition 4.5. I.f (A, T) is a trace inaariant .for p,_�RT, then (A, Lr) is
its tnrique extensr.oir tt cr Lefschetz ilnariunt -for c(p)-,Rr.

Proof. Honotoylu' inr.arianct-' for 17 follo',,r,s easily fronr the linearity and
corntnutatirity of T. Ilence Z. is a Lefschetz inr-ariant extending T. If Z is
zrnother cxtension, additivity implies by indtrctionthat L(f*):)n>o L(f,), rvhere
.fn: C,-- Cn is considerccl as a chain rrrap conccntratett in ,:1ir-pension z. Flence
u'e have to prove L(f"):(-l) 'T(,f"). If II is anv rnc,clulc, the nrapping cone
cone (M) of id: M --- M is contractible ancl the cliasrarr

{ )  '  * - ' l 1

i
l

, l
.t I

t
t

0  - - - * I I

*  L l rnc ( r !1)  -  > -  - - - *  0

f

rrlll

/r,rl
- -----'F Coue (fut) -------r. r1,f[1] - F 0
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implies that L(fllD:-L(f) by additivity and homotopy invariance. Hence
L(f lnl)==(-L)" L(f):(- I)"r(f ). I

In particular, the universal Lefschetz invariant for C(p)-Rl has the same
value group as the universal trace invariant for p-Rf.

Next we want to extend a Lefsch etz invariant (8, L) to complexes having
a finite projective approximation. Let C be an Rf-chain complex, p a finite
projective Rf-chain complex and" h: p--c a rveak equivalence. rf f: c---rc is
a chain Däp, it follows from Lemma 3.4 that the diasram

I '  
h  

- C

i I
s i  l f

7 r l

P  
, ,  

- C

can be filled to a homotopy commutative square bv a lift g which is unique up
to homotopy. 'l'hus 

LnU):L(g) clepends only on J' and, h. For other choice
h' : P'"-' c of a projective approximation and lift g, : p,-rp,, we rnav construct
similarly a u'eak equivalen ce k: P-'-P' such that g'k- kg. T'hen A is a homotopy
equivalence 'uvith inverse A-r

Lr,(f): L(s) : L(hsh-') - L(s) : Lr(f)
by the homotopy invariance and commutativity of L. Hence L(f):L(g)depends
only on /.

Proposition 4.6. I.f (8, L) is a r,e.fschetz inoariant for c(p)-Rr, then
(B' L) is its unique extension to HC(P)-R| zahich satisfies axioms a to d and

(t) Homologu inaariance. Gizsen a homotopy commutatizte square u,tith a
zaeak equioalence h

lt
D *--------------->e

s l  L
I  n  +"

D -___--Q

then L(f):L(d.
The pair (8, L) is called a Lefschetz inoariant
axioms a to e.

for HC(P)-R| if it satisfies

514

Proof' Axiom (e) is designecl to guarantee the uniqueness of the exten-
sion' We have to show that L satisfies all axioms. Only the verification of
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additivity is non-trivial. It folrows from the next lemma.

Lemrna 4.7. Let T be a small category. Let

0 - C r - - > e * C r * 0

be a short exact sequence of comprexes in Hc(p)-�Rr. Let f: c---c bemap zahich preser'aes C, and denote by f,: C,_, C, the indiced maps.
finite proj ectizte approximation

a chain
For any

,,,1 h+
0 ---- -. C ____-____,,.._ C =.=---+e, __=_=_5 (-)

as in Lemma 3'1'0 there exists a tift g: P--P of f such that g preserves p, and thatthe induced maps g;i P;-.- pi are lifti of f,, i:i,"2.

Proof' A chain map & : pr--,prtogether r,vith a chain homotopy $1: pr-,e,
betu'een -fr"lt, and hrog, is .q,:irrul".rt to a commutative square of chain complexes

P, c---- r Cone (P,)
l r

f ,o h, l  I  (s,,  4,,)
v t
C, c-=- - Cone (1, )

'l'he 
canonical inclusion Pr'-cone (Pr) has a projective cokernel and is thereforea cofibration. As Cone (/zr) is acyclic, an extensb. (g' fr) exists.

Next lve want to extend gt to a lift g: p-rp of f. we must construct anarro\v u'hich makes the follou'ing diagru^ .o--utative.

,,1
1

P , 3  C o n e ( P , )

r \ ,
I P
f r l' l t
Ct 

+ Cone(/2,)

\ +

Cone (P)
I
I

I
Cone (ä)

and the image of the

C

The sequence 0 -, Pr-- Cone (p,)e f -, Cone (p) is exact
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last map is a dircct sunrmand with projective complement. Since Cone (ä) is
acyclic, the dotted arrou.exists and yields a lnap g: P-rP u'ith a homotopy

Q: f "h - h" g cxtending g, ancl cfr. 'i-he last map gz : Pr--- P, and the hcmotopy

Qr: Jrohr: hzo gz are in<iucecl uniquely. ü

'l'he 
rnodules having a finite projective rcsolutiorr can bc considerecl as a

strbcategorl 'of HC(P) -Äf. Let Me HP -Rf and let P bc a finitc projcctivc
complex r,vith a rveal< equivalence h: P-'t[. Each hornomorphism f : M--II
can be lifted to a chain map g : P -, P such that

It
P _-_---__-__> fr,[

l l. s l  l f
I V

P __--�l' -* tr[

is a strictly corntnutative squilre. If (A,7') is a trace invariant for P-Rl then

Tttt: ä (-r)"r(s,,)

coincides u'ith the Lefschetz invariant Lr(f), and is thercfore a trace invariant.
An easy argument based on adclitivity sho',i s

Proposition 4.8. If (A, ll') is u trace inxuriunt.for P-�RT then 14, T) is
its unique extensiort to a troce'inz,ariant for HP-RT. I

Propositions 4.5, 4.6 anci 4.8 imply

Corollary 4.9. Let T be u snttrll category. ,4 uniz'ersal trace invariant
(A, T) for Jtnitely generated projectiae RT-r'n.adules d,etetntines the turiz:ersal trace
i;nz:ariant T 7u, HP-�Rf. and tlte unioersal Lefscltets inaurimtts L, for C(P)-Rf
tmtl Lr.for HC(P) Rf . T'lte_1t all have the sttnrc tuhte group A.

Iiron-r nor'r' on, let I bc an E1-categorl'. Wc are going to compute the
trrriversal invariants. Ily Corollary 1.9 tt sufficr:s to consider finitelv generated
projective Rl-modtrles P. Lct f: P_-P be a l iornornorirhisrn. Using thc
splitt ing functor ,S" (3.6) r., 'e gct cn..lomorphisms S,.f: S,P-S"P of f initcly
generated motlules over the group ring R[r] for each object .ve Ob(I). Bv ex-
arnple 1.2 tlrcir universal trace invariarrts are the tr-trattori-Stallings traces 'i'ror"l.

Choose for each isomorphism class .re Is(l) u represcntative ,ve Ob(l)
and define a trace invariant (A, T) by

(4.10) A : 
"=R., 

C/(Ä[n]), ' l(.f) == (Trp1,1(S,.f))o=,"rrr

For a finitely generatecl module P r.r-e have 5',P:0 for ahnost all nels (f) so
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ß: A--A' in the other direction. We
phisms.
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I " (E,f) :  p"( ' I ' rnaf) .

ovcr .f € Is (l) defines a homomorphisrn
claim that a and p are inverse isornor_

____ "p P
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that T(f) lies in the direct sum ,4.

Theorern 4.Ll- r'et T be an. El-category. Then (A, T) is the uniaersar
trace inaariant for finitety generated projectizti Ri-ntodiles.

Proof. Let (A', 7'') be a unir.ersal trace invariant for p-Rf. since(A' T) is clearly a tracc invariant, there is a uniquc hornomorphism a: A,--rAsatisfying

7'(f) : d(T'(f)) .
For each reob(l) the assignnrenL f-->T'(E,f) defines a trace invariant for
P-Rlx] *'here E" is thc extensio'f 'nltot 1:.2;. since'fro["] is universal amongsuch trace in'ariants there exists a unique hor,o'orphism B": ct(R[*l)_rA,
such that

Each element u=cl(Rlr]) can be rcpresentecl as the trace of sorne enclo-
morphism f :  Rlx l - ,R[" ] . ' l 'hen

aß(a) : aß-(1'rn-t-f) -= o('I"E,.f) : T(8,.f): ('I'rpJri 
6,rE"f)),

equals a since S,E,:id anci SrZ,:0 for !+x. Flence dß:if l.'I'o 
sholv that Ba:id *,c ha'c to procecd inductir.ery since z,s":id onlyon modules of type {r}. we claim that TU)---p( rrill for each encromor_

phism f : P-'P of a finitely generated projective Rl-moclule Ir. Choose a finitesurbset -F c Is (f) such that P has type F. We prove the ciairn by i'ductio' onn' : lF l .  ' l 'he 
case n:0 is t r iv ia l  s incc t r ren p: ,0.  r f  n:1 ancr p has type

{rJ, thcn SrP:O for g+x so that e(fl)r:O u,hcn g+x. ,I.hus

ßQ(D : /J, 'I ' trrrt (5',/) -: ' l ' '( l t ' ,5"f): 
7.,(.f) .

For the induction step choose a maximal .re F. 'I 'heorern 
3.9 gives a corll-

mutative diagram with exact ron.s

u + n,r,,r,

z..g,.f ;

V

0 ----* D,S,p
f

- * P

f
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where E,S,P has type {r}, Cok,P has type F\{.r}, and all modules are projec-

tive. By the induction hypothesis the claim T'(h): P Q (h)) holds both for

h:E,S;f and, h:Cok,/. Hence it holds for f by additivity.

Exeupln +.1.2. Let G be ^ compact Lie group. 
'fhe automorphism

group of GIH in the discrete orbit category OroG is z6(WH1'0. T'he universal

Lefschetz invariant for Z Or7 G-chain complexes takes values in the universal

Lefschetz grouP

UL(G): 
,9, 

CI(ZtroWH) '

If C is the cellular chain complex of a finite G-complex X and/*: C-'C is

induced by " G-map f: x---X, then the universal Lefschetz invariant L(f*)e

UL(G)agrees with the universal Lefschetz class LfLfl of 1'6 (cf' Ex' 3'8)'

5. The equivariant Lefschetz class

T'his section contains a proof of 
'fheorem B and corollaries c and D'

Let G be a compact Lie group. Flomology will mean singular homology

with coeffi.cients in a fixed principal ideal clomain R' If X is a G-space and

f : x---,X is a G-map, we define class functions LH(f) znd Lfl(f) as in (2.6) and
-(2.1,3) 

using homology with R-coefficients, providecl the homology is finitely

generated over R. Denote the universal Lefschetz invariant group for 'R OtoG'

modules

(s.1) UL(G, R) : UL(G)pR: @ Cl(RztoWH)

'rhe homomorphis,rrs LH ' LH: tlL(G)*CI(zroWH) extend linearly to homo-

morphisms [IL(G,R)* Cl(RrrgWH) r,l,hich we again denote by L, and LH.

Thry are chara cte:rized' by LTlwl:L1(r(u:)) and L'l*):L'Ä(r(w)) for each gen-

erator [zo] given bY *eWH.
A-G-complex Y is called an R-homologt approximation to the G-space X

if there exists a G-map Y--X which induces an isotnorphism

H|*(YH lWHo; R) 3 IIa(XH lWHo; R)

for each H <G.

Theorern 5.2. Let x be a G-space which adnüts a finite-dimensional R'

homology approximation of fnite orbit type. Assume that H*(X'lWHo; 'R) es

fnitety generated ooer R for eaclt H <G. Tlrcn eÜery G-map f : X--- X has an
"rquirärloü 

Lefschetz cptis lf6eUL(G, R) such that LH(.f):Lu(lf)*) for each

H  < G .

proof. Let y --X be an R-homology approximation by a finite-dirnensional
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G-complex Y of finite orbit type. It induces a weak equivalence c,( y)*c,(x)
between the singular R oro G-chain complexes. For any G-complex y thereis a u'eak equivalence c"(Y)-c'(Y) beturcen the cellular and singular Ä oroG-chain complexes by Proposition 3.5. The finiteness assumptions made on Xand Y guarantee- that c"( 4 i. 

homotopy equivalen t to a fi.rit. projective com-plex P by corollary 3'12. composing ih.r. equivalences \ve get a finite pro-jective approximation h: P-..c'(i). Üri.rg propositi on 4.6\\,e can construct auniversal Lefschetz invariant uL(f*)e(IL(ö,A) for each chain map fa: c,(x)__c'(x).
A G-map f : X--X induces a chain map ̂ : C,(X)__, C,(X), and. we definethe equivariant Lefschetz class_of/ to be Lfi:UL(.i.)ZUlc, A1. f.he classfunctions LH(f) can be defined in terms ;i;h. .R or, G-comprex c:c.(x) by

LF( f )(ut) : L *(H *C (G I H), t(ut-t) "f *1G I In, w e r o WH
rvhere 2,, is the ordinary Lefschetz number. 'fhe 

right hand side defines aLefschetz invariant LT(f*)ect(rowH) f 'r every chain map,f*: c-,c inHC(P)-R oro G. Hence there is a unique homomorphism fd: uL(G,Ä)-Cl(noWH) suc_h that Efl(f*):ör(ULU;). We claim that ör: Lr. It isenough to check_this on the generators lr(*)1, za: Gf H-,GlH, but then the claimis simply the definition of LH.
'I'he 

theorem holds in particular if X itself is a finite-dimensional
G-complex of finite orbit type. If G is finite, rve have proved 'fheorem 

B sincewHo:1 and LE:LH for each H<G. For a generar compact Lie group, \4,ehave to compare the asstrmptions on H*(x" lwH) and H*(xr) and tostrengthen the conclusion from LH to LH. ü. ,ru* with a resuit which mighthave independent interest.

Proposition 5'3' Let G be a compact Lie group cmd let X be a firüte-dimen-sional G-complex of finite orbit tlpe. Let R be a principal ideal domain. rfH*(x; R) is finitely gencrated ozser-R, thrn Ha(xlG;R) is finitely generated oaer R.
Proof' If G is a finite group or a torus and, R:Z or Zothis is a well-knorvnconsequence of P'A' smith theory and the existence of transfer for finite groupactions' see [2, ch' III]. It is not hard to extend the proof to arbitrary coef-ficients R' we are going to reduce the theorem to these special cases by usingOliver's transfer for comp act Lie groups [16].
First, since xlc:(xlc0)l(Glc0i *L Lu, assume that G is connectecl.Let Ä/ be a norm alizer of a maximal torus T in G. ,fhe 

transfer

tra: Ha(XlG) * H*(XIIV)
has the property that its composirion with the projection ?*: H*(xl\v)__H*(xlG) is multiplication by x(Glr{). since x(Gl'.,- l, i t suffices to Drove
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the claim for the group l/. Notice that the A/-space X is homotopy-equivalent
to a finite-dimensional l/-complex Y, and that the orbit structure remains finite

[9,  Th. A].
'r'he 

group /r/ is an extension of T by the finite Weyl group W. Hence
XlLr:(XlT)lW and we are reduced to the classical cases.

Theorem 5.4. Let G be a compact Lie group and let X be a finite dimen-
sional G-complex of fnite orbit type. Then the following conditions are equiaal.ent

(u) H*(X'; R) zs finitely generated oz;erRfor each H <G
(b) H*(X'; R) es fnitely generated oaer Rfor each ̂ F/eIso(X)
(.) H*(XH lWHo; Ä) es finitely generated oaer R for each H <G
(d) H*(X'lWHo; ,R) es finitely generated o.uer Rfor each FlcIso(X)

for any principal ideal domain R.

Proof. ' fhe 
implication (u)+(b) is trivial and (b)=+(d) follows from Pro-

position 5.3. Simiiarly (u)=+(c)=+(d). Hence it suffices to show that (u)
follou's from (d). We shall use the Atiyah-Hirzebruch spectral sequence for
the equivariant homology theory f,--- H*(Xu; R) ',vith a fixed H <G. If M#
is the coefficient system

it takes the form

M#(G]K) :  H*(G|K) ' ;  R)

Hf (X;  Mf)+  Ho*o(X ' ;R)  ,

wlrere I/$ is the Bredon-Il lman homology IIfr(X; M):: H*(C'(X)e_M) If

(cl) hoids then C'(X) is homotopy-equivalent as an .R Oro G-complex io a finite
projective cornplex P by Corollary 3.72. 

-fhen 
the Ez-tern Hfi(X; M*):

H&(P &M*) is finiteiy generated over R since M* is finitely generatecl. It
follorvs that the y'l --tenn is also finite.ly generated..

A finite-dimensional G-complex X of finite orbit type u,hich satisfies the
conditions of Theorem 5.4 is called R-homology fnite.

Theorem B. Let G be a compact Lie group, X be a finite-dimensional G-
complex of finite orbit 4tpe and R be a principal ideal domain. If X is R-hontology

fnite then each G-map f : X--- X has an equiztariant Le.fschetz class ffl*eUL(G, R)
such that

LH(f): L'(lfl*) , r'HU) : L'([f]r)

for each H <G.

Proof. It follor,vs from T'heorem 5.4 that LX(f) and LH(f) are dcfined for
each H <G. 'fhe 

existence of ["f]* and the equation for Lfl u,as shown in
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'I'heorem 
5.2. \Ve compute LH(f) frorn cohomology using

Ilirzebruch spectrai sequence,

Ho"(x; ML) = J1o+a(xu; R) , Mfr(c/1() : H*(GrK)'; R) .
' l ' l te 

'I l-r-tcrnr HI6(x; Mir)==: Hp(rlorro,a "(c'(X), Mir)) is f initelr. generated
sincc C'(X) is homotopy equivalent ,o u ä.rir" orojective cornplex. By theIlopf trace fonnula LF(f) can be ciete'nineci from the ,Er-term. Norv u,e definefor any RorrG-chain cornpiex c ancl a chain rnap /a: c-,c i '  HC(p) aLel'schetz invariant

Lfl(f*) : L*(H*(Homo,, "(C, Mfr)), f*) .

It factors through the universar Lefschetz invariant f-flo=UL(G, R). .I.o shorvthat Lf;(f):I''([f]o), it suffices to check the generators c:c,(GrK), .f:r(*),we WK. But then l{om,r,, G(C, jwfr)_Mfr(Glr<;:a*1 
GIK)r; _rR) antl Lr(L*l)=L'Ä(w) by thc clefinition it t".

Corollary C. Wittt
L*(fu) satisfu the Burnsicle

then

LIH lR

is over tnn-triz;ial cyclic

521,

the Atiyah-

the ossumptions of Theorent B the Lefschetz nntttbers
ring congruences mod,R; ret H 4L be crosed stügrotrpsof G.

i) If LIH is fnite,

L*(f u)_ -: ö( | KIH I)L*(f *) mocl I
wlrcre cf clenotes the Eurer f,nctirn und the sunnruüion
ntbgroups I{lH of LlH.

ii) If LIH is a torus, then Lr(f"):Lr(ft).

Proof' since all occuring Lcfschetz numbers can be cornputccl from
['/]e L|L(G, R), this is a questio' about the rclations betrr.een tire iromo'or-
phisrns

öu : L"(r): LIL(G, A) _ R .
' l 'hey 

are R-linear cxtcnsions of the corresroncline integral homornor'hisms
rf u: LII '(G)-2, *'hich factor thro'grr the l,rojcc tiort J: rlr(c1-- ,4(G) (sce 2.21).' l 'hc 

relations bct$'een t 'r: Ä(G)--Z arc deterrnincc! in tonr Dieck [6, ch. I\ '5].
Giverr A c{l l l iDact Lie groun G, torn Diercli has shou.n that there exisis afirritc u;rpcr bouncl for the nrrmbers lnotx/Hl o-;er all closc:cl subgroul-r s H of G

[6, 
'[ 'h. 

I\r 6.9]. I{ence they har.e a least cornmorr multi ir le

(s .5 )  o (G)  :  l . c . rn .  { lnoWH |  |  H  <GI  .

rf G is f ite the 'urnb er t(G) is sir'irry the orcrer of G.
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Corollary D. With the assumptions of Theorent B

L*(d : xr(X')

for each ge G, prooicled char R:0 and no prime factor of o(G) is inz;ertible
in R.

Proof. Let c be the crosed subgroup generated by g. write [x]":[id"]*in uL(G, R). we claim that the r"tutio,r-L'{xlo)(si:rr([x]..)(e) hords for
each x. By Proposition 2.rg it is valid on the image of I: u(G)--, UL(G, R)
so it is enough to shor,v that [x]* berongs to this image. T.hL ä-component
of [x]o is the rank r(P)-L(i,J,e)ecl(RrowH) of some finite projective
RtroWH-complex P. Nou' zroWH is a finite group and no prime factor of its
orcler is in'ertible in Ä. A theorem of Srvan implies that the rank of every
finitely generated projectir,'e llzrolVH-module is an integral multiple of [e], see
Bass [1, 

'1'h. 
4.1]. Hence the -i lr-component of [x]* has the form nlef:11olclHl)

for somc intcger n and their surn [X]. lies in hn 1.

ItEltanr 5'6' Let p and' q be different primes. Conner and Floyd have
constructec!. a siinplicial action of the cyclic group Zoo onÄ, rvith (R;1roo:6,
see [2, ch. I 8. B]. 'l'he 

otrrcr fixecr point *.Ä ur. Moore sDaces

(R,)Z r :

rvhere k and I are such that kp ltq:-I. 
'I.his 

shorvs that the conditions on
X and ,R are necessary in Corollary D.

6. Homotopy representations

We shall stuciy elementary hornological properties of homotopy representa-
tions of comi-iact,Lie groups [6, ch. II 10]. 

- 
Ft, these purposes the following

rveaker notion suffices. I-ct ,R be a principal icleal clomain.

DnntxttloN 6.1. An R-homology representation of a compact Lie group G
is a finite-dirnensional G-cornplex of finite orbit type such that for each H .G
the fixed point set Xtr is an R-homology sphere.

Let n(H) denote the unique
If XH is crn.rty, then n(H\:e.
valued function Dirn (X) clcfinccl
of G b1'

(6.2) Dim (X)( H) -- n(H)

r'et cx clenote the cone on x. For eacrr H<G u,e have H,(H)(cx*, xr,R)=<1f' 'I'he 
action of WII on this homology group clefines a homomorphisrn

integer for rvhich H*(Xr; Ä)=FI*(S,(ä)-r; R).-I'he 
dimension function of X is the integrai_

on the conjugacy ciasses of closed s.,bgroups

u(tli;], t) , (R*)zo : u(tl*l,r)
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(6.3)

called the orientation behaz;iour of X at H. By homotopy invariance it actually
factors through zroWrI. If A is suitably restricted, the clirnension function
determines the orientation beha'ior. Recall the numb er o(G) from (5.5).

Proposition 6'4' Let X be an R-homokryy representation of a conrprtct LiegrotQ G' Assume tlmt charÄ-O ancl that no prirne diaisor of o(G) is invertible
in R. T'hen

e*,r(w):  ( -1;oi-(x)(r)-Dim 1v)(c)  1 we WH ,
where C is the inaerse image in IVH of th.e closed stügroup generated by * in WH.

Proof' We begin u'ith the case ,81:1. 'fhe 
Lefschetz fixed point for-

mula applied to the element weG gives

1-(-  1;oi ' "  (*)oe",r(w) :  L*(*)  :  xo(X") :  1 -  ( -  1;oi-  (x)(c)

rYhence the claim fot H:l. The general case recluces to this bv consiLicring
the lvFl-space X{, once u'e shor,v that o( wH) crivides o(G).

Let K( trvH have normalize r L in wH. Denote by K ancl L their in'erse
images in Ä/1L 'fhen 

L:l{*u(Ii). T'he normalizer AK of lf in G rnay belarger than L, but \\'e claini that they have the same identity cornponent.
Indeed, if ge (NK)o choose a patrr p from g to e in (A/K).. Let cu; K---Kbe

,t-"J"g*ion 
by{: ' fhen 

c" is homotopic to icientity via'p, anc1. hence it is anlnner automorphl.- of K [6, Er. I5.1g.1]. In particurar, ,, preser\.es H atd.g e lvH' Since L:IVH n l/K u'e have g cLo. 'I'he 
inclusion /---* l/K inclucesthus injective homomorphisms ro(L)-.-- rrerrk) ancl zro@l K)- rro(I{Kl K). Aszrs(L,t R) = 7r0(L I K), o(WH) dir.ides o(G).

Proposition 6'4 holds in particular for homotopy representations, since thevareZ-homologyrepresentat ions.  'J  I  - - - - - . - -

we denote the Ettler charac.teristic I,xle L(G,R) of an R-homologv re're-sentation X as the class of icl" in the Lefschetz ring. It is cietermined bv theclass functions Lr[Xl, rvhich are now

LH[XlQo) :  1 -(- l ;o i - , r ,  e" , r (za),  ^)eWH .
If R is as in Proposition 6.4, the dimension function determines [X]. Let
f: x-'xbe an arbitrary G-map. For its crass t/]e L(G,Ä) rve ha'e

I ' ' l f l@) -  1-(-1yo'-  xru) d,egfun",r(*)

making [/] into a mixture of the clegrec function (.r"g,f") and the orientationbehavior ( t* , r ) .  ' fhe 
; r rocluct  I f I : ( tx l  -1)( t / l -  1)  e L(G, R) has classfunctions
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L'{,f)(*) : degf Eev,r(*)' , xoe WH '

. l ' he  p ro jcc t ion  o f  I f i  in  A(G,  R)  has  charac ters  Ör I f i :d rg fu ,  H<G-
'fl'ris gives

Proposition 6.5. If f :X--- X is a self-G-map of an R-hamology representu-

tion x,its tlegree.s cleg fH satisfl,tlrc Burnside ri.ng congruences mod R.

Froposition 6.5 can bc usecl to rlerive clegree relations for G-maps,f: X-'Y

betr,veen different hornotoll,v representations lvith the same dimension function,

as \\.e dicl for f inite sroups G in [11,'Ih.2]. 
' l 'he l iel '  point is the existence of

an auxil iary map h:Y---X g'hich has cleo;rees prirne to o(G)' For cornpact Lie

sroulrs G the rctap h is constructcd in [6, 
' fh' II 10'20]'
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