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Abstract. We construct for an equivariant homology theory for proper equiv-
ariant CW-complexes an equivariant Chern character, provided that certain conditions
are satisfied. This applies for instance to the sources of the assembly maps in the Farrell-
Jones Conjecture with respect to the family # of finite subgroups and in the Baum-
Connes Conjecture. Thus we get an explicit calculation in terms of group homology of
Q ®7 K,(RG) and Q@ ®7 L,(RG) for a commutative ring R with Q < R, provided the
Farrell-Jones Conjecture with respect to & is true, and of Q ®; Kn“’p(Cr*(G, F )) for
F =R, C, provided the Baum-Connes Conjecture is true.

0. Introduction and statements of results

In this paper we want to achieve the following two goals. Firstly, we want to
construct an equivariant Chern character for a proper equivariant homology theory
which takes values in R-modules for a commutative ring R with @ < R. The Chern
character identifies #,°(X) with the associated Bredon homology, which is much easier
to handle and can often be simplified further. Secondly, we apply it to the sources of
the assembly maps appearing in the Farrell-Jones Conjecture with respect to the family
& of finite subgroups and in the Baum-Connes Conjecture. The target of these assembly
maps are the groups we are interested in, namely, the rationalized algebraic K- and L-
groups Q ®7 K,(RG) and Q ®7 L,(RG) of the group ring RG of a (discrete) group G
with coefficients in R and the rationalized topological K-groups Q &®, K,}Op(Cr*(G, F ))
of the reduced group C*-algebra of G over F = R, C. These conjectures say that these
assembly maps are isomorphisms. Thus combining them with our equivariant Chern
character yields explicit computations of these rationalized K- and L-groups in terms of
group homology and the K-groups and L-groups of the coefficient ring R or F (see Theo-
rem 0.4 and Theorem 0.5).

Throughout this paper all groups are discrete and R will denote a commutative asso-
ciative ring with unit. A proper G-homology theory # ¢ assigns to any G-CW-pair (X, 4)
which is proper, i.e. all isotropy groups are finite, a Z-graded R-module # (X, A) such
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that G-homotopy invariance, excision and the disjoint union axiom hold and there is a long
exact sequence of a proper G-CW-pair. An equivariant proper homology theory # assigns
to any group G a proper G-homology theory #°, and these are linked for the various
groups G by an induction structure. An example is equivariant bordism for smooth ori-
ented manifolds with cocompact proper orientation preserving group actions. The main
examples for us will be given by the sources of the assembly maps appearing in the Farrell-
Jones Conjecture with respect to % and in the Baum-Connes Conjecture. These notions
will be explained in Section 1.

To any equivariant proper homology theory # we will construct in Section 3 another
equivariant proper homology theory, the associated Bredon homology #.#. The point is
that 4" is much easier to handle than #’. Although we will not deal with equivariant
spectra in this paper, we mention that the equivariant Bredon homology % is given by a
product of equivariant Eilenberg-MacLane spaces, whose homotopy groups are given by
the collection of the R-modules %G(G /H), and that the equivariant Chern character can
be interpreted as a splitting of certain equivariant spectra into products of equivariant
Eilenberg- MacLane spectra We will construct an isomorphism of equivariant homology
theories ch’: 24" = #" in Section 4, provided that a certain technical assumption is
fulfilled, namely, that the covariant R Sub(G, ,/)-module H,°(G/?) %’;’(*) is flat for
all ¢ € Z and all groups G. The construction of ch for a given group G requires that %
is defined for all groups, not only for G. There are some favourite situations, where the
technical assumption above is automatically satisfied, and the Bredon homology e@]/j; can
be computed further. Let FGINJ be the category of finite groups with injective group
homomorphisms as morphisms. The equivariant homology theory defines a covariant
functor # (+): FGINJ — R—MOD which sends H to #," (). Functoriality comes from
the induction structure. Suppose that this functor can be extended to a Mackey functor.
This essentially means that one also gets a contravariant structure by restriction and the
induction and restriction structures are related by a double coset formula (see Section 5). An
important example of a Mackey functor is given by sending H to the rational, real or
complex representation ring.

Theorem 0.1. Let R be a commutative ring with @ = R. Let #.' be a proper equi-
variant homology theory with values in R-modules. Suppose that the covariant functor
J@’(*) FGINJ — R — MOD extends to a Mackey functor for all g € Z. Then there is an
isomorphism of proper homology theories

chl: a0 S A

Theorem 0.1 is the equivariant version of the well-known result (explained in Exam-
ple 4.1) that for a (non-equivariant) homology theory 2, with values in R-modules and a
CW-pair (X, A) there are natural isomorphisms

7] Hy (X, 4; #(x)) = #,(X, A).

The associated Bredon homology can be decomposed further. Define for a finite
group H
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For a subgroup H = G we denote by NgH the normalizer and by CsH the centralizer of
Hin G. Let H - CgH be the subgroup of NgH consisting of elements of the form /¢ for
he H and ¢ € CgH. Denote by WgH the quotient NgH/H - CoH. Notice that WgH is
finite if H is finite.

Theorem 0.2. Consider the situation and assumptions of Theorem 0.1. Let I be the
set of conjugacy classes (H) of finite subgroups H of G. Then there is for any group G and
any proper G-CW-pair (X, A) a natural isomorphism

BACX, A= @ @ Hy(CH\(X, A™); R) @pwom S (A, (+)).

prq=n(H)el

Theorem 0.1 and Theorem 0.2 reduce the computation of %’;G(X ,A) to the compu-
tation of the singular or cellular homology R-modules Hp(CgH\(X a1 );R) of the
CW-pairs CoH\ (X, A") including the obvious right WgH-operation and of the left
R[WgH]-modules Sy (#," (+)) which only involve the values #%(G/H) = A" (x).

Suppose that #’ comes with a restriction structure as explained in Section 6. Then
it mduces a Mackey structure on J/ ‘() for all ¢ € Z and a preferred restriction structure
on B4 so that Theorem 0.1 apphes and the equivariant Chern character is compatible
with these restriction structures. If . comes with a multiplicative structure as explained in
Section 6, then Z.# inherits a multiplicative structure and the equivariant Chern character
is compatible with these multiplicative structures (see Theorem 6.3).

If we have the following additional structure, which will be available in the examples
we are interested in, then we can simplify the Bredon homology further. Namely, we assume
that the Mackey functor ,%;H (x) is a module over the Green functor Q ®7 Rg(?) which
assigns to a finite group H the rationalized ring of rational H-representations. This notion
is explained in Section 7. In particular it yields for any finite group H the structure of a
Q ®7 Rg(H)-module on %H (%). Let classq(H) be the ring of functions f: H — @ which
satisfy f(h1) = f(h) if the cyclic subgroups <4; ) and {h,) generated by /s, and 5, are con-
jugate in H. Taking characters yields an isomorphism of rings

2 Q®z Ro(H) 5 classq(H).

Given a finite cyclic group C, there is the idempotent 0 € classg(C) which assigns 1 to
a generator of C and 0 to the other elements. This element acts on % C(*) The image
im (05 C(*) — A C(*)) of the map given by multiplication with the 1dempotent 05 is
a direct summand in Jf (*) and will be denoted by 65 - J@C( ).

Theorem 0.3. Let R be a commutative ring with @ < R. Let #" be a proper equi-
variant homology theory with values in R-modules. Suppose that the covariant functor
FGINJ — R — MOD sending H to F%H (x) extends to a Mackey functor for all g € Z, which
is a module over the Green functor Q ®7 Rq(?) with respect to the inclusion @ — R. Let
J be the set of conjugacy classes (C) of finite cyclic subgroups C of G. Then there is an iso-
morphism of proper homology theories

ch!: A" 5 H.
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Moreover, for any group G and any proper G-CW-pair (X, A) there is a natural isomorphism

BA(X, A)= @ @ Hy(CoC\(X,A):R) @iy (06 - #, (%))

ptq=n(C)eJ

Since Q ®7 K,(R?), Q®7 L,(R?) and Q ®7 Kq“’p(C,*(?,F)) are Mackey functors
and come with module structures over the Green functor @ ®; Rg(?) as explained in
Section 8, Theorem 0.3 implies

Theorem 0.4. Let R be a commutative ring with Q@ < R. Denote by F the field R or C.
Let G be a (discrete) group. Let J be the set of conjugacy classes (C) of finite cyclic subgroups
C of G. Then the rationalized assembly map in the Farrell-Jones Conjecture with respect
to the family F of finite subgroups for the algebraic K-groups K,(RG) and the algebraic
L-groups L,(RG) and in the Baum-Connes Conjecture for the topological K-groups
K°P(C} (G, F)) can be identified with the homomorphisms

B D Hy(CeC;Q) ®qwyc) 08 - (Q®2 Ky(RC)) — Q ®; Ku(RG);

p+q=n(C)eJ

§9 (E)B H,(C6C; Q) @apwy) 05 - (Q ®2 Ly(RC)) — Q@ ®7 Lu(RG);
p+q=n(C)eJ

D (E)B Hy(CoC; Q) @ape 08 (Q®72 KXP(CH(C,F))) — Q®7 K (C (G, F)).
prq=n(C)eJ

In the L-theory case we assume that R comes with an involution R — R, r — T and that we

use on RG the involution which sends Y 1,-gto > 7y -g~".
geqG ge@G

If the Farrell-Jones Conjecture with respect to # and the Baum-Connes Conjecture are
true, then these maps are isomorphisms.

Notice that in Theorem 0.3 and hence in Theorem 0.4 only cyclic groups occur. The
basic input in the proof is essentially the same as in the proof of Artin’s theorem that any
character in the complex representation ring of a finite group H is rationally a linear com-
bination of characters induced from cyclic subgroups. Moreover, we emphasize that all the
splitting results are obtained after tensoring with @, no roots of unity are needed in our
construction. In the special situation that the coefficient ring R is a field F of characteristic
zero and we tensor with F ® ,? for an algebraic closure F of F, one can simplify the expres-
sions further as carried out in Section 8. As an illustration we record the following partic-
ular nice case.

Theorem 0.5. Let G be a (discrete) group. Let T be the set of conjugacy classes (g) of
elements g € G of finite order. There is a commutative diagram

® D H(Ce9):C)®zK/(C) — C®zKi(CG)

p+q=n(g)eT

D D Hy(Co{9)C)®;K\*®(C) — CR;KPP(C/(G))

ptrq=n(g)eT
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where Cg{g> is the centralizer of the cyclic group generated by g in G and the vertical
arrows come from the obvious change of ring and of K-theory maps K,(C) — K;OP(C) and
K,(CG) — K!°P(C;(G)). The horizontal arrows can be identified with the assembly maps
occuring in the Farrell-Jones Conjecture with respect to F for K,(CG) and in the Baum-
Connes Conjecture for K,EOP(C,*(G)) after applying C ® 5 —. If these conjectures are true for
G, then the horizontal arrows are isomorphisms.

Notice that Theorem 0.5 and the results of Section 8 show that the computation of
the K- and L-theory of RG seems to split into one part, which involves only the group and
consists essentially of group homology, and another part, which involves only the coeffi-
cient ring and consists essentially of its K-theory. Moreover, a change of rings or change of
K-theory map involves only the coefficient ring R and not the part involving the group.
This seems to suggest to look for a proof of the Farrell-Jones Conjecture which works for
all coefficients simultaneously. We refer to Example 1.5 and to [3], [9], [12], [13], [14] and
[15] for more information about the Farrell-Jones and the Baum-Connes Conjectures and
about the classes of groups, for which they have been proven.

We mention that a different construction of an equivariant Chern character has been
given in [2] in the case, where #C is equivariant K-homology after applying C ®, —.
Moreover, the lower horizontal arrow in Theorem 0.5 has already been discussed there.

The computations of K- and L-groups integrally and with R = Z as coefficients are
much harder (see for instance [18]).

I would like to thank Tom Farrell for a lot of fruitful discussions of the Farrell-Jones
Conjecture and related topics and the referee for his very detailed and very helpful report.

1. Equivariant homology theories

In this section we describe the axioms of a (proper) equivariant homology theory.
The main examples for us are the source of the assembly map appearing in the Farrell-
Jones Conjecture with respect to the family & of finite subgroups for algebraic K- and L-
theory and the equivariant K-homology theory which appears as the source of the Baum-
Connes assembly map and is defined in terms of Kasparov’s equivariant KK-theory.

Fix a discrete group G and an associative commutative ring R with unit. A G-CW-
pair (X, A) is a pair of G-CW-complexes. It is called proper if all isotropy groups of X
are finite. Basic informations about G-CW-pairs can be found for instance in [16], Section
1 and 2. A G-homology theory H#.C with values in R-modules is a collection of covariant
functors #,¢ from the category of G-CW-pairs to the category of R-modules indexed by
n e Z together with natural tranformations 0 (X, 4): #.5(X, A) — A (A) == A5 (4,0)
for n € Z such that the following axioms are satisfied:

(a) G-homotopy invariance.
If fy and f; are G-homotopic maps (X, 4) — (Y, B) of G-CW-pairs, then

H,(fo) = #,°(fy) forneZ.
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(b) Long exact sequence of a pair.

Given a pair (X, 4) of G-CW-complexes, there is a long exact sequence

WO (i o6 25 HO(j 9/
0] c%,;HG_l()(’A) ntl %G(A)ﬂ%G(X)M%G(X,A)AOA—)v

where i: 4 — X and j: X — (X, A) are the inclusions.
(c) Excision.

Let (X,4) be a G-CW-pair and let f: 4 — B be a cellular G-map of G-CW-
complexes. Equip (X Uy B, B) with the induced structure of a G-CW-pair. Then the
canonical map (F, f): (X, 4) — (X Uy B, B) induces an isomorphism

HO(F, f): #°(X,A) = #°(X Us B, B).
(d) Disjoint union axiom.
Let {X;|iel} be a family of G-CW-complexes. Denote by j: X; — [] X; the
canonical inclusion. Then the map iel
® 2, @ ,°06) > 1,8 (11,
iel iel iel
is bijective.

If #C is defined or considered only for proper G-CW-pairs (X, 4), we call it a proper
G-homology theory #.° with values in R-modules.

Let a: H — G be a group homomorphism. Given an H-space X, define the induction
of X with o to be the G-space ind, X which is the quotient of G x X by the right H-action
(9,x) - h:= (ga(h),h'x) for he H and (g9,x) € G x X. If o: H — G is an inclusion, we
also write ind}; instead of ind,.

A (proper) equivariant homology theory ' with values in R-modules consists of
a (proper) G-homology theory # ¢ with values in R-modules for each group G together
with the following so called induction structure: given a group homomorphism o: H — G

and an H-CW-pair (X, A) such that ker(a) acts freely on X, there are for all n € Z natural
isomorphisms

(1.1) ind,: £ (X, 4) = #° (ind, (X, 4))
satisfying:
(a) Compatibility with the boundary homomorphisms.

0% oind, = ind, 0 3.
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(b) Functoriality.

Let f: G — K be another group homomorphism such that ker(f o «) acts freely on
X. Then we have forn e Z

indgo, = A, (f1) oindg o ind,: #,7 (X, A) — A" (indpoy (X, A)),

where  fi:indgind,(X, 4) = indgo.(X, 4), (k,g,x) — (kf(g),x) is the natural K-
homeomorphism.

(c) Compatibility with conjugation.
Forne Z, g e G and a (proper) G-CW-pair (X, A) the homomorphism
ind.(,). 6_g: #,°(X, A) — AL (ind, (). 66(X, A))

agrees with #,°(f,) for the G-homeomorphism f>: (X, 4) — ind,() 6—g(X,A4) which
sends x to (1,g7'x) in G x (X, 4).

This induction structure links the various homology theories for different groups G.
It will play a key role in the construction of the equivariant Chern character even if we
want to carry it out only for a fixed group G. We will later need

Lemma 1.2. Consider finite subgroups H,K < G and an element ge G with
gHg ' < K. Let R,1: G/H — G/K be the G-map sending g'H to g'9g 'K and c(g9): H — K
be the homomorphism sending h to ghg™". Let pr: (ind,(y). g—x*) — * be the projection. Then
the following diagram commutes:

o K oi dl‘t/

AP K )
indgl: ind,?lz
A% (R,-1)

#HO(GIH) ——— #,°(G/K).

Proof. Define a bijective G-map f: 1nd G_,Gde* — 1nd ind(y). gk * by send-
ing (g1,92,%) in G Xy G Xy * to (9199297", ,*) in G xg K X *. The condition that
induction is compatlble with composition of group homomorphlsms means precisely that
the composite

#,°(h)

dg :
ndy A (ind, GéGde*) L

ind.(y). 6
- 5

HH (x) =4 ., (ind ) A, (delnd ) HoK*)

agrees with the composite

ind, ind

A () —L5 K (ind, gy, %) — AC(IndE ind ). g1 xc%)-

n

Naturality of induction implies . (ind{ pr) o indg = indg o #X(pr). Hence the follow-
ing diagram commutes:



200 Liick, Chern characters

;% (pr)oind, ). g

A, (+) K (%)
ind;’,i lind,(("
#,°(G/H) #,°(G/K).

‘%G(lndl((; pr)o%c(ﬁ )Oind('(y): G—G

By the axioms the homomorphism ind,,). G—¢: HC(G/H) — %G(indc(g); ¢ G/H) agrees
with #,%(f,) for the map fo: G/H — ind.(,). g_.¢c G/H which sends g’H to (¢'g”', 1H)
in G x4 G/H. Since the composite (indg pr) o fi o f3 is just Ry, Lemma 1.2 follows. []J

Example 1.3. Let 4, be a homology theory for (non-equivariant) CW-pairs with
values in R-modules. Examples are singular homology, oriented bordism theory or
topological K-homology. Then we obtain two equivariant homology theories with values
in R-modules by the following constructions:

H,0(X, A) = H,(G\X, G\A);

A, (X, A) = H,(EG xg (X, A)).

The second one is called the equivariant Borel homology associated to A . In both cases #©
inherits the structure of a G-homology theory from the homology structure on 7. Let
a: H\X = G\(G x4, X) be the homeomorphism sending Hx to G(1, x). Define

b:EH xp X — EGxXgGx, X

by sending (e, x) to (Ex(e),1,x) for e EH, x€ X and Ex: EH — EG the o-equivariant
map induced by o. Induction for a group homomorphism «: H — G is induced by these
maps a and b. If the kernel ker(a) acts freely on X, the map b is a homotopy equivalence
and hence in both cases ind, is bijective.

Example 1.4. Given a proper G-CW-pair (X, 4), one can define the G-bordism group
QY(X, A) as the abelian group of G-bordism classes of maps f: (M,0M) — (X, A) whose
sources are oriented smooth manifolds with orientation preserving proper smooth G-actions
such that G\ M is compact. The definition is analogous to the one in the non-equivariant
case. This is also true for the proof that this defines a proper G-homology theory. There
is an obvious induction structure coming from induction of equivariant spaces. It is well-
defined because of the following fact. Let o: H — G be a group homomorphism. Let M
be an oriented smooth H-manifold with orientation preserving proper smooth H-action
such that H\M is compact and ker(«) acts freely. Then ind, M is an oriented smooth G-
manifold with orientation preserving proper smooth G-action such that G\ M is compact.
The boundary of ind, M is ind, oM.

Our main example will be

Example 1.5. Let R be a commutative ring. There are equivariant homology
theories .#. such that # (%) is the rationalized algebraic K-group Q@ ® K,,(RG) or the
rationalized algebraic L-group @ ®; L,(RG) of the group ring RG or such that # % (x) is
the rationalized topological K-theory @ ® 7 K!°P(C(G; R)) or Q@ ® K°P(C;(G; C)) of the
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reduced real or complex C*-algebra of G. Denote by E(G,Z) the classifying space of
G with respect to the family % of finite subgroups of G. This is a G-CW-complex whose
H-fixed point set is contractible for H € # and is empty otherwise. It is unique up to G-
homotopy because it is characterized by the property that for any G-CW-complex X whose
isotropy groups belong to # there is up to G-homotopy precisely one G-map from X to
E(G, 7). The G-space E(G, #) agrees with the classifying space EG for proper G-actions.
Define E(G; 7€) for the family 7% of virtually cyclic subgroups analogously. The as-
sembly map in the Farrell-Jones Conjecture with respect to # and in the Baum-Connes
Conjecture are the maps induced by the projection E(G, #) — x

(1.6) H,(E(G, F)) — #,9(+),

where one has to choose the appropriate homology theory among the ones mentioned
above. The Baum-Connes Conjecture says that this map is an isomorphism (even without
rationalizing) for the topological K-theory of the reduced group C*-algebra. The Farrell-
Jones Conjecture with respect to % is the analogous statement.

It is important to notice that the situation in the Farrell-Jones Conjecture is more
complicated. The Farrell-Jones Conjecture itself is formulated with respect to the family
7€, i.e. it says that the projection E(G, 7 %) — = induces an isomorphism (even without
rationalizing)

(1.7) HI(EG,16)) — H0(5).

For the version of the Farrell-Jones Conjecture with respect to #"¢ no counterexamples
are known, whereas the version for .# is not true in general. In other words, the canonical
map E(G,#) — E(G, 7 %) does not necessarily induce an isomorphism

HC(E(G, F)) — #(E(G,7'F)).

This is due to the existence of Nil-groups. However, if for instance R is a field of charac-
teristic zero, this map is bijective for algebraic K-theory. Hence the Farrell-Jones Conjec-
ture for Q ®7 K,,(FG) for a field F of characteristic zero is true with respect to # if and
only if it is true with respect to ¥ %. At the time of writing not much is known about this
conjecture for K,(FG) for a field F of characteristic zero, since most of the known results
are for the algebraic K-theory for ZG. The situation in L-theory is better since the change
of rings map Q ®7 L,(ZG) — Q ®7 L,(QG) is bijective for any group G. The Farrell-
Jones Conjecture for both @ ®; L,(ZG) and Q ®5 L,(QG) is true with respect to both
Z and 7€ if G is a cocompact discrete subgroup of a Lie group with finitely many path
components [9], if G is a discrete subgroup of GL,(CG) [10], or if G is an elementary
amenable group [11].

The target of the assembly map for Z in (1.6) is Q ®7 K,(RG), Q ®7 L,(RG) or
Q®; K;OP(C,,*(G, F )) for F = R, C. These are the groups we would like to compute. The
source of the assembly map for % in (1.6) is the part which is better accessible for compu-
tations. We will apply the equivariant Chern character for proper equivariant homology
theories to it which is possible since E(G, %) is proper (in contrast to E(G, 7 %) and x).
Thus we get computations of the rationalized K- and L-groups, provided the Farrell-Jones
Conjecture with respect to # and the Baum-Connes Conjecture are true.
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For more informations about the relevant G-homology theories ¢ mentioned
above we refer to [3], [5], [9]. It is not hard to construct the relevant induction structures so
that they yield equivariant homology theories #’. We remark that one can construct for
them also restriction structures and multiplicative structures in the sense of Section 6.

2. Modules over a category

In this section we give a brief summary about modules over a category as far as
needed for this paper. They will appear in the definition of the source of the equivariant
Chern character.

Let & be a small category and let R be a commutative associative ring with unit.
A covariant R€-module is a covariant functor from % to the category R — MOD of R-
modules. Define a contravariant R€-module analogously. Morphisms of R#-modules are
natural transformations. Given a group G, let G be the category with one object whose set
of morphisms is given by G. Then a covariant RG-module is the same as a left RG-module,
whereas a contravariant RG-module is the same as a right RG-module. All the construc-
tions, which we will introduce for R%-modules below, reduce in the special case € = G
under the identification above to their classical versions for RG-modules. The reader should
have this example in mind.

The category R — MOD of (covariant or contravariant) R%-modules inherits the
structure of an abelian category from R — MOD in the obvious way, namely objectwise.
For instance a sequence 0 — M — N — P — 0 of R#¢-modules is called exact if its evalu-
ation at each object in % is an exact sequence in R — MOD. The notion of a projective
R%-module is now clear. Given a family B = (¢;);e; of objects of €, the free R€-module
with basis B is

R%(B) := @ Rmorg(c;, 7).

iel

The name free with basis B refers to the following basic property. Given a covariant
R%-module N, there is a natural bijection

~

(2.1) homgg (R%(B),N) = [[ N(c;), [+ (f(c:)(id)), .,

iel

Obviously R%(B) is a projective R¢-module. Any R¢-module M is a quotient of some free
R%-module. For instance, there is an obvious epimorphism from R%(B) to M if we take

B to be the family of objects indexed by [] M(c), where we assign ¢ to m e M(c).
ceOb(%)
Therefore an R€-module M is projective if and only if it is a direct summand in a free

R%-module. The analogous considerations apply to the contravariant case.

Given a contravariant R¢-module M and a covariant Ré-module N, one defines
their tensor product over R% to be the following R-module M ®z, N. It is given by

M®@rsN= @ M(c)®rN(c)/~,
ceOb(%)
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where ~ is the typical tensor relation mf ® n = m ® fn, i.e. for each morphism f: ¢ — d
in 4, me M(d) and n € N(c) we introduce the relation M (f)(m) @ n —m @ N(f)(n) =0.
The main property of this construction is that it is adjoint to the homg-functor in the sense
that for any R-module L there are natural isomorphisms of R-modules

(2.2) homg(M ®gg N, L) = hompgg (M, homg(N, L));
(2.3) homg(M ®ge N, L) = homgy (N, homg(M,L)).

Consider a functor F: ¥ — 2. Given a covariant or contravariant RZ-module M.

3

define its restriction with F to be resp M := M o F. Given a covariant R¢-module M, its
induction with F is the covariant RZ-module indg M given by

(indp M)(??) := Rmorg (F(?),??) ®ry M(?).

Given a contravariant R¢-module M, its induction with F is the contravariant RZ-module
indrp M given by

(indp M)(??) := M(?) ®ry Rmory (77, F(?)).
Restriction with F can be written in the covariant case as
resp N(?) = homgy (Rmorg (F(?),77),N(77))

and in the contravariant case as resp N(?) = homgy (Rmorg (??,F(?)), N(??)) because
of (2.1). We conclude from (2.3) that induction and restriction form an adjoint pair, i.e.
for two R%-modules M and N, which are both covariant or both contravariant, there is
a natural isomorphism of R-modules

(2.4) hompgs (indyr M, N) = hompges(M, resp N).

Given a contravariant R¢-module M and a covariant RZ-module N, there is a natural
R-isomorphism

(2.5) (indp M) @gry N = M ®py (resp N).

It is explicitly given by (f:?? — F(?)) @ m®n+— m @ N(f)(n) or can be obtained for-
mally from (2.2) and (2.4). One easily checks

(2.6) indr Rmorg(c,?) = Rmorg (F(c),??)

for ¢ € Ob(%). This shows that indr respects direct sums and the properties free and
projective.

Next we explain how one can reduce the study of projective R¢-modules to the study
of projective Raut(c)-modules, where aut(c) is the group of automorphisms of an object
¢ in ¥. Given a covariant R¢-module M, we obtain for each object ¢ in % a left Raut(c)-
module R, M := M(c). Given a left Raut(c)-module N, we obtain a covariant R¢-module
E.N by

(2.7) E.N(?) := Rmorg(c,?) ®rau(c) N-
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Notice that E, resp. R, is induction resp. restriction with the obvious inclusion of categories

—_—

aut(c) — %. Hence E. and R, form an adjoint pair by (2.4). In particular we get for any
covariant R¢-module M an in M natural homomorphism

(2.8) i(M): EEM(c) — M

by the adjoint of id: R.M — R.M. Explicitly i.(M) maps (f:c— ?7)@m to M(f)(m).
Given a covariant R¢-module M, define M (c), to be the R-submodule of M(c) which
is spanned by the images of all R-maps M(f): M(b) — M (c), where f runs through all
morphisms f: b — ¢ with target ¢ which are not isomorphisms in 4. Obviously M(c), is
an Raut(c)-submodule of M (c). Define a left Raut(c)-module S, M by

(2.9) SeM = M(c)/M(c),.

We call € an El-category if any endomorphism in % is an isomorphism. Notice that
E. maps Raut(c) to Rmorg(c,?). Provided that ¢ is an El-category,

S.Rmorg(d,?) Zgau() Raut(c), if c=d,
and S.Rmorg(d,?) = 0 otherwise. This implies for a free R¢-module

M = @ Rmorg(c;, 7),
iel
@ E.S.M =gy M,
(c)els(%)

where Is(%) is the set of isomorphism classes (¢) of objects ¢ in . This splitting can be
extended to projective modules as follows.

Let M be an R%-module. We want to check whether it is projective or not. Since
S, is compatible with direct sums and each projective module is a direct sum in a free
R%-module, a necessary (but not sufficient) condition is that S, M is a projective R aut(c)-
module. Assume that S, M is Raut(c)-projective for all objects ¢ in 4. We can choose an
Raut(c)-splitting o.: S;M — M(c) of the canonical projection

M(c) — S.M = M(c)/M(c),.

Then we obtain after a choice of representatives ¢ € (¢) for any (c) € Is(4) a morphism of
R%-modules

@ E.o. EB l((M)
(c)els(%) (c)els(?)
(2100 T: @ ESM @ EM()
(c)els(%) (c)els(%)

M,

where i.(M) has been introduced in (2.8).

The length [(c¢) e N U {0} of an object ¢ is the supremum over all natural numbers

[ for which there exists a sequence of morphisms ¢ ﬁ» 1 ﬁ» c ﬁ> ... £> ¢; such that no f;

is an isomorphism and ¢; = c¢. If each object ¢ has length /(¢) < oo, we say that € has finite
length.
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Theorem 2.11. Let € be an El-category of finite length. Let M be a covariant
R%-module such that the Raut(c)-module S.M is projective for all objects ¢ in €. Let
oc: SeM — M(c) be an Raut(c)-section of the canonical projection M (c¢) — S.M. Then the
map introduced in (2.10)

T: @ ESM—M
(c)els(%)

is surjective. It is bijective if and only if M is a projective R€-module.

Proof.  We show by induction over the length /(d) that T'(d) is surjective for any
object d in . For any object d and Raut(d)-module N there is an in N natural aut(d)-
isomorphism N(d) = S;E;N which sends n to the class of (id:d — d) ® n. If d, and d,
are non-isomorphic objects in 4, then Sy E;N = 0. This implies that S;7 is an iso-
morphism for all objects d € ¢. Hence it suffices for the proof of surjectivity of 7'(d) to
show that each element of M(d), is in the image of 7'(d). It is enough to verify this for an
element of the form M(f)(x) for x € M(d') and a morphism f: d’" — d which is not an
isomorphism in %. Since % is an El-category, /(d’) < /(d). By induction hypothesis 7'(d’)
is surjective and the claim follows.

Suppose that T is injective. Then T is an isomorphism of R%-modules. Its source is
projective since E. sends projective Raut(c)-modules to projective R%-modules. Therefore
M 1is projective. We will not need the other implication that for projective M the map T
is bijective in this paper. Therefore we omit its proof but refer to [16], Theorem 3.39 and
Corollary 9.40. []

Given a contravariant R¢-module M and a left Raut(c)-module N, there is a natural
isomorphism

(212) M ®R(€ ECN = M(C) ®Raut(c) N.

It is explicitly given by m® (f:¢c — 7)) @n— M(f)(m) ® n. It is due to the fact that
tensor products are associative. For more details about modules over a category we refer
to [16], Section 9A.

3. The associated Bredon homology theory

Given a (proper) G-homology theory resp. equivariant homology theory with values
in R-modules, we can associate to it another (proper) G-homology theory resp. equivariant
homology theory with values in R-modules called Bredon homology, which is much simpler.
The equivariant Chern character will identify this simpler proper homology theory with the
given one.

Before we give the construction we have to organize the coefficients of a G-homology
theory # . The smallest building blocks of G-CW-complexes or G-spaces in general are
the homogeneous spaces G/H. The book keeping of all the values # °(G/H) is organized
using the following two categories.

The orbit category Or(G) has as objects homogeneous spaces G/H and as mor-
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phisms G-maps. Let Sub(G) be the category whose objects are subgroups H of G. For two
subgroups H and K of G denote by conhomg(H, K) the set of group homomorphisms
f: H — K, for which there exists an element g € G with gHg~' < K such that f is given
by conjugation with g, i.e. f = c(g): H — K, h+ ghg™'. Notice that ¢(g) = c(g') holds
for two elements g, g’ € G with gHg~' = K and g’H(g’)_1 c K if and only if g~!g’ lies in
the centralizer CocH = {g € G|gh = hg for all h e H} of H in G. The group of inner auto-
morphisms of K acts on conhomg(H, K) from the left by composition. Define the set of
morphisms

morsyy(g) (H, K) := Inn(K)\conhomg(H, K).

There is a natural projection pr: Or(G) — Sub(G) which sends a homogeneous
space G/H to H. Given a G-map f: G/H — G/K, we can choose an element g € G with
gHg ' =« K and f(g'H) = g’g"'K. Then pr(f) is represented by c(g): H — K. Notice
that morgyyg)(H, K) can be identified with the quotient moro ) (G/H,G/K)/CcH,
where g € CcH acts on moroy) (G/H,G/K) by composition with R: G/H — G/H,
g'H — ¢g'g~'H. We mention as illustration that for abelian G, morguy(g)(H, K) is empty
if H is not a subgroup of K, and consists of precisely one element given by the inclusion
H — K if H is a subgroup in K.

Denote by Or(G,#) < Or(G) and Sub(G,Z) < Sub(G) the full subcategories,
whose objects G/H and H are given by finite subgroups H < G. Both Or(G,#) and
Sub(G, ) are El-categories of finite length.

Given a proper G-homology theory #.¢ with values in R-modules we obtain for
n € Z a covariant ROr(G, # )-module

(3.1) #%(G/?): Or(G,F) — R—MOD, G/H — #°(G/H).

Let (X, A) be a pair of proper G-CW-complexes. Then there is a canonical identi-
fication X¥ = map(G/H, X)°. Thus we obtain contravariant functors

Or(G,#) — CW —PAIRS, G/H +— (X, 4™);
Sub(G,#) — CW —PAIRS, G/H +— CcH\(X" 4"),

where CW — PAIRS is the category of pairs of CW-complexes. Composing them with
the covariant functor CW — PAIRS — R — CHCOM sending (Z, B) to its cellular chain
complex with coefficients in R yields the contravariant ROr(G, % )-chain complex
c2"%?)(X, 4) and the contravariant R Sub(G, #)-chain complex C""“7)(X, 4). Both
chain complexes are free. Namely, if X, is obtained from X,_; U A4, by attaching the
equivariant cells G/H; x D" for i € I,, then

(32) C;?r(ny) (Xa A) = @ RmorOr(G,f)(G/?a G/Hi);
iel,

(33) CyP@7)(X, A) = @ Rmorsuq, 7)(?, Hy).
iel,

Given a covariant ROr(G, 7 )-module M, the equivariant Bredon homology (see [4]) of a
pair of proper G-CW-complexes (X, A) with coefficients in M is defined by
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(34) Hr?r(Gf) (Xa Aa M) = Hn(C?r(G’?)(X) A) ®ROr(G,ﬂ7) M)

This is indeed a proper G-homology theory. Hence we can assign to a proper G-homology
theory # ¢ another proper G-homology theory which we call the associated Bredon
homology

(3.5) BAC(X,A) = @ HMOT) (X, 4;4°(G/7)).

pt+q=n

There is a canonical homomorphism indp, oo %)(X ,A) = 5@ '%(X , A) which is bi-
jective (see (2.6), (3.2), (3.3)). Given a covariant RSub(G, # )-module M, it induces using
(2.5) a natural isomorphism

(3.6) H;?r(cﬁ) (X, A;respe M) = HH(CEUb(G’g) (X, A4) ®rsub(G, 7) M).

This will allow to view modules over the category Sub(G; %) which is smaller than the
orbit category and has nicer properties from the homological algebra point of view. In
particular we will exploit the following elementary lemma.

Lemma 3.7. Suppose that the covariant RSub(G, F )-module M is flat, i.e. for any
exact sequence 0 — Ny — Ny — N3 — 0 of contravariant R Sub(G, F )-modules the induced
sequence of R-modules

0 — N1 ®rsuv(G,7) M — N2 Qrsun(c,7) M — N3 Qrsuv(g,7) M — 0

is exact. Then the natural map
H,(CS™G7) (X, 4)) ®psuv(c,7) M = Ha(C™ (X, 4) @rsubc,7) M)
is bijective.

Suppose, we are given a proper equivariant homology theory %’;? with values in R-
modules. We get from (3.1) for each group G and n € Z a covariant R Sub(G, # )-module

(3.8) H°(G/?7): Sub(G, F) — R—MOD, H w— #°(G/H).

We have to show that for g € C¢H the G-map R,: G/H — G/H, g'H — g'g~'H induces
the identity on #,%(G/H). This follows from Lemma 1.2. We will denote the covariant
Or(G, #)-module obtained by restriction with pr: Or(G, %) — Sub(G, %) from the
Sub(G, #)-module #,%(G/?) of (3.8) again by #,%(G/?) as introduced already in (3.1).

Next we show that the collection of the G-homology theories #.#.%(X, A) defined
in (3.5) inherits the structure of a proper equivariant homology theory. We have to specify
the induction structure.

Let a: H — G be a group homomorphism and (X, 4) be an H-CW-pair such that
ker(a) acts freely on X. We only explain the case, where o is injective. In the general case
one has to replace Z by the smaller family % (X) of subgroups of H which occur as sub-
groups of isotropy groups of X. Induction with « yields a functor denoted in the same way
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o:Or(H,#) — Or(G,#), H/Kw~— ind,(H/K) = G/o(K).
There is a natural isomorphism of Or(G, # )-chain complexes
ind, COH7) (x| 4) S OGP )(ind, (X, 4))

and a natural isomorphism (see (2.5))
(ind, COT(X, A)) @rora,) #,(G/?) = COIPX,A) @ronr, ) (res: #,°(G/7)).
The induction structure on # yields a natural equivalence of R Or(H, % )-modules

HM(H)?T) S res, #,°(G)7).
The last three maps can be composed to a chain isomorphism
oI (X, 4) ®Rror(H, 7) yfi,H(H/?) = G (ind(X, 4)) ®ror(G,7) %G(G/?)a
which induces a natural isomorphism
ind,: HO"7) (X, A5 41 (H /7)) = HOMOP) (ind, (X, A); #,°(G/7)).
Thus we obtain the required induction structure.

Remark 3.9. For any G-homology theory # ¢ with values in R-modules for a com-
mutative ring R there is an equivariant version of the Atiyah-Hirzebruch spectral sequence.
It converges to p+q(X A) and its E2-term is qu = H (X,A; %G(G/?)). If (X, A4) is
proper, the E*-term reduces to Hor(G 7) (X A; Jf (G/ 7)) Existence of a bijective equiv-
ariant Chern character amounts to saying that thls spectral sequence collapses completely
for proper G-CW-pairs (X, A).

4. The construction of the equivariant Chern character

In this section we want to construct the equivariant Chern character. It is motivated
by the following non-equivariant construction.

Example 4.1. Consider a (non-equivariant) homology theory s with values in
R-modules for @ = R. Then a (non-equivariant) Chern character for a CW-complex X is
given by the following composite:

D Hy(X: #(+) — @ Hy(X;R) ®r #(+)
ptq=n p+q=n
@ hur®id @ Dp.:/

ptq=n ptq=n

D n;(X+a ) @z R @p Hy(*)

ptq=n
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Here the canonical map « is bijective, since any R-module is flat over Z because of the
assumption @ < R. The second bijective map comes from the Hurewicz homomorphism.
The map D, , is defined as follows. For an element a ® b € m,(X, x) ®7 #4(*) choose a
representative f: SP*% — S¥ A X, of a. Define D, ,(a ® b) to be the image of » under the
composite

Hpyrqik(f) =
_

‘%(*) o P+61+k(Sp+k7 *) ‘%'Hﬁ-k(sk A Xy, *) o P+II(X)7

where o denotes the suspension isomorphism. This map turns out to be a transformation
of homology theories and induces an isomorphism for X = *. Hence it is a natural equi-
valence of homology theories. This construction is due to Dold [7].

Let (X, 4) be a proper G-CW-pair. Let R be a commutative ring with @ < R. Let #
be an equivariant homology theory with values in R-modules. Let G be a group. Consider
a finite subgroup H = G. We want to construct an R-homomorphism

(4'2) mg,q(XaA)(H): HP(CGH\(XH)AH);R) ®r %G(G/H) - prﬁq(X,A),

where H,(CoH\(X,A"); R) is the cellular homology of the CW-pair CoH\ (X, A™)
with R-coefficients. For (notational) simplicity we give the details only for 4 = (. The map
is defined by the following composite:

Hy(CH\X"; R) @ #,0(G/H)
H,(pr;R)®pid | =
Hy(EG xc,n X"'; R) @ #,7(G/H)
hur(EGx ¢ n X ) ®gind] | =
7 ((EG xcon X)) @z R @r A" (+)
DA (EGxcanX™)

%@fq(EG XCeH XH)

indpr. cHxH-H

ind ~

gy =

A9 (ind,, EG x X')

4 ind pr»l
G
Ay

3o (X).

(ind,,,, X 1)
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Some explanations are in order. We have a left CsH-action on EG x X by

gle,x) = (eg™", gx)

for ge CgH, e € EG and x € X*. The map pr;: EG X,y X — CcH\X " is the canon-
ical projection. It induces an isomorphism

H,(pry; R): Hy(EG xcon X, R) S H,(CcH\X; R)

by the following argument. Each isotropy group of the C;H-space X ¥ is finite. The pro-
jection induces an isomorphism H,(BL;R) =~ H,(*; R) for p e Z and any finite group L
because by assumption the order of L is invertible in R. Hence H,(pr;; R) is bijective if
X" = CgH /L for some finite L = C;H. Now apply the usual Mayer-Vietoris and colimit
arguments.

For any space Y let hur(Y): 7)(Y;) ®2 R — H,(Y;R) be the Hurewicz homo-
morphism. It is bijective since @ < R and therefore hur is a natural tranformation of
(non-equivariant) homology theories which induces for the one-point space Y = % an
isomorphism 7, (*,) ®7 R = H,(*; R) for p e Z.

Given a space Z and a finite group H, consider Z as an H-space by the trivial action
and define a map

DI (Z): 7m)(Z1) @7 A (x) = 13 (Z1) @7 R®g #, (%) — A (Z)

2x yaxl

as follows. For an element a ® b € n,(Z,) ®7 J/;H (*) choose a representative
f18rk Sk Az,
of a. Define D (Z)(a ® b) to be the image of b under the composite

oo H -
”7/p+q+/¢(-/ ) H
=

) S (ST ) o (SEAZy ) D (2),

q pH+q+k

where o denotes the suspension isomorphism. Notice that H is finite so that any H-CW-
complex is proper.

The group homomorphism pr: C¢H x H — H is the obvious projection and the
group homomorphism my: CoH x H — G sends (g, h) to gh. Notice that the C¢H x H-
action on EG x X comes from the given CsH-action and the trivial H-action and that the
kernels of the two group homomorphisms above act freely on EG x X . So the induction
isomorphisms on homology for these group homomorphisms exists for the CoH x H-space
EGx X1,

We denote by pry: EG x X — X! the canonical projection. The G-map
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vyeind,,, X = G x,,, X - X
sends (g, x) to gx.
Lemma 4.3. Let G be a group and let X be a proper G-CW-complex. Then:
(a) The map @qu(X) (H) is natural in X.
(b) Consider H,K = G and g € G with gHg™' = K. Let
Ly X® = X" and L CoK\X* — CoH\X"

be the map induced by left multiplication with g~'. Let R, 1: G/H — G/K be given by right
multiplication with g='. Then the following square commutes:

Hp(l? ?R)®R id
———

Hy(CoK\X*; R) @ #,°(G/H) Hy(CoH\X"; R) ® #,°(G/H)

id ®p .y/q/G(Rgl)l Jm‘;q(X)(H)

H,y(CeK\XX; R) @ #,%(G/K) ————— % 4(X).
chy (X)(K)

(c) Consider a G-map f:G/H — X. Let ueny(CeH\X) = Hy(CcH\X;R) be
the element represented by f(eH). Then the map

H,O(GIH) — A,0(X), v eh§  (X)(H)(u @r )
agrees with the map %’j]G( f).

Proof. (a) is obvious.

(b) Since gHg™! = K we can define a group homomorphism c¢(g~'): C¢K — CcH
by mapping g’ to g~'g’g. The map

Ryx Ly EGx XX 5 EGx X", (e,x) — (eg, g 'x)

is (c(¢7"): CoK — CgH)-equivariant with respect to the CgK-action on EG x X*
given by ¢’ - (e,x) = (eg’~!,g’x) and the analogous CgH-action on EG x X . It induces
a map

Ry X Ly EG x ¢y XX — EG xcon X

If we extend the CgH-action on EG x X and the CgK-action on EG x XX to a
CgH x H-action and a CgK x H-action in the trivial way, we also get C¢H x H-maps
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K
R XL ~1: lnd g~ xid): CgKXHHC(;HXHEGXX

= (CoH X H) X,(41)xia EGx X* — EGx X" (¢,h,e,x) — (egc™", cg™'x)

and

L -1l 1nd 1) xid: CpHXHHC(HXHX
= (CGH X H) ><c(g*‘)><id XK — XH7 (cahvx) = (Cg_lx)'

In the sequel the maps p; denote the canonical projections. They are of the form
Y x K/gHg™!' — Y. The maps f; denote canonical equivariant homeomorphisms which
describe the natural identifications of indg., Z with indgind, Z. One easily checks using
the axioms of an induction structure that the following three diagrams commute:

Hﬁ(;dz)
Hp(C(;K\XK;R) _— Hp(CgH\XH;R)

= | Hy(pri;R) Hy(pr;R) | =

X Hy(RyxL, 1;R) "
Hy(EG xcox X5;R) "% H,(EG xcou X"; R)

=~ hur(EG><(~GKXK) hur(EchvGHXH) ~

ﬂS(RyXLy,])
3 ((EG xcox X5),) ®, R ——"— m3((EG xcon XM),) @2 R

and

id ® //q (p1)oind.g). p—x

7y ((EG xcox X5),) @2 4" (+) 7y ((EG x cox X*).,) @7 #," (+)

K H
Dpvq Dp.q
HX(pa)oind, ).
K K a elg): HoK H K
f}f;_i_q(EG XCGKX ) %_,’_q( GXC(;KX )
=~ | indpr coKxk—K indpr: corxn—n | &
HX(p3)oindigy,,
CoKxK K q idxelg) CoKxH K
H,CKK(EG x XK) A CKA(EG x XK)
inde indmkoidxc(g)
2,5 (indy p3)o 5 ()
G K Pta my 3 pq\/1 K
A, (indy, EG X XT) p+q(lnde01d>< g EG x X*)
%fq (inde Prz) /{’ (lndeoldxz (9) prZ)
HC (ind, pa)oAC (1)
vtq K vtq G /: K
p+q(md’"l< XK ) %+q(lndml<0id><c(g) X7)

and
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my(Ryx L, 1) ®id

T ((EG X cox X)) ®r A, (%)

H H
J{Dp:q D”’(’J/

Ay 5 (RyxL 1)
A (EG x o XK) e

A (EG x o X

~ ~

lndpr: CGKxH—H lndpr: CqHxH—H | =

4 G H
%W(RHXLQ,I )omd(:(g,l)Xid

H SR (EG % XK) H, S (EG x X )

ptq P+q
inde oidxc(g) inde
A8 (ind,,, RyxL _1)o#C (fy)oind ,
G /: ) K Pt My Ty PHq\J3 (g™ G /: H
A (Indyyciase(g) EG < X 7) A5 ,(indy,, EG x X')
J%f’,,(indm,(cadwﬁ pr) A9 (ind,,, prz)l

A8 (ind,,,, L 1)0%fq(_ﬁ)oindl.(¢,f1)

%ﬁq(ind'nkoidxdg) X*) " %Eq(indmﬁ X
J'%fq(indmk 174)O?fpfq<fé) %4?11<LH)J
: A8 (vk)
%ﬁq(mdmk XK) Al %Eq(X)

Now assertion (b) follows from an easy diagram chase in the three commutative diagrams
above and Lemma 1.2.

(c) Its proof is similar to the one of (b) but much easier and hence left to the reader.
This finishes the proof of Lemma 4.3. []

Theorem 4.4. Let R be a commutative ring with @  R. Let #' be a proper equi-
variant homology theory with values in R-modules. Suppose for every group G that the
R Sub(G, #)-module %’;G(G/ ?) is flat for all g € Z. Then there is an isomorphism, called
equivariant Chern character, of proper equivariant homology theories

chl: #A] = A,

i.e. for every group G and any proper G-CW-pair (X, A) there is an in (X, A) natural
isomorphism

ch®(X, 4): +€9 HOO7) (X, 4; 4,9(G/7)) = #,°(X, A)
prq=n

such that the obvious compatibility conditions for the boundary homomorphisms of pairs and
the induction structures hold.

Proof. We get for a pair of proper G-CW-complexes (X, A) from the collection of
the homomorphisms of (4.2), the identification (3.6), Lemma 3.7 and Lemma 4.3 (a) and
(b) (which holds for pairs (X, 4) also) a natural R-homomorphism

ﬂ;((EG X CgK XH)+) ®R %H(*)
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chl (X, A): H)" 7 (X, 4; #5(G/?7))

Hy(C™7)(X, 4)) ®rsuw(c.) #,°(G/7) — HS(X).

I

Taking their direct sum for p 4+ ¢ = n yields an in (X, 4) natural homomorphism
(4.5) chb (X, A): BAC (X, A) — HC(X).

One easily checks that ch®: Z#° — #° is a transformation of G-homology theories.
Essentially one has to check that it is compatible with the boundary maps in the long exact
sequences of pairs.

Next we show that ch® is a natural equivalence, i.e. ch?(X, 4) is bijective for all n € Z
and all proper G-CW-pairs (X, 4). The disjoint union axiom implies that both G-homology
theories are compatible with colimits over directed systems indexed by the natural numbers
such as the system given by the skeletal filtration Xy < X; < X, ... |J X, = X. The argu-

n=0
ment for this claim is analogous to the one in [24], 7.53. Hence it suffices to prove the
bijectivity of chf (X, A) for finite-dimensional pairs. By excision, the exact sequence of
pairs, the disjoint union axiom and the five-lemma one reduces the proof of the bijectivity
of chY(X, A4) to the special case (X, 4) = (G/H,0) for finite H — G. In this case the bi-
jectivity follows from the consequence of Lemma 4.3 (c) that ch®(G/H) is the identity
under the obvious identification of its source with # ¢(G/H) coming from (3.2). []

Example 4.6. Given a homology theory ¢ with values in R-modules for @ = R, we
can associate to it an equivariant homology theory . in two ways as explained in Example
1.3. There is an obvious equivariant Chern character coming from the non-equivariant
one of Remark 4.1. Our general construction reduces to it by the following elementary
observation. For any finite group H the natural map J#,(BH) — H,(x ) is an isomorphism
by the Atiyah-Hirzebruch spectral sequence since H,(BH; @) H,(x; Q) is bijective.
Hence in both cases the RSub(G, #)-module 7 G(G/ 7)) = % ‘() is constant with value
Hy(*). Therefore it is isomorphic to @morgyyg,#)(1,7) ®¢g #4(*) which is obviously a
projective RSub(G, # )-module. By (2.12) the source of our equlvariant Chern character
reduces in this special case to

@ HOOP (X, 445(G/7) = @ Hy(G\(X,A); #5(+)).

p+q=n pt+q=n

Remark 4.7. Let J; be an equivariant proper cohomology theory with values in
F-modules for a field F of characteristic zero. It is defined axiomatically in the obvious
way analogous to the definition of a proper equivariant homology theory. Suppose that
M (%) 1s a finite-dimensional F-vector space for all finite groups H and n € Z. Put

A, (X, A) == homp (AL (X, A),F).

This defines an equivariant homology theory for proper finite G-CW-pairs (X, 4). We can
rediscover #'(X, A) by homp(#,°(X, A), F) for proper finite G-CW-pairs (X, A). If one
obtains a bijective Chern character for #¢ for proper finite G-CW-pairs, dualizing yields
a bijective Chern character from #_ to the associated equivariant Bredon cohomology for
proper finite G-CW-pairs.
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This applies for instance to equivariant K-cohomology after tensoring with Q@ over
Z. Equivariant Chern characters for equivariant K-cohomology have been constructed for
K:(X) ®7Cin [2] and for K};(X) ®7 Q in [17]. Our construction of an equivariant Chern
character for proper equivariant homology theories is motivated by [17].

5. Mackey functors

In order to apply Theorem 4.4, we have to check the flatness condition about the
R Sub(G, #)-module J{;G(G/ 7). We will see that the existence of a Mackey structure will
guarantee that it is projective and hence flat. This would not work if we would consider
C%G(G/ ?) over the orbit category. Recall that we can consider it over Sub(G, %) because
of Lemma 1.2 which is a consequence of the induction structure. The desired Mackey
structures do exist in all relevant examples.

Let R be an associative commutative ring with unit. Let FGINJ be the category of
finite groups with injective group homomorphisms as morphisms. Let

M: FGINJ — R — MOD

be a bifunctor, i.e. a pair (M., M*) consisting of a covariant functor M, and a contravariant
functor M* from FGINJ to R — MOD which agree on objects. We will often denote
for an injective group homomorphism f: H — G the map M. (f): M(H) — M(G) by ind,
and the map M*(f): M(G) — M(H) by res; and write indy; = ind, and resf = res; if f
is an inclusion of groups. We call such a bifunctor M a Mackey functor with values in
R-modules if

(a) for an inner automorphism ¢(g): G — G we have
M, (c(g)) = id: M(G) — M(G);

(b) for.an isomorphism of groups f: G = H the composites res; o inds and indy o res,
are the identity;

(c) double coset formula:

We have for two subgroups H,K < G

K : 1G _ . Hng 'Kg
res; oindy = > ind,(y). grrg1kg—K © TESY ,
KgH e K\G/H

where ¢(g) is conjugation with g, i.e. c(g)(h) = ghg™".

Our main examples of Mackey functors will be Rq(H), K,(RH), L,(RH) and
K\°P(CI(H,F)). Recall that for a subgroup H = G we denote by N¢H and CGH the
normalizer and the centralizer of H in G and by WgH the quotient NgH/H - CcH. In
the sequel we will use the identification WgH = autguy(g, #)(H) which sends the class of
ne NgH to the class of ¢(n): H— H. We have introduced SyP = P(H)/P(H), for a
covariant R Sub(G, F )-module P in (2.9). Notice for the sequel that
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(5.1) P(H)S:im< @ ind!: @ P(K) —>P(H)>.
KEH KEH

Given a left R[WyH]-module Q, we have defined the covariant R Sub(G, % )-module Ey Q
in (2.7). Recall that (H) has two meanings, namely, the set of subgroups of G which are
conjugate to H and the isomorphism class of objects in Sub(G, 7). One easily checks that
these two interpretations give the same.

Theorem 5.2. Let R be a commutative ring with Q < R. Let M be a Mackey functor
with values in R-modules. It induces a covariant R Sub(G,F )-module denoted in the same
way

M:Sub(G,7) - R—MOD, (f:H—K)— (M.(f): M(H) — M(K)).

Each R{WgH]-module Sy M is projective. For any finite subgroup H < G choose a section
ou: SuM — M(H) of the canonical projection M(H) — SyM. Put I =1s(Sub(G, 7)).
Then the homomorphism defined in (2.10)

T: @ EHOSHM—>M
(H)el

is an isomorphism and the R Sub(G, F )-module M is projective and hence flat.

Proof. Since WgH is finite, any R[W;H|-module is projective. Because of Theo-
rem 2.11 it suffices to show for any finite subgroup K = G that T(K) is injective. Consider
an element u in the kernel of T'(K). Put J(H) = morsu(c,#)(H, K)/(WgH). Choose for
any (H) eI a representative H € (H). Then fix for any element f € J(H) a representa-
tive 1 H — K in morsuy(g,#)(H, K). We can find elements xp s € Sy M for (H) € I and
f € J(H) such that only finitely many are different from zero and u can be written as

u= > > (ftH— K) ®puw,m XH.s-

(H)eljeJ(H)

We want to show that all elements xj s are zero. Suppose that this is not the case. Let
(H,) be maximal among those elements (H) € I for which there is f € J(H) with xz = 0,
i.e. if for (H) € I the element xy ; is different from zero for some morphism f: H — K
in Sub(G, #) and there is a morphism Hy — H in Sub(G, .7 ), then (Hy) = (H). In the
sequel we choose for any of the morphisms f: H — K in Sub(G, %) a group homo-
morphism denoted in the same way f: H — K representing it. Recall that f: H — K is
given by conjugation with an appropriate element g € G. Fix fo: Hy — K with xp, .5 =+ 0.
We claim that the composite

T(K) resim (0 ) 01 fy) 1y Pry,
A: @ EyoSuM(K)— M(K) —— M(im(fy)) ———— M(Ho) —> Su,M
(H)el

maps u to m - xg, 1, for some integer m > 0. This would lead to a contradiction because of
T(K)(u) =0 and xg, 5 + 0.
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Consider (H) e I and f € J(H). It suffices to show that A((f: H — K) QRWoH) XH.f)
is [K N Ngim(fy) : im(fy)] - xm. s if (H) = (Hp) and f = fo, and is zero otherwise. One
easily checks that A (( S1H — K) ®riw,m Xn, f) is the image of xy r under the composite

lnd/ H—im(

a(H, f): SyM =5 M(H)

res (/o) md/0 1. < im( fy)—Ho pr Ho

——— M(im(fy)) ——— M(Ho) —> Sy,M

(1m(f)) =, M(K)

The double coset formula implies

. . K . ; k- im( fo)k
resg ™ o indf, ) = 2 I, (k) im( £)k 1 im( fy e—sim( fy) Oresiﬁgg < im(fo)k

keim(fy)\K/im(f)

The composites pry, o indf;l:im(fé)_) Hy © (k) im( £) k- im( ) k—im( ) 18 trivial, if

c(k):im(f) N k! im(f,)k — im(f;)

is not an isomorphism. Suppose that c(k): im(f) nk~'im(fy)k — im(f;) is an isomor-
phism. Then k~'im(fy)k < im(f). Since H, has been choosen maximal among the H
for which xy s # 0 for some morphism f: H — K, this implies xy y = 0 or that

m(fo)k = im(f).

Suppose k~!'im(fy)k = im(f). Then (H) = (H,) which implies H = Hy. Moreover, the
homomorphisms in Sub(G, %) represented by fy and f agree. Hence the group homo-
morphisms fy and f agree themselves and we get k € Ngim(f,) n K. This implies that
a(H, f) = [K n Ngim(fy) : im(f,)] -id if (H) = (Hy) and f =fy, and that otherwise
a(H,f) =0 or xg r =0 holds. Hence the map 7 is injective. This finishes the proof of
Theorem 5.2. []

Now Theorem 0.1 and Theorem 0.2 follow from Theorem 4.4 and Theorem 5.2 using
(2.12).

6. Restriction structures and multiplicative structures

Before we simplify the source of the equivariant Chern character further in the pres-
ence of a module structure over the Green functor @ ®; Rg(?) on 75; (*) in Section 7, we
introduce an additional structure on an equivariant homology theory called restriction
structure. It will guarantee that the Mackey structure appearing in Theorem 0.1 and
Theorem 0.2 exists. This restriction structure is canonically given in all relevant examples.
We also briefly deal with multiplicative structures. The material of this section is not
needed for the following sections.

A restriction structure on an equivariant homology theory %’f consists of the follow-
ing data. For any injective group homomorphism «: H — G, whose image has finite index
in G, we require in (X, A4) natural homomorphisms
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res,: H,0(X, A) — A (res, (X, A)),
where (X, 4) is a pair of G-CW-complexes and res, (X, 4) is the H-CW-pair obtained from
(X, A) by restriction with o. If o is an inclusion of a subgroup H = G, we also write res?
instead of res,. We require:

(a) Compatibility with the boundary homomorphisms.

The restriction homomorphism res, is compatible with the boundary homomorphism
3¢ and 6.

(b) Functoriality.

If f: G — K is another injective group homomorphism whose image has finite index
in K, then resg., = res, o resg.

(c) Compatibility of induction and restriction for isomorphisms.

Ifo: H= Gisan isomorphism of groups, then the composite

%G(X) Ies,,

i A (res, X) inde, A% (ind, res, X) ™ AHO(X)
is the identity, where 7'(X): ind, res, X — X is the canonical G-homeomorphism.

(d) Double coset formula.

Let H,K < G be subgroups such that K has finite index in G. Let (X,A4) be an
H-CW-pair. (Notice for the sequel that K\G/H is finite.) Denote by

: ind, ;). gro ' Kamk restn9 'Ky X, A) S resKind%(X, 4
(9): Hng™'Kg H ¢ My
KgHeK\G/H )

the canonical K-homeomorphism. Then the following two composites agree for all g € Z

—1
: Hng™ " Kg
II ind, ) g1k x0T
KgHeK\G/H

a1 (X)

q

3 ng!
H %K (lndc(g): Hng 'Kg—K I'CSZ I Kg(X7 A))
KgH e K\G/H

~ . - A5 (f) .
= %K< [ indey): mng-1xg—k resp 1Kg(X,A)) L C%K (res¥ indjj (X, A))
KgH e K\G/H

and

res§ oindyj: #7 (X, A) — A X (resf indfj(X, 4)).
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If #" is an equivariant homology theory with a restriction structure, 4% inherits

a restriction structure as follows. For K < H we get a natural map H/K — res,ind, H/K

as the adjoint of the identity on ind, H/K. It induces #," (H/K) — #," (res,ind, H/K).

We get an ROr(G, 7 )-module 7, H(res, G/?) which assigns to G/K the R-module

A, A (res, G/K). Thus we obtain a transformation of covariant ROr(H, 7 )-modules
%H(H/7) — Tes, %H(resx G/?). Its adjoint is a map of ROr(G, # )—modules

iy ind, M (H)?) S A (res, G/7),

which turns out to be bijective. This can be seen from its more explicit description as the
composite of isomorphisms

ind, J/;H(H/?) Rmoroyg,7)(indy H/?,G/?7) ®gown qH(H/?)
L Rmoroy s, 7)(H/?,1es, G/?7) ®ror( )yqu(H/?) = A5(G/7),

where u comes from the adjunction of ind, and res, and v sends (f: H/? — res, G/77) ® x
to Jz’;H (f)(x). The restriction structure on # induces a map of Or(G, % )-modules

HO(G)?7) — A (res, G/?).
There is a natural isomorphism of ROr(H, % )-chain complexes
COMHT) (res, (X, A)) = res, COCP) (X, A).
There is a natural isomorphism of R-modules (compare (2.5))
(res, COO 7V (X, A)) @ron, ) A, (H]?) = COOTX, 4) @rora, 5 (inds A (H /7))
The last four maps together can be combined to a map of R-chain complexes
CoOTN X, A) ®rowe,7) #,"(G?) — COT) (res, (X, A)) ®row, 7 H," (H/?).
It induces on homology homomorphisms
res,: HO"O7) (X, 4; A,0(X, A)) — HX7) (ves, (X, 4); 4,1 (H[?7)).
Their direct sum yields the desired natural homomorphism
res,: BAH C(X, A) — BAM (res, (X, A)).
We leave it to the reader to check that the axioms of a restriction structure are fulfilled.
Next we introduce multiplicative structures. An external product on JK*G assigns to any
two groups G and G’ and pairs of (proper) G-CW-complexes (X, A) and G'-CW-complexes
(X’,4") anin (X, A) and (X', A’) natural homomorphism

(6.1)  x: HOS(X,A) @ AT (X', A") — AT (X, 4) x (X', 4")),

“n+n’



220 Liick, Chern characters
where (X, 4) x (X', A") is the pair of (proper) G x G'-CW-complexes
(X x X, XxA uAdxX').

We mention that we work in the category of compactly generated spaces (see [24], [26], 1.4)
so that (X, 4) x (X', 4") is indeed a (proper) G x G'-CW-pair. These pairings are required
to be compatible with the boundary homomorphisms, namely, for u e Jr,f?G(X ,A) and
ve équ(X’,A’) we have

O(uxv)=0(u) xv+(—1)"-uxadb).

We also assume that these pairings are compatible with induction, i.e. for group homo-
morphisms o: H — G and o': H' — G’ and ue #,"(X,A) and u’ € #,"" (X', A') we re-
quire

A (f) (indy (u) x indy (') = indywa (u x v)
for f:ind,(X,A) x ind, (X', 4") > indyxo (X, 4) x (X',A4")) the canonical G x G'-
homeomorphism. Furthermore we require that the external product x is associative,
graded commutative and has a unit element 1 in %0{1}(*).

If #’ comes with an external product, we call it a multiplicative ( proper) equivariant
homology theory with values in R-modules. If # comes with a restriction structure, we will
require that the multiplicative structure and restriction structure are compatible. Namely,
for injective group homomorphisms o«: H — G and «': H' — G’, whose images have finite
index, and u € %G(X, A)and u' € quG'(X’, A") we require

res, (u) x res, (u') = resy,q (u x u').

Next we explain how a multiplicative structure on #’ induces a multiplicative
structure on the associated Bredon homology #.#. Let (X, A) be a proper G-CW-pair
and let (X', 4’) be a proper G'-CW-pair. Let C,(X,A4) ®r C.(X',A’) be the obvious
ROr(G,7) x Or(G’, 7 )-chain complex. Denote by

I.0r(G,7) x Or(G',7) — Or(G x G', F)

the functor sending (G/H,G'/H') to G x G'/H x H'. There is a natural isomorphism of
Or(G x H, 7 )-chain complexes

ind[(CSr(G’j’)(X,A) ®r Cgr(ley>(X',A')) i C*Or(GXG/vy)((X,A) « (X/,A/)),

which comes from the adjunction (2.4) and the natural isomorphism of the cellular chain
complex of a product of two (non-equivariant) CW-complexes with the tensor product
of the individual cellular chain complexes. The multiplicative structure on # induces a
natural transformation of ROr(G, 7 ) x Or(H, 7 )-modules

H(G)) QAL (G)7) — res; H,59(G x G )77).
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There are natural isomorphisms of R-chain complexes

(7 (x,4) ®R0rG, H,9(G/) @ (C7O T (X, A" @ronar.5) 4,7 (G'/71)
= (€O, 4) @ €)X, A")) @ron(e.#)xor(a.7) (%G(G/? ®r #,7(G'/7"))

and (see (2.5))

ind; (CO O (X, 4) ®p €)X, A4")) @ron(orar ) H, 51 (G x G'[77)

SO (X, A) @ CONT) (X7, 4)) ®ror(G, 7)o, 7) (res1 A0 (G x G'[77)).

Combining the last four maps yields a chain map

(C2"OT)(X, A) ®rorc. 7 %G(G/?)) ®r (CT (X", A") ®rowar. ) #,° (G']7"))
oM7) ( A")) ®ror(Gx6,7) W}E;G (GxG'/7).

It induces the required multiplicative structure

(62)  BALX,A) @pBHAL (X', A) = BALE (X, 4) x (X', A1),
We leave it to the reader to verify the axioms of a multiplicative proper equivariant
homology theory for Z.%#".

Theorem 6.3. Let R be a commutative ring with Q = R. Let #' be a proper equiv-
ariant homology theory with values in R-modules. Suppose that H#' possesses a restriction
structure. Let I be the set of conjugacy classes (H) of finite subgroups H of G. Then there is
an isomorphism of proper homology theories

ch;':: ,%%;? =y %jﬁ[‘}
such that

BA,C (X, A) = +6]9 (HGPIH,,(CGH\(XH,AH); R) ®rpwom SuH,(G/?).
prq=n €

The isomorphism Chz is compatible with the given restriction structure on . and the induced
restriction structure on BA" . If H' comes with a multiplicative structure and we equip BA"
with the associated multiplicative structure, ch, is also compatible with the multiplicative
structures.

Proof. Given a proper equivariant homology theory # with values in R-modules
together with restriction structure, then "(*) inherits a Mackey structure in the obvi-

ous way. Given an injective group homomorphlsm f:H — K of finite groups, induc-

%K
tion is given by the composite J(;H ( )—> A, K(ind; *) M J/;K () and restriction by
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resy: %K (x) — %H (). Now apply Theorem 0.1 and Theorem 0.2. We leave the lengthy
but straighforward verification that the equivariant Chern character is compatible with
the restriction structures and multiplicative structures to the reader. [

Example 6.4. Equivariant bordism as introduced in Example 1.4 has an obvious
restriction structure coming from restriction of spaces and an obvious multiplicative struc-
ture coming from the cartesian product. Hence Theorem 6.3 applies to it and yields
an isomorphism of multiplicative proper equivariant homology theories with restriction
structure

chi(X,A): @ @ H,(CcH\(X", A"); Q) Qapw,m Su(Q @7 QY (G/?))

p+q=n(H)el
=0 ®:Q7(X, 4),

where Sy (Q ®ZQqG(G/?)) :coker( &) @@Zﬁf(*) — @@ZQ;I(*)).

KcH.K+H

7. Green functors

Next we simplify the source of the equivariant Chern character further in the presence
of a module structure over the Green functor Q@ ® 7 Rg(?) on #j;(*) Such an additional
structure is given in the situation of our main Example 1.5.

Let ¢: R — S be a homomorphism of associative commutative rings with unit. Let M
be a Mackey functor with values in R-modules and let N and P be Mackey functors with
values in S-modules. A pairing with respect to ¢ is a family of maps

m(H): M(H) x N(H) — P(H), (x,y) = m(H)(x,) = x- 7,

where H runs through the finite groups and we require the following properties for all
injective group homomorphisms f: H — K of finite groups:
(Xx1+x2)-y=x1-y+x2-y forx;,x,e M(H),ye N(H);
x (Y +»)=x-y1+x-y forxe M(H),p,y, € N(H);
(rx) -y =¢(r)(x-p) forre R,xe M(H),ye N(H);
x-sy=s(x-y) forseS,xe M(H),y e N(H);
resy(x - y) =resp(x) -resp(y) forxe M(K),ye N(K);
inds(x) - y = indy (x - res;(y)) forxe M(H),ye N(K);
x-indy(y) = inds (res(x) - y) forxe M(K),y e N(H).
A Green functor with values in R-modules is a Mackey functor U together with a

pairing U x U — U with respect to id: R — R and elements 15 € U(H) for each finite
group H such that for each finite group H the pairing U(H) x U(H) — U(H) induces the
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structure of an R-algebra on U(H) with unit 15 and for any morphism f: H — K in
FGINJ the map U*(f): U(K) — U(H) is a homomorphism of R-algebras with unit. Let U
be a Green functor with values in R-modules and M be a Mackey functor with values in
S-modules. A (left) U-module structure on M with respect to the ring homomorphism
¢: R — S is a pairing U x M — M such that any of the maps U(H) x M(H) — M(H)
induces the structure of a (left) module over the R-algebra U(H) on the R-module
¢*M(H) which is obtained from the S-module M(H) by rx:= ¢(r)x for re R and
xeM(H).

Lemma 7.1. Let ¢: R — S be a homomorphism of associative commutative rings with
unit. Let U be a Green functor with values in R-modules and let M be a Mackey functor with
values in S-modules such that M comes with a U-module structure with respect to ¢. Let & be
a set of subgroups of the finite group H. Suppose that the map

@ ind: @ UK)— U(H)
KeY Ke%

is surjective. Then the map

@ indy: @ M(K)— M(H)

Key Ke>

is surjective.

Proof. By hypothesis there are elements ug e U(K) for Ke.9 satisfying
1y = 3 ind ug in U(H). This implies for x € M (H).
Ke>

x:1H~x:( > indguK> cx= Y ind (ug -resk x). O
Ke9 Key

Our main example of a Green functor with values in Q-modules Q@ ® Rg(?) assigns
to a finite group H the Q-module Q@ ®, Rg(H), where Rq(H) denotes the rational rep-
resentation ring. Notice that Rg(H) is the same as the projective class group Ko(QH).
The Mackey structure comes from induction and restriction of representations. The pairing
Q®zRo(H) x Q®z Rg(H) — Q@ ®z Rg(H) comes from the tensor product P ®¢ Q of
two QH-modules P and Q equipped with the diagonal H-action. The unit element is the
class of @ equipped with the trivial H-action.

Let classq(H) be the Q-vector space of functions H — Q which are invariant under
Q-conjugation, i.e. we have f(h) = f(hy) for two elements hy,h, € H if the cyclic sub-
groups {1 and <{hy) generated by &, and /, are conjugate in H. Elementwise multiplica-
tion defines the structure of a (D-algebra on classg with the function which is constant 1 as
unit element. Taking the character of a rational representation yields an isomorphism of
Q-algebras (23], Theorem 29 on page 102)

>~

(7.2) 27 Q®; Ro(H) = classg(H).

We define a Mackey structure on classg(?) as follows. Let f: H — K be an injective group
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homomorphism. For a character y € classq(H) define its induction with f to be the char-
acter indy () € classg(K) given by

) 1
lndf()()(k) = m‘l KZ}: HX(h)~
ey

For a character y € classg(H) define its restriction with /" to be the character
resy(y) € classq(H)
given by
resy (1) (h) == x (f (h)).

One easily checks that this yields the structure of a Green functor on classg(?) and that
the family of isomorphisms y* defined in (7.2) yields an isomorphism of Green functors
from @ ®7 Rg(?) to classg(?).

For a finite group H and any cyclic subgroup C < H, define

(7.3) 0 e classg(H)

to be the function which sends e H to 1 if <4) and C are conjugate in H and to 0
otherwise.

Lemma 7.4. Let ¢: Q — R be a homomorphism of associative commutative rings with
unit. Let M be a Mackey functor with values in R-modules which is a module over the Green
Sfunctor Q ®7 Ro(H) with respect to ¢. Then:

(a) For a finite group H the map

@ ind?: @ M(C)— M(H)
CcH CcH
C cyclic C cyclic

is surjective.
(b) Let C be a finite cyclic group. Let
05: M(C) — M(C)
be the map induced by the Q ®7 Rg(C)-module structure and multiplication with the pre-

image of the element 05 € classq(C) under the isomorphism y<: Q ® ; Ro(C) = classg(C)
of (1.2). Then the cokernel

@ ind5: @ M(D) — M(C)
DcC DcC
D+C D+C

is equal to the image of the map QCC: M(C)— M(C).
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Proof. Let C — H be a cyclic subgroup of the finite group H. Then we get for
he H

1 1 1 1
——.indZ 05 (h) = S O (I"'hl) = — . 1.
woq MW =gt M=

I"'hleC A Yhly=C

This implies in @ ® 7 Rg(H) = classg(H)

B 1 . oy
(7.5) ly = C;H W-mdc Oc
Ccyclic

since for any /e H and he H there is precisely one cyclic subgroup C < H with
C = {I7'hly. Now assertion (a) follows from the following calculation for x € M (H)

1 1
x=1y-x= cindZ 98] - x= — . indZ (0 - resS x).
H <C§H [H:C} C C) C%:H [H:C] C(C H )

Ccyclic Ccyclic

It remains to prove assertion (b). Obviously HCC is an idempotent for any cyclic group C.
We get for x e M(C) from (7.5)

1 . 1C D 1 . 1CipD  ..D
(IC—HCC)~x:< > ~1ndD€D>-x: > -indj, (0, - res¢ x)
—clC:D —clC:D
pclC: D] pecC: D]

and for D < C, D % Cand y e M(D)
05 -ind§ y = ind§ (res2 05 - y) = ind§(0 - y) = 0.
This finishes the proof of Lemma 7.4. []

Now Theorem 0.3 follows from Theorem 0.1, Theorem 0.2 and Lemma 7.4. For
more information about Mackey and Green functors and induction theorems we refer
for instance to [6], Section 6 and [8].

8. Applications to K- and L-theory

In this section we apply Theorem 0.3 to the equivariant homology theories of Ex-
ample 1.5. Thus we obtain explicit computations of the rationalized source of the assembly
map (1.6). These give explicit computations of the rationalized algebraic K- and L-groups
of RG and of the topological K-groups of the real and complex reduced group C*-algebras
of G, provided that the Farrell-Jones Conjecture with respect to the family % of finite
subgroups and the Baum-Connes Conjecture are true for G. Before we carry out this pro-
gram, we mention the following facts. Notice for the sequel that the different versions of
L-groups, symmetric, quadratic or decorated L-groups, differ only by 2-torsion and hence
agree after inverting 2.
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Theorem 8.1. There are natural isomorphisms

Lu(ZG)[1/2] = L,(QG)[1/2];
K, (C/(G,R)[1/2] = L.(C} (G, R))[1/2];
K,(C}(G,C))[1/2] = Li(C(G,C))[1/2].

Proof.  The proof of the first isomorphism can be found in [20], page 376. The other
two isomorphisms are explained in [22], Theorem 1.8 and 1.11, where they are attributed to
Karoubi, Miller and Mishchenko. [J

Next we introduce a Mackey structure and then a module structure over the Green
functor @ ®7 Rg(?) on the various K- and L-groups. Let R be an associative commutative
ring with unit satisfying @ < R and let F be R, C. Induction and restriction yield obvious
Mackey functors

Q ®7 K,(R?): FGIN] — Q@ — MOD, H — Q ®; K,(RH);
Q ®; L,(R?): FGIN] — Q — MOD, H — Q ®; L,(RH);
Q®; K\ P(C(?,F)): FGINJ — @ — MOD, H ~— Q®; K\ (C},(H,F)).

The tensor product over R or F with the diagonal action induces on Q ®7 Ko(R?),
Q®yz Lo(R?) and Q ®; K,°°(C*(?, F)) the structure of a Green functor with values in
Q-modules and the structure of a module over these Green functors on Q@ ®; K,(R?),
Q®zLy(R?) and Q ®7 Kq“’p(C*(?, F)) for all ¢ € Z. The change of ring maps

Q®z Lo(Q?7) — Q@ ®z Lo(R?);
Q7 K, (C(7,R)) — Q®; K, (C;(?,C))

induce maps of Green functors. Since Q ®7 Ko(Q7) = Q ®7 Rg(?), we get a module
structure over the Green functor @ ® 7 Ro(?) on each Mackey functor Q ® 7 K,(R?). The
change of rings map

0®;Lo(Q?) S Q®; Lo(R?)

is known to be an isomorphism (see [21], Proposition 22.19 on page 237). There is an iso-
morphism of Green functors (see Theorem 8.1 or [21], Proposition 22.33 on page 252)

Q®; Ko(R?) = Q ®; Lo(R?).
Thus we get a morphism of Green functors

Q®;Ra(?) = QQy Lo(QY).
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Hence we obtain a module structure over the Green functor Q ® 7 Rg(?) on the Mackey
functor @ ®; L,(R?). Since Ko(R?) = K,**(C;(?,R)), we finally obtain also a module
structure over the Green functor Q@ ® ; Rg(?) on the Mackey functor Q ® qup (CH(?,F)).
If @ = R, then the cellular R[CgH]-chain complex C. (E(G, ) " ) is a projective resolution
of the trivial R|CsH]-module R and we obtain for any finite group H < G an identification

(8.2) H,(CcH\E(G,7)";R) = H,(CcH; R).

Notice that now Theorem 0.4 follows from Theorem 0.3 and Example 1.5. The homo-
morphisms appearing in Theorem 0.4 are compatible with the various change of ring or
of K-theory maps since these maps are compatible with the relevant module structures
over the Green functor Q ® 7 Rg(?).

If the ring R is a field of characteristic zero and we are willing to extend Q to a larger
field, then we can simplify the right side of the various maps appearing in Theorem 0.4 as
follows. Let F be a field of characteristic zero. Fix an integer m = 1. Let F((,,) © F be the
Galois extension given by adjoining the primitive m-th root of unity {,, to F. Denote by
I'(m, F) the Galois group of this extension of fields, i.e. the group of automorphisms
o: F({,,) — F({,) which induce the identity on F. It can be identified with a subgroup of
7 /m* by sending o to the unique element u(a) € Z/m* for which a(¢,,) = {*”) holds. Given
a finite cyclic group C of order |C|, the Galois group I'(|C|, F) acts on C by sending ¢ to
¢*?), and thus on the set Gen(C) of generators of C. Let V be an F({c))-module. Denote
by res, V for € I'(|C|, F) the F({|¢|)-module obtained from V" by restriction with g, i.e.
the underlying abelian groups of res, V' and V agree and multiplication with x € F({,,) on
res, V' is given by multiplication with ¢(x) on V. Thus we obtain an action of I'(|C|, F) on
K, (F (L)) by sending o € I'(|C|, F) to the automorphism res,: K, (F({ic|)) — Ky(F({ic)))
coming from the functor V' — res, V. This action extends to an action of the Galois group
I(|C|,F) on F({ic)) ®2 Ky (F({ic))) by 6+ (v ® w) := v ® res,(w). Equip

map(Gen(C), F({|c)) ®z K, (F(Cm)))r(‘c"”

and F({jc) ®7 05 - (Q ®7 K,(F[C])) with the obvious F({|¢|)-module structures.

Lemma 8.3. Let F be a field of characteristic zero. Let C be a finite cyclic group.
Then there is an isomorphism of F({,c|)-modules

map(Gen(C), F({|c) ®z K, (HQC\)))FOC"F) S F(e) ®a 0 - (Q @7 K, (FICY))),
which is natural with respect to automorphisms of C.

Its proof needs some preparation. Let G be a group. Given a positive integer m and
an F((,,)[G]-module V, we define an in ¥ natural isomorphism of F({,,)[G]-modules

d: ind?“’") resg(w V=F()Q@rV > @ res,V, x®@uvr— (a(x)v)ger(m )

gel(m,F) ’
Obviously @ is natural in V and F({,,)[G]-linear. We claim that an inverse of ® is given
by
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O P res, V — indy F(Cn) resF( VV=F(n) ®rV
oceCG

Y G @ra(ln) v

1
(Ua)a m
eF(mF m ;- gel(m,F)

This follows from an easy calculation using the facts that for an m-th root of unity { the
sum » Clis zero if ¢ + 1, and is m if ¢ = 1, and that an element x € F({,,) belongs to Fif

i=1
and only if o(x) = x for all ¢ € I'(m, F) holds. Fix an F-basis {b, | o € I'(m, F)} for F({,,).
Given an FG-module W, we obtain an in W natural FG-isomorphism

¥ @ W S resk indf W = F(G) @ W, Wodoermm = Y be ®p s
I'(m,F) gel(m,F)

and an in W natural F({,,)[G]-isomorphism for ¢ € I'(m, F)
A: indﬁ(c'") W =F(,) ®p W — res, indﬁ(c’”) W, x®pwr— a(x) @pw.

From the existence of the natural isomorphisms ®, ¥ and A above we conclude for the
homomorphisms

indf : K,(FG) — K, (F(5,)[G)
resfic, 1 Ky (F(0,)[G]) — Ky(FG):

resq: Ky (F(En)[G]) — Ky (F(8)[G]),

that reslﬁf(c )oindlf(c = |['(m, F)| - id, ind £l resF(c )= 2. res;and
" " oel(m,F)

. oF
resaomdF@ 1nd

holds for o € I'(m, F). The various maps res, induce a I'(m, F)-action on K, (F((,)[G]).
We conclude

Lemma 8.4. Induction induces an isomorphism

Q®z indgg’”)l Q®z K,(FG) 20 ®; K, (F((m)[G])F(m’F)_

Let C be a finite cyclic group of order |C|. Then all irreducible F'({|¢|)-representations
of C are Il-dimensional. The number of isomorphism classes of irreducible F({c|)-
representations is equal to |C|. Given a finite-dimensional F({|¢))-representation V of C, we
obtain a functor from the category of finitely generated projective F({|c|)-modules to the
category of finitely generated projective F({|c|)[C]-modules by tensoring with V" over F({,,)
and thus a map K, (F({)) — K, (F(C‘C‘)[C]S. This yields a homomorphism

(8.5) o Ko (F (8 [C)) ®2 Ky (F(Giey)) = Ko(F(Le)C),

which is an isomorphism by the following elementary facts. Given an F({|¢|)[C]-module
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U and an irreducible F({|¢)[C]-module V, denote by Uy the V-isotypical summand. This

is the F({|¢))[C]-submodule of U generated by all elements u € U for which there exists

an F({¢)[C]-submodule U’ = U which contains u and is F({|¢|)[C]-isomorphic to V. For

any homomorphism f: U — W of finitely generated projective F({|c|)[C]-modules there

are natural splittings U = @ Uy and W = @ Wy, where V runs over the irreducible rep-
v Vv

resentations, / maps Uy to Wy and autg(ic)(V) = {x-idy |x € F({|c)}-

An element ¢ eI'(|C|,F) induces automorphisms res, of K,(F({)) and of
Kq(F(qC‘)[C]) by restriction with o: F(C‘q) — F(C‘C‘) and o F(C‘C‘)[C] — F(C‘q)[C},
S xe-c— > a(x.)-c. We get for g e I'(|C|, F)
ceC ceC

res, o0 o0 = 0. o (res; @z resy ).

Taking the character of a representation yields an isomorphism

(8.6)  x F(lc) ®2 Ko(F({e)[C]) = map(C, F(( ), x® V] x-zp.
The operation of I'(|C|, F) on Ko(F({|c)[C]) extends to an operation on
F({ic) ®7 Ko(F(e))C))

by taking the tensor product id ® ;7. We define a I'(|C|, F)-operation on map(C, F (QC‘))
by assigning to g € I'(|C|, F) and y € map(C,F(QC‘)) the element o - y which sends ¢ e C
to y(c*®). The map y is compatible with these I'(|C|, F)-actions. It suffices to check this for
1 ®z [V]if Vis an irreducible F({|¢))[C]-representation. Its character is a homomorphism
xv: C — F({¢)) whose values are multiples of {|¢| and ¢ € C acts on V' by multiplication

with y(c). Hence ¢ € C acts on res, ¥ by multiplication with () (c)) on V. This implies
Tres, 1v(€) = 0 (xp(€)) = x(©)"” = 1 (). We have the obvious isomorphism

(87)  f:map(C, F({je)) ®2 Ky (F(Gier)) = map(C, F({ie) ®2 K,y (F(Eq))).

Now the maps «, y and f defined in (8.5), (8.6) and (8.7) can be combined to an iso-
morphism of F({|¢|)-modules

(88)  y=(d®a)o(z®id) " of "1 map(C.F({q) ®z Ky (F(lic))
= F((a) ®2 Ky (F(Le)[C)).
It is I'(|C|, F)-equivariant, where we use on the source the action given by
(0-2)(c) = (id ® ) (2(c"?))
and on the target by res, ® id.

Next we treat the various Q@ ® g Rg(C)-module structures. The source of o and the
source of y inherit a module structure over Q ®g Rg(C) by the obvious ring homo-
morphism indg(g‘c‘): Ro(C) = Ko(Q[C]) — Ko (F({))[C]). We equip the target of « with
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the Q@ ®g Rg(C)-module structure for which o becomes a Q@ ® g Rg(C)-homomorphism.
We have introduced the isomorphism of @-algebras y€: @ ® ; Ro(C) = classq(C) in (7.2).
The target of the isomorphism x€ is a module over classg(C) by the obvious inclusion
of rings classq(C) — map(C, F({c))). Then y is a @ ®¢g Ra(C)-homomorphism. Equip
the source of the isomorphism f with the @ ®; Rg(C)-module structure given by the
one on the target of y and the trivial one on K,(F (CIC\))- Equip the target of f with
the @ ®q Rg(C)-structure for which f becomes a @ ® g Rg(C)-homomorphism. Then
the isomorphism y is a Q@ ® g Rg(C)-homomorphism. Therefore we obtain a commutative
diagram of F({|¢|)-modules where all maps are I'(|C|, F')-equivariant:

map(C, F(ic) ®z2 Ky (F({e)) —— Ky (F({e)IC)) ®z F(¢c)

Hél leg

map(C, F({ic) ®z Kq(F (i) — Ky (F(GeD[C]) ®2 F({ey)-
By taking the fixed point sets, we obtain a commutative diagram of F({|¢|)-modules:

map(C, F((je) ®2 K, (F(Ge)) M Ky (F@epien) 1M @, F(Ge)

0 l log

map(C, F({|c) ®z Kq(F(QCO))F(lC"F) — Ky (F(eplC)) e g, F(e)-

Thus we obtain an isomorphism from the image of the left vertical arrow in the diagram
above to the image of the right vertical arrow. Recall that GCC is the character which sends
a generator of C to 1 and all other elements to 0. Hence the image of the left vertical arrow
is canonically isomorphic to map(Gen(C), F({|c) ®z K, (F(C|C|))r<‘c"F>). The image of
the right vertical arrow is by Lemma 8.4 canonically isomorphic to the image of

05 : Ky(F[C) ®7 F({cp) — Ky(FIC) @7 F({ -
This finishes the proof of Lemma 8.3. []
We conclude from Theorem 0.4 and Lemma 8.3
Theorem 8.9. Let G be a group. Let F be a field of characteristic zero. Let F = F be
a field extension such that for any finite cyclic subgroup C = G the primitive |C|-th root
of unity belongs to F. Let J be the set of conjugacy classes (C) of finite cyclic subgroups of

G. Then the assembly map (1.6) in the Farrell-Jones Conjecture with respect to F for the
algebraic K-groups K,(FG) can be identified after applying F ® ;7 with

B, B Hy(CaC:F) ®py,qmap(Gen(C). F @2 K,(F((i))) " = F @2 KulFG).

If the Farrell-Jones Conjecture with respect to F is true, then this map is an isomorphism.

Remark 8.10. The following remark was pointed out by the referee. Notice that
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the fixed point set of the operation of I'(|C|, F) on F({|¢) is F itself. There is a second
I'(|C|, F)-operation on map(Gen(C), F({c|) @z K4(F({c))) which comes from the ob-
vious operations on Gen(C) and F({|¢|) and the trivial operation on K, (F({|c))). Define
a I'(|C|, F)-operation on F({|c|) ®q 05 - (@ ®7 K4(F[C])) by the obvious operation on
F({|c|) and the trivial operation on 05 - (@ ®7 K,(F[C])). Then the isomorphism appear-
ing in Lemma 8.3 is I'(|C|, F)-equivariant with respect to these operations and we obtain
an isomorphism of F-modules

) HIDTIAD 2 B oo oS - (@@, K, (FICT)),

map(Gen(C), F({c)) ®z Ky (F({icy
which is natural with respect to automorphisms of C. Moreover, we get an improvement
of the isomorphism appearing in Theorem 8.9 to an isomorphism of F-modules

D <ce>9,H”(CGC;F) ® o map(Gen(C), F({ie) @7 Ky (F(Liep))) I HHHIAD
prq=n €

= F®; K. (FG).

Example 8.11. If F = C, then F({|¢|) = C and I'(|C|,C) = 1. Let T be the set of
conjugacy classes (g) of elements g € G of finite order. The action of W;C on Gen(C) is
free. Then the assembly maps (1.6) in the Farrell-Jones Conjecture with respect to % and
in the Baum-Connes conjecture can be identified after applying C ®,? with

@ EB Hp(CG<g>§C) ®2Kq(6) - C®yz Kn(CG)§

prg=n(g)eT

B D Hy(Ce<9>C)®zLy(C) — C®z Ly(CO);

pra=n(g)eT

® D Hy)(Ce<9»C)®;K,"(C) — C®;K,*(C(G,0)),

prq=n (g)eT

where we use in the definition of L,(C) and L,(CG) the involutions coming from complex
conjugation. We get the first one from Theorem 8.9. The proof for the third is completely
analogous to the one of the first. The proof of the second can be reduced to the one of the
third by Theorem 8.1. In particular this proves Theorem 0.5. We mention that the restric-
tion of the upper horizontal arrow in Theorem 0.5 to the part for ¢ = 0 has been shown
to be split injective for all groups G using the Dennis trace map but not the Farell-Jones
Conjecture in [19].

If we use the trivial involution on C in the definition of L,(CG), then the Farrell-
Jones Conjecture with respect to & implies L,(CG)[1/2] =0 since L,(CH)[1/2] =0 is
known for all finite groups H with respect to the trivial involution on C [21], Proposition
22.21 on page 239. Notice that the Farrell-Jones Conjecture with respect to & and the
Baum-Connes Conjecture together with Theorem 8.1 imply that the change of ring maps
L,(CG) — L,(C;(G,C)) becomes a bijection after inverting 2.

Example 8.12. Next we consider the case F = R. Put F = C. We call g; and g, in G
R-conjugate if (g1) = (g2) or (¢g1) = (g5 '). Denote by (g), the R-conjugacy class of g € G.
Denote by Tg the set of R-conjugacy classes of elements of finite order in G. This splits
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as the disjoint union T} [ Ty, where T, resp. T consists of classes (g)g with (g) * (¢7!)
resp. (g) = (¢7"). For a class (g)y € Ty we can find an element ¢’ € G such that the ho-
momorphism ¢(g’): G — G given by conjugation with g’ maps g to g~!. Then ¢(g’) induces
also an automorphism Cg{g) — Cs<{g). The induced automorphism of H,(Cs{g;C)
does not depend on the choice of ¢’ and is of order two. Thus we obtain a Z/2-action
on H,(Cs<{g»;C). The Galois group of the field extension R = C is Z/2 with complex
conjugation as generator. Complex conjugation induces a Z[Z/2]-structure on K,(C) and
K to1”(([3) We obtain analogously to Example 8.11 an identification of the assembly maps
(1 6) in the Farrell-Jones Conjecture with respect to # and in the Baum-Connes conjecture
after applying C ®,? with

) (( S Hp(CG<g>§C) Xz Kq(C)) @ ( D Hp(CG<g>§C) ®dz(z/2] Kq(C)))
(9) (9)

pt+q=n 9r € Ty 9reTy

—C ®ZKVI(IRG)7

GBT,,H C<97;C) ®ziz/2 L (Q))

ptq=n reTy (9

B ((m@ Hy(Cota0)®:L,0)) © (
| (RG),

—>C®Z

S ((( )@ H,(C6{g9>;C) ®; KJOP(C)) ® <( )EB H,(C649>;C) ®ziz/2) Kf"(@))

p+q=n 9p €Ty 9)g €Ty

- C®7z K;OP(C,,*(G, IR)),

where we use in the definition of L,(C) the involution coming from complex conjugation.
Notice that the Farrell-Jones Conjecture with respect to % and the Baum-Connes Conjec-
ture together with Theorem 8.1 imply that the change of ring maps L,(QG) — L,(RG) and
L,(RG) — L,(C;(G,R)) become bijections after inverting 2 since L,(QH) — L,(RH) is
known to be bijective after inverting 2 for finite groups H [21], Proposition 22.33 on
page 252.

Example 8.13. If F = Q, then I'(|C|,Q) = Z/|C|" = aut(C). Since I'(|C|, Q) acts
freely and transitively on Gen(C), we obtain after the choice of a generator ¢ € C an iso-
morphism

map(Gen(C),@(C\C\)®qu(@(C\C\)))F<‘C| ~ Q) ®7 Ky (Q ).

It is natural with respect to automorphisms of C, if /" € aut(C) acts on

Q) ®z Ky (AL )

by id ® res, for the element ¢ in the Galois group I'(|C|, Q) for which ¢({) = {" and
f(c) = c* holds. Let J be the set of conjugacy classes (C) of finite cyclic subgroups of
G. We conclude from Theorem 8.9 that the assembly map (1.6) in the Farrell-Jones Con-
jecture with respect to & can be identified with

© D Hp(CGCEQ)@)@[WGq@@Z t/( (C\C\))_)@@)Z (QG).

prg=n(C)eJ



Liick, Chern characters 233

Example 8.14. Let F be a field of characteristic zero and let G be a group. Let g and
g2 be two elements of G of finite order. We call them F-conjugate if for some (and hence all)
positive integers m with g}" = g5" = 1 there exists an element ¢ in the Galois group I'(m, F)
with the property (gf(a)) = (g2). Denote by cong(G) the set of F-conjugacy classes (g)p
of elements g € G of finite order. Let classy(G) be the F-vector space with the set cong(G)
as basis, or, equivalently, the F-vector space of functions conp(G) — F with finite support.
Recall that for a finite group H taking characters yields an isomorphism ([23], Corollary 1
on page 96)

(8.15) v F®; Rr(H) = F @, Ko(FH) = classp(H).

By Theorem 0.4 and (8.15) the assembly map (1.6) of the Farrell-Jones Conjecture with
respect to # for Ky(FG) can be identified with a map

classp(G) — F ®7 Ko(FG).

If the Farrell-Jones Conjecture with respect to & for Ky(FG) is true, this map is an
isomorphism. This generalizes (8.15) for finite groups to infinite groups. This example is
related to the Hattori-Stalling rank and the Bass Conjecture [1].
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