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THE SEGAL CONJECTURE FOR INFINITE GROUPS

LUCK, W.

ABSTRACT. We formulate and prove a version of the Segal Conjecture for infi-
nite groups. For finite groups it reduces to the original version. The condition
that G is finite is replaced in our setting by the assumption that there exists a
finite model for the classifying space EG for proper actions. This assumption
is satisfied for instance for word hyperbolic groups or cocompact discrete sub-
groups of Lie groups with finitely many path components. As a consequence
we get for such groups G that the zero-th stable cohomotopy of the classify-
ing space BG is isomorphic to the I-adic completion of the ring given by the
zero-th equivariant stable cohomotopy of EG for I the augmentation ideal.

0. INTRODUCTION

We first recall the Segal Conjecture for a finite group G. The equivariant stable
cohomotopy groups 7% (X) of a G-CW-complex are modules over the ring 7 =
7 ({e}) which can be identified with the Burnside ring A(G). The augmentation
homomorphism A(G) — Z is the ring homomorphism sending the class of a finite
set to its cardinality. The augmentation ideal I C A(G) is its kernel. Let 7% (X )i,
be the Ig-adic completion invlim,, , 7@ (X)/Ig - 78 (X) of ng (X).

The following result was formulated as a conjecture by Segal and proved by
Carlsson [6].

Theorem 0.1 (Segal Conjecture for finite groups). For every finite group G and
finite G-CW -complex X there is an isomorphism

T3 (X)in = m(EG x¢ X).
In particular we get for X = {e} and m = 0 an isomorphism
AG) = 72(BG).

The purpose of this paper is to formulate and prove a version of it for infinite
(discrete) groups, i.e., we will show

Theorem 0.2. (Segal Conjecture for infinite groups). Let G be a (discrete) group.
Let X be a finite proper G-CW -complex. Let L be a proper finite dimensional
G-CW -complex with the property that there is an upper bound on the order of its
isotropy groups. Let f: X — L be a G-map.

Then the map of pro-Z-modules

AEX): {8 (X)/Ta(L)" - 7@ (X) )y — {77 (BG X6 X)m-1))},5,

defined in B3) is an isomorphism of pro-Z-modules.
In particular we obtain an isomorphism

T X)igr) = 7 (EG x¢ X).
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If there is a finite G-CW -model for EG, we obtain an isomorphism
16 (EG)ig(pe) = 7' (BG).

Here EG is the classifying space for proper G-actions and 75 (X) is equivariant
stable cohomotopy as defined in [I0, Section 6]. The ideal I(L) is the augmentation
ideal in the ring 72 (L) (see Definition B1]). We view 75 (X) as 7% (L)-module by
the multiplicative structure on equivariant stable cohomotopy and the map f. We
denote by 7% (X)i. (1) its I¢(L)-completion. More explanations will follow in the
main body of the text.

In [I0] various mutually distinct notions of a Burnside ring of a group G are
introduced which all agree with the standard notion for finite G. If there is a finite
G-CW-model for EG, then the homotopy theoretic definition is A(G) := 7% (EG),
we define the ideal I C A(G) to be I¢(EG), and we get in this notation from
Theorem an isomorphism

A(G)1g = m(BG).

We will actually formulate for every equivariant cohomology theory H3 with mul-
tiplicative structure a Completion Theorem (see Problem B4]). It is not expected
to be true in all cases. We give a strategy for its proof in Theorem .1l We show
that this applies to equivariant stable cohomotopy, thus proving Theorem It
also applies to equivariant topological K-theory, where the Completion Theorem
for infinite groups has already been proved in [I5].

If G is finite, we can take L = EG = {e} and then Theorem reduces to
Theorem [0l We will not give a new proof of Theorem [ILI but use it as input in
the proof of Theorem

This paper is part of a general program to systematically study equivariant
homotopy theory, which is well-established for finite groups and compact Lie groups,
for infinite groups and non-compact Lie groups. The motivation comes among other
things from the Baum-Connes Conjecture and the Farrell-Jones Conjecture.

The paper has been financially supported by the Leibniz-Preis of the author
granted by the DFG, the ERC Advanced Grant “KL2MG-interactions” (no. 662400)
of the author granted by the European Research Council, and by the Cluster of
Excellence “Hausdorff Center for Mathematics” at Bonn.

1. EQUIVARIANT COHOMOLOGY THEORIES WITH MULTIPLICATIVE STRUCTURE

We briefly recall the axioms of a (proper) equivariant cohomology Hj theory
with values in R-modules with multiplicative structure. More details can be found
in [T1].

Let G be a (discrete) group. Let R be a commutative ring with unit. A (proper)
G-cohomology theory HE, with values in R-modules assigns to any pair (X, A) of
(proper) G-CW-complexes (X, A) a Z-graded R-module {H{(X, A) | n € Z} such
that G-homotopy invariance holds and there exists long exact sequences of pairs
and long exact Mayer-Vietoris sequences. Often one also requires the disjoint union
axiom what we will need not here since all our disjoint unions will be over finite
index sets.

A multiplicative structure is given by a collection of R-bilinear pairings

Ut HE (X, A) 9r HE(X,B) — HET(X,AUB).

This product is required to be graded commutative, to be associative, to have a unit
1 € HL(X) for every (proper) G-CW-complex X, to be compatible with boundary
homomorphisms and to be natural with respect to G-maps.

Let a: H — G be a group homomorphism. Given an H-space X, define the
induction of X with o to be the G-space ind, X which is the quotient of G x X
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by the right H-action (g,z) - h := (ga(h),h~'x) for h € H and (g,2) € G x X. If
a: H — G is an inclusion, we also write indg instead of ind,.

A (proper) equivariant cohomology theory Hj with values in R-modules consists
of a collection of (proper) G-cohomology theories H¢, with values in R-modules for
each group G together with the following so called induction structure: given a
group homomorphism «: H — G and a (proper) H-CW-pair (X, A) there are for
each n € Z natural homomorphisms

(1.1) inda: HA(inda(X, 4)) — HY(X,A)

If ker(a) acts freely on X, then ind,: H¢(inda (X, A)) — HE (X, A) is bijective
for all n € Z. The induction structure is required to be compatibility with the
boundary homomorphisms, to be functorial in a and to be compatible with inner
automorphisms.

Sometimes we will need the following lemma whose elementary proof is analogous
to the one in [9, Lemma 1.2].

Lemma 1.2. Consider finite subgroups H, K C G and an element g € G with
gHg™" C K. Let Ry-1: G/H — G/K be the G-map sending ¢'H to ¢'g 'K
and c(g): H — K be the group homomorphism sending h to ghg='. Denote by
pr: (inde(g). p—rx{®}) — {e} the projection to the one-point space {e}.

Then the following diagram commutes

HE(R 1)
HE(G/K) He(G/H)
indgl lindg
Hic({}) Hi({o})

ind.(g) oH % (pr)

Let H; be a (proper) equivariant cohomology theory. A multiplicative structure
on it assigns a multiplicative structure to the associated (proper) G-cohomology
theory H¢, for every group G such that for each group homomorphism o: H —
G the maps given by the induction structure of (LI are compatible with the
multiplicative structures on H¢, and Hj;.

Example 1.3. Equivariant cohomology theories coming from non-equiva-
riant ones. Let £* be a (non-equivariant) cohomology theory with multiplicative
structure, for instance singular cohomology or topological K-theory. We can assign
to it an equivariant cohomology theory with multiplicative structure H; in two
ways. Namely, for a group G and a pair of G-CW-complexes (X, A) we define
He (X, A) by K"(G\(X, A)) or by K"(EG x¢ (X, A)).

Example 1.4. (Equivariant topological K-theory). In [I5] equivariant topo-
logical K-theory is defined for finite proper equivariant C'W-complexes in terms
of equivariant vector bundles. It reduces to the classical notion which appears for
instance in [2]. Tts relation to equivariant K K-theory is explained in [16]. This
definition is extended to (not necessarily finite) proper equivariant CW-complexes
in [T5] in terms of equivariant spectra using I'-spaces and yields a proper equivari-
ant cohomology theory K with multiplicative as explained in [I1, Example 1.7].
It has the property that for any finite subgroup H of a group G we have

where R¢(H) denote the complex representation ring of H.

Example 1.5. (Equivariant Stable Cohomotopy). In [I0, Section 6] equivari-
ant stable cohomotopy 775 is defined for finite proper equivariant CW-complexes in
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terms of maps of sphere bundles associated of equivariant vector bundles. For finite
G it reduces to the classical notion. This definition is extended to arbitrary proper
G-CW-complexes by Degrijse-Hausmann-Lueck-Patchkoria-Schwede [7], where a
systematic study of equivariant homotopy theory for (not necessarily compact) Lie
groups and proper G-CW-complexes is developed.

Let H C G be a finite subgroup. Recall that by the induction structure we have
7&(G/H) = 7 ({e}). The equivariant stable homotopy groups 7}, are computed
in terms of the splitting due to Segal and tom Dieck (see [I7, Proposition 2] and [I8]
Theorem 7.7 in Chapter IT on page 154]) by

ol = pH = @ﬁin(BWHK),
(K)

where 7% denotes (non-equivariant) stable homotopy and (K) runs through the
conjugacy classes of subgroups of H. In particular we get

ITa(G/H)| < oo n < —1;
me(G/H) = A(H);
mo(G/H) = {0} n=1,

where A(H) is the Burnside ring.

2. SOME PRELIMINARIES ABOUT PRO-MODULES

It will be crucial to handle pro-systems and pro-isomorphisms and not to pass
directly to inverse limits. In this section we fix our notation for handling pro-R-
modules for a commutative ring with unit R. For the definitions in full generality
see for instance [I, Appendix] or [4] §2].

For simplicity, all pro- R-modules dealt with here will be indexed by the positive
integers. We write {M,,, a, } or briefly {M,,} for the inverse system

My <5 My 2 My <2 My &2

and also write o) 1= 10+ 0ay: M,, = M, for n > m and put ] = ida,, .
For the purposes here, it will suffice (and greatly simplify the notation) to work
with “strict” pro-homomorphisms {f,}: {M,,an} — {Nn, Bn}, ie., a collection of
homomorphisms f,: M,, = N, for n > 1 such that 8, o f,, = fn—1 © a,, holds
for each n > 2. Kernels and cokernels of strict homomorphisms are defined in the
obvious way, namely levelwise.

A pro-R-module {M,,, o, } will be called pro-trivial if for each m > 1, there is
some n > m such that /" = 0. A strict homomorphism f: {M,, o} — {Np, n}
is a pro-isomorphism if and only if ker(f) and coker(f) are both pro-trivial, or,
equivalently, for each m > 1 there is some n > m such that im(8") C im(f,,) and
ker(f,) C ker(a). A sequence of strict homomorphisms

(Mo} L (00 any 225 (0 ol
will be called exact if the sequences of R-modules M, f—") N, ELN M is exact
for each n > 1, and it is called pro-exact if g, o f, = 0 holds for n > 1 and the
pro-R-module {ker(g,)/im(f,)} is pro-trivial.

The elementary proofs of the following two lemmas can be found for instance
in [I3], Section 2].
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Lemma 2.1. Let 0 — {M’, o/} L5 tar, and Y9 (a7 a2} = 0 be a pro-

ezact sequence of pro-R-modules. Then there is a natural exact sequence

1nv11mn21fn invlim,, > 9n

. . . . . . é
0— 1nvhmn21M,'l invlim,,~, My, 1nvhmn21M7/l' —

R NN |
mvhngIfn IHVIIngIQn

. -1 / . . 1 . -1 "
invlim,, ~, M, invlim,, ., My, invlim,, ~, My — 0.

In particular a pro-isomorphism { fn}: { My, an} = {Np, B} induces isomorphisms

invlim,, > fp:  invlim, 5, M, —  invlim, s, Ny;
. .1 . .1 = . .1
invlim, > fr: invlim, > M,  —  invlim;, >, N,

Lemma 2.2. Fiz any commutative Noetherian ring R, and any ideal I C R. Then
for any exact sequence M’ — M — M" of finitely generated R-modules, the se-
quence

{M'JI"M'"} - {M/I"M} — {M"/I"M"}

of pro-R-modules is pro-exact.

3. THE FORMULATION OF A COMPLETION THEOREM

Consider a proper equivariant G-cohomology theory H; with multiplicative struc-
ture. In the sequel H* is the non-equivariant cohomology theory with multiplicative
structure given by H, for G = {1}. Notice that H°({e}) is a commutative ring with
unit and HE(X) is a H°({e})-module. In most applications H°({e}) will be Z. In
the sequel [Y, X]9 denotes the set of G-homotopy classes of G-maps Y — X. No-

tice that evaluation at the unit element of G induces a bijection [G, X]¢ = mo(X).
It is compatible with the left G-actions, which are on the source induced by pre-
composing with right multiplication 7,: G — G, ¢’ — ¢’g and on the target by the
given left G-action on X.

So we can represent elements in G\my(X) by classes T of G-maps z: G — X,
where x: G — X and y: G — X are equivalent, if for some g € G the composite
y org is G-homotopic to z.

Definition 3.1 (Augmentation ideal). For any proper G-CW-complex X the aug-
mentation module I(X) C HE(X) is defined as the kernel of the map

[T #'Weh.

TEG\ 7o (X)

HEEG\WU(X) ind{1y g oHe(x)

He(X)

(The composite above is independent of the choice of z € T by G-homotopy in-
variance and Lemma [[2]) If n = 0, the map above is a ring homomorphism and
I(X) :=1%(X) is an ideal called the augmentation ideal.

Given a G-map f: X — Y, the induced map Hg (f): HE(Y) — HE(X) restricts
to a map I (Y) — I%(X).
We will need the following elementary lemma:

Lemma 3.2. Let X be a CW-complex of dimension (n — 1). Then any n-fold
product of elements in I, (X) is zero.

Proof. Write X =Y U A, where Y and A are closed subsets, Y contains X (*—2)
as a homotopy deformation retract, and A is a disjoint union of (n—1)-disks. Fix
elements vy,v2,...,v, € [5(X). We can assume by induction that vy ---v,—;
vanishes after restricting to Y, and hence that it is the image of an element u €
HE(X,Y). Also, v, clearly vanishes after restricting to A, and hence is the image of
an element v € H (X, A). The product of vy - - - v,—1 and v, is the image in H}(X)
of the element uv € H:H (X, Y UA) =HE(X,X)=0and so vy ---v, =0. O
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Now fix a map f: X — L between G-CW-complexes. Consider H}(X) as a
module over the ring H%(L). Consider the composition

(L) - HE(X) & He (x) 240 ympa « X)

H™(F)

(indgﬁ{l})il m m
) ym(BG x e X) 2 4 (BG e X) nery)

where i and j denote the inclusions, pr the projection and (EG x g X)(,—1) is the
(n — 1)-skeleton of EG x¢ X. This composite is zero because of Lemma [B.2] since
its image is contained in I" ((EG X X)(n,l)). Thus we obtain a homomorphism
of pro-H°(e)-modules

(33) AG(f: X = L): {HE(X)/Ia(L)" - HE(X) 54
— {HTGn ((EG Xa X)(nfl))}

We will sometimes write Ay or A% (X)) instead of At (f: X — L) if the map f: X —
L is clear from the context. Notice that the target of A% (f: X — L) depends only
on X but not on the map f: X — L, whereas the source does depend on f.

n>1"

Problem 3.4 (Completion Problem). Under which conditions on H3 and L is
the map of pro-H°(e)-modules N\ (f: X — L) defined in [B3) an isomorphism of
pro-HO(e)-modules?

Remark 3.5 (Consequences of the Completion Theorem). Suppose that the map of
pro-HY(e)-modules A7} (X) defined in (3.3)) is an isomorphism of pro-H°(e)-modules.
Obviously the pro-module {Hg (X) /I (L)"-HE (X ) bn>1 satisfies the Mittag-Leffler
condition since all structure maps are surjective. This implies that its lim'-term
vanishes. We conclude from Lemma 2]

invlim?

invlim,,_, H™ (EG x¢ X)(n_1)) = invlim, , HE(X)/Ie(L)"  HE(X).

Milnor’s exact sequence

. .1
0 — invlim,,_,

H™ ' ((BEG xg X)(n_1)) = H™(EG x¢ X)
— invlim,,_, H™ ((EG x¢ X)(n-1)) =0
implies that we obtain an isomorphism
H™(EG xq X) = invlim,,_, HH(X)/Ig(L)" - HE (X).

Remark 3.6 (Taking L = EG). The classifying space EG for proper G-actions is
a proper G-CW-complex such that the H-fixed point set is contractible for every
finite subgroup H C G. It has the universal property that for every proper G-C'W-
complex X there is up to G-homotopy precisely one G-map f: X — EG. Recall
that a G-CW-complex is proper if and only if all its isotropy groups are finite and
is finite if and only if it is cocompact. There is a cocompact G-C'W-model for the
classifying space EG for proper G-actions for instance if G is word-hyperbolic in
the sense of Gromov, if G is a cocompact subgroup of a Lie group with finitely
many path components, if G is a finitely generated one-relator group, if G is an
arithmetic group, a mapping class group of a compact surface or the group of outer
automorphisms of a finitely generated free group. For more information about EG
we refer for instance to [B] and [12].

Suppose that there is a finite model for the classifying space of proper G-actions
EG. Then we can apply this to id: EG — EG and obtain an isomorphism

H™(BG) = invlim,,_, HE(EG)/Iq(EG)" - HE (EG).
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Remark 3.7 (The free case). The statement of the Completion Theorem as stated
in Problem [B.4]is always true for trivial reasons if X is a free finite G-CW-complex.
Then induction induces an isomorphism

indg 1y : H™(G\X) = HZ(X).
Since I(G\X)™ = 0 for large enough n by Lemma[32] the canonical map
{H™(G\X)}nz1 = {H™(G\X)/Ta(L)" - H™(G\X ) bn>1

with the constant pro-HY({e})-module as source is an isomorphism. Hence the
source of AZ(f: G — X) can be identified with constant pro-H’({e})-module
{H7(G\X) }n1.

The projection EG x¢ X — G\X is a homotopy equivalence and induces an
isomorphism pro-Z-modules

" (C\X)01) }izy = {1 ((BC x6 X)) }
Since G\ X is finite dimensional, the canonical map

{H™(C\X ) }z1 = {H™ (C\X)(n-1) } oo

is an isomorphism of pro-Z-modules. Hence also the target of A\Z#(f: G — X)
can be identified with constant pro-H°({e})-module {H™(G\X)},>1. One easily
checks that under these identifications A% (f: G — X)) is the identity.

Hence the Completion Theorem is only interesting in the case, where G contains
torsion.

n>1

4. A STRATEGY FOR A PROOF OF A COMPLETION THEOREM

Theorem 4.1. (Strategy for the proof of Theorem [0.2]). Let H’ be an equi-
variant cohomology theory with values in R-modules with a multiplicative structure.
Let L be a proper G-CW -complex. Suppose that the following conditions are satis-
fied, where F(L) is the family of subgroups of G given by {H C G | L* # (0}.

(1) The ring H°({e}) is Noetherian;

(2) For any H € F(L) and m € Z the H°({e})-module H}({e}) is finitely

generated;
(3) Let H € F(L), let P C HY({8}) be a prime ideal, and let f: G/H — L be

any G-map. Then the augmentation ideal
9 (pr indrqy_,
() = ker (WS ((o) 250 34 01) 20021 300((o)))
. . . 240 HED) 4,0 indg—q13 0
is contained in P if HAH(L) ——— HE&H(G/H) ——— Hj,({e}) maps
I (L) into P;
(4) The Completion Theorem is true for every finite group H with H € F(L)

in the case, where X = L = {e} and [ = id: {e} — {e}, i.c., for every
finite group H with L™ # () the map of pro-H°(e)-modules

N({oh): (Mo /Ta({e})" sy = {H" (BH)(n-1))},5,

defined in [B3) is an isomorphism of pro-H°(e)-modules.

Then the Completion Theorem is true for H' and every G-map f: X — L from
a finite proper G-CW -complex X to L, i.e., the map of pro-H(e)-modules

AG(X): {HG (X)Ta(L)" HG (X} = {HE (BG %6 X)m-1) }

n>1

defined in B3) is an isomorphism of pro-HO(e)-modules.
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Proof. We first prove the Completion Theorem for X = G/H, i.e., for any a G-
map f: G/H — L. Obviously H belongs to F(L). The following diagram of
pro-modules commutes

AZ(f: G/H—L)
_

{HE(G/H) [Ig(L)" - HE(G/H)}nx1 {H™ (BG x¢ G/H)(n-1)) }n>1

{lndH%G}n>lJ/
{Hu({e})/Ic(L)" - HE({e}) }nx>1 (2 () s

.

where pr denotes the obvious projection. The lower horizontal arrow is an isomor-
phism of pro-modules by condition ([@)). The right vertical arrow and the upper
left vertical arrow are obviously isomorphisms of pro-modules. Hence the upper
horizontal arrow is an isomorphism of pro-modules if we can show that the lower
left vertical arrow is an isomorphism of pro-modules.

Let Iy be the image of I¢(L) under the composite of ring homomorphisms

{Hi({e})/Ta({e})" - Hir({o}) }n1

Hm BH n— n
N (id: {e}—>{e}) ™ (BH) 1) }nz1

Ho,(L) 2D, 200 (G 1) e, 300, (o))

Let J; be the ideal in 1Y ({e}) generated by Ir. Obviously Iy C Jy C Iy ({e}).
Then the left lower vertical arrow is the composite

Hi({o})/Ia(L)" - Hi({o}) = Hi({o})/(J5)" - Hi({e})
= Hi({e})/Tu({e})" - Hir({e}),

where the first map is already levelwise an isomorphisms and in particular an iso-
morphism of pro-modules. In order to show that the second map is an isomorphism
of pro-modules, it remains to show that I ({e})¥ C J; for an appropriate integer
k > 1. Equivalently, we want to show that the ideal I ({e})/Jy of the quotient ring
HY ({®})/J¢ is nilpotent. Since HY ({}) is Noetherian by conditions () and (@),
the ideal Iy;({®})/J; is finitely generated. Hence it suffices to show that Iy ({e})/Js
is contained in the nilradical, i.e., the ideal consisting of all nilpotent elements, of
HY; ({®})/Js. The nilradical agrees with the intersection of all the prime ideals of
HY,({e})/J¢ by [3, Proposition 1.8]. The preimage of a prime ideal in HY, ({e})/J¢
under the projection HY ({e}) — HY% ({e})/J; is again a prime ideal. Hence it
remains to show that any prime ideal of H% ({e}) which contains I; also contains
I ({e}). But this is guaranteed by condition (B]). This finishes the proof in the
case X = G/H.

The general case of a G-map f: X — L from a finite G-CW-complex X to a G-
CW-complex L is done by induction over the dimension r of X and subinduction
over the number of top-dimensional equivariant cells. For the induction step we
write X as a G-pushout

G/H x s7t Ly
bk
G/Hx D —% X
In the sequel we equip G/H x S™™!, Y and G/H x D" with the maps to L given

by the composite of f: X — L with kogq, k and Q. The long exact Mayer-Vietoris
sequence of the G-pushout above is a long exact sequence of H% (L)-modules and
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looks like
c = HTHG/H x DY) @ HETHY) —» HETHG/H x S™71) — HE(X)
— HZ(G/H x D") @ HE(Y) = HE(G/H x ST — ...
Condition () implies that H@(G/H) and HE(G/H x D) are finitely generated
as HY({e})-modules. Since H’({e}) is Noetherian by condition (), the H°({e})-
module HZ (X) is finitely generated provided that the H°({e})-module HZ(Y) is
finitely generated. Thus we can show inductively that the H°({e})-module HZ(X)
is finitely generated for every m € Z. In particular the ring HZ(X) is Noetherian.
Let J C HX(X) be the ideal generated by the image of I¢(L) under the ring
homomorphism H%(L) — H%(X). Then for every H%(X)-module the obvious
map {M/Ig(L)" - M}y>1 — {M/J" - M},>1 is levelwise an isomorphism and
in particular an isomorphism of H(X)-modules. We conclude from Lemma
that the following sequence of pro-H°({e})-modules is exact, where M /I stands for
M/I- M.
(42) ... = {H"THG/H x D7) [lg(L)}nz1 & {Hg ™ (V) /Ia(L) bnx
= {HGTHG/H x S 1) /T6(L)}nz1
= {HE(X)/Ta(L)}nz1 = {HG (G/H x D) [Ig(L)nz1 @ {He (V) /Ig (L) }nz1
= {HG(G/H x ") /Ia(L)}nz1 = ...

Applying EG(,—1) Xc — to the G-pushout above yields a pushout and thus a
long exact Mayer-Vietoris sequence

o HTH(EGoy X6 (G/H x D") @ HE ™ (EG (1) X Y)
= HET (BEG(—1) xa (G/H x §™71))
— HE (EG -1y xa X)
= HE (EG(n—1) X (G/H x D")) ® H# (EG (1) Xc Y)
= NG (BEG -1y X (G/H x ST71)) — ...
The obvious map
{HE (EG (1) X6 Z)},5, = {HE((EGC %6 Z) 1))}z

is an isomorphism of pro-H"({e})-modules for any finite dimensional G-C'W-complex
Z. Hence we obtain a long exact sequence of pro-H’({e})-modules

(4.3)
= {HETH((BG %6 (G/H x D7) (1)) by @ {HE (BG %6 Y) (1))}
= {Hg ™ ((BG xq (G/H x ")) ,_,))}
— {MHE ((EG x¢ X)(n_1))}n21
- {Hg((EG xG (G/H X DT))(n—1))}n21 & {Hg((EG XG Y)(n—1))}n21
— {HE((EG x¢ (G/H x S“l))(n_l))} —

n>1

n>1

Now the various maps A¢% induce a map from the long exact sequence of pro-
HO({e})-modules ([2) to the long exact sequence of pro-H({e})-modules [{@I).
The maps for G/H x S"~!, G/H x D" and Y are isomorphisms of pro-H’({e})-
modules by induction hypothesis and by G-homotopy invariance applied to the
G-homotopy equivalence G/H x D" — G/H. By the Five-Lemma for maps of
pro-modules the map

MG (X)) {HG (X)/Te(L)" - HE (X} =1 = {HE (BG X6 X)m-1)) }n>1
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is an isomorphism of pro-H°({e})-modules. This finishes the proof of Theorem [Tl
(]

The next lemma will be needed to check condition (3] appearing in Theorem [£.1]
Given an G-cohomology theory H. there is an equivariant version of the Atiyah-
Hirzebruch spectral sequence of H°({e})-modules which converges to HP*4(L) in
the usual sense provided that L is finite dimensional, and whose Fs-term is
EY? = HL(L;HE(G/?)),

where H{.(X;HE(G/?)) is the Bredon cohomology of L with coefficients in the
Z0r(G)-module sending G/H to H{(G/H). If Hf, comes with a multiplicative
structure, then this spectral sequence comes with a multiplicative structure.

Lemma 4.4. Suppose that L is a l-dimensional proper G-CW -complex for some
positive integer 1. Suppose that for r = 2,3,...,1 the differential appearing in the
Atiyah-Hirzebruch spectral sequence for L and H,

dO’OZ EO’O N Er,lfr
vanishes rationally.
(1) Then we can find for a given x € H%(L; HE(G/?)) a positive integer k such
that =¥ is contained in the image of the edge homomorphism
edge®”: HE (L) — He (L HE(G/?));

(2) Let H € F(L), let P C HY ({e}) be a prime ideal and let f: G/H — L be
any G-map. Suppose that the augmentation ideal

Lir({o}) = ker (H%({-}) Hirlen, g0 () M=, HO({-}))

is contained in P if P contains the image of the structure map for H of the
inverse limit over the orbit category Or(G; F(L)) associated to the family
F(L)
bm ithmG/KeOr(G;]-‘(L))HK({.}) — L ({e}).
Then condition @) appearing in Theorem[{.1]is satisfied for H, P and f.
Proof. () Consider z € HX(L; H%(G/?)). We construct inductively positive inte-
gers ki, ko, ..., k; such that

olliziki ¢ ngl forr=1,2,...,1;

Put k; = 1. We have HY(L; HY(G/?)) = EY° and hence z = 2! = 2= ki ¢ B30,
This finishes the induction beginning r = 1.

In the induction step from (r — 1) to r > 2 we can assume that we have already
constructed ki, ..., k,_1 and shown that zITi=i k: belongs to E2Y. Now choose k;
with k. - d00 (:I:Hz:ll k) = 0. This is possible since by assumption d2° ®z idg = 0.

For any element y € E2* one checks inductively for j =1,2,...
&0y =5 - dp(y) -y
This implies

00 (2Tl k) = a0 ((xn k)’“) = ka2 (TR (o :;f)’“’l _0.

; 0,0 0,0. 70,0 0,0 Ty ki 0,0 ;
Since E, 7 is the kernel of d,>": E;»™ — FE, "}, we conclude allizi ki ¢ E,>";. Since
l

L is l-dimensional, we get for k = [[,_, k; that 2% € E". Since EJ,? is the image
of the edge homomorphism edge™?, assertion 0 follows.
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@) Consider the following commutative diagram

HE (Er)(G); HE(G/?)) —— invlime keov(a; ) Hik ({o})

[H%(u)

HY (L; HL(G/7))

edge?”

He (L)

[H(’c(f) JH%(J‘)

edge®©

— HY (G/H;HL(G/?))

He(G/H)

indy g oHS (irr)

My ({e})

Here « is the isomorphism, which sends v € HZ (Ex(1,)(G); H%(G/?7)) to the system
of elements that is for G/K € Or(G; F(L)) the image of v under the homomorphism

H (ix)

HY (Er1(C): HY(G/?)) HY (G/K:HY(C/?)

(cdse ) HO(GK) U0, 340 ({e),

for the up to G-homotopy unique G-map ix: G/K — Er)(G). The G-map
u: L = Er)(G) is the up to G-homotopy unique G-map from L to the classifying
space of the family F(L), and ®p is the structure map of the inverse limit for H.
We have to prove that I ({e}) is contained in the prime ideal P provided that P

contains the image of I (L) under the composite H& (L) ——— Ho(f) —5 HU(G/H) ) dioo,

My ({o})-
Consider a € invlimg,eor(c,rr)lx({0}). Let x € HE (L;HE(G/?)) be the
image of a under the composite

nvlime ) ke orair () lx ({0}) = vlime, keor@rn) Hic ({0})
s HE (B (G HE(G/)
HE (uiHE (G/7))
Sl O, g (L)
We conclude from assertion () that for some positive number k there is an element
y € HL(L) with edge””(y) = z*. One easily checks that y belongs to Ig(L), just
inspect the diagram above for H = {1}. Hence the composite

He(f)

HE(L) 0 o (G/H) 202 1Y, ({o})

maps y to P by assumption. An easy diagram chase shows that
¢H: ithmG/KeOr(G;]—‘(L))HK({.}) — Lu({e})

maps a® to P. Since P is a prime ideal and ¢ is multiplicative, ¢5 sends a to P.
Hence the image of ¢p @ invlimg ke or(a 7 (1)) Lk ({0}) — L ({e}) lies P. Hence we
get by assumption Iz ({e}) C P. This finishes the proof of Lemma [£4] O
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5. THE SEGAL CONJECTURE FOR INFINITE GROUPS

In this section we prove the Segal Conjecture[0.2] for infinite groups. It is just the
Completion Theorem formulated in Problem [3.4] for equivariant stable cohomotopy
‘H; = w5 under the condition that there is an upper bound on the orders of finite
subgroups on L and L has finite dimension.

Proof of Theorem[0.d. We want to apply Theorem [£1] and therefore have to prove
conditions (), @), @) and () appearing there.

Condition () appearing there is satisfied because of 7%({e}) = Z.

Condition (2 is satisfied because of Example

Next we prove condition ([B]). Recall the assumption that there is an upper bound
on the orders of finite subgroups of L and that L is finite dimensional. Recall that
F(L) denotes the family of finite subgroups H C G with L # (). We can find by
Example [[LH for every ¢ € Z with g # 0 a positive integer C'(¢) such that the order
of 7, ({e}) divides C(q) for every H € F(L). Furthermore recall that L is finite
dimensional. Consider the equivariant cohomological Atiyah-Hirzebruch spectral

sequence converging to 7% (L). Tts Ep-term is given by

EyT = Hg(Lymg({o}))-

Therefore E71~" is annihilated by multiplication with C(1—r) and hence rationally
trivial for » > 2. Hence for » > 2 the differential

0,0 . 0,0 r,1—r
d>": B — B

vanishes rationally. We have shown that the conditions appearing in Lemma[£4] are
satisfied. Hence in order to verify condition (3)), it suffices to prove for any family F
of subgroups of G with the property that there exists an upper bound on the orders
of subgroups appearing F, any H € F and any prime ideal P of the Burnside ring
A(H) that P contains the augmentation ideal Iy provided P contains the image of
the structure map for H of the inverse limit

¢n: vlimg ) georamle — Lu.

Fix a finite group H. We begin with recalling some basics about the prime ideals
in the Burnside ring A(H) taken from [8]. In the sequel p is a prime number or
p = 0. For a subgroup K C H let P(K,p) be the preimage of p - Z under the
character map for K

chartt: A(H) — 7, [S]+ |SE].

This is a prime ideal and each prime ideal of A(H) is of the form P(K,p). If
P(K,p) =P(L,q), then p = q. If p is a prime, then P(K,p) = P(L,p) if and only
if (K[p]) = (L[p]), where K[p] is the minimal normal subgroup of K with a p-group
as quotient. Notice for the sequel that K[p| = {1} if and only if K is a p-group. If
p =0, then P(K,p) = P(L,p) if and only if (K) = (L).

Fix a prime ideal P = P (K, p). Choose a positive integer m such that |H| divides
m for all H € F. Fix H € F. Choose a free H-set S together with a bijection
w: S = [m], where [m] = {1,2,...,m}. Such S exists since |H| divides m and we
can take for S the disjoint union of % copies of H. Thus we obtain an injective
group homomorphism

pu: H—= Sy, h—uol,out,

where I,: S — S is given by left multiplication with h and S,, = aut([m]) is the
group of permutations of [m]. Let Sp,[p,] denote the H-set obtained from S,
by the H-action h-o := pu(h)oo. Let Syl,(S;) be the p-Sylow subgroup of
Sm. Let S,/ Syl,(Sm)[pu] denote the H-set obtained from the homogeneous space
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S/ Syl,(Sm) by the H-action given by h-& = py(h) o 0. The H-action on Sy,[p.]
is free. If for K C H we have (Sp,/ Sylp(Sm)[pu])K # (), then for some o € S,,, we
get pu(K) C o - Syl (Sm) - o~ and hence K must be a p-group.

Suppose that T' is another free H-set together with a bijection v: T = [m].
Then we can choose an H-isomorphism w: S — T. Let 7 € S, be given by the
composition vowou~t. Then ¢(7) o p, = p, holds, where ¢(7): Sy, — Sy, sends o
to Too o7~ 1. Moreover, left multiplication with 7 induces isomorphisms of H-sets

Sm/ Sylp(Sm)[pu] =n Swm/ Sylp(Sm)[pv]-

Hence we obtain elements in A (H)
[Sm] = [Smlpull;
[Sm/ Sylp(Sm>] = [Sm/ Sylp(Sm)[pu]]v
which are independent of the choice of S and u: § —» [m]. If i: Hy — Hj is
an injective group homomorphisms between elements in F, then one easily checks
that the restriction homomorphism A(4): A(H1) — A(Hy) sends [Sy,] to [Sy,] and
[Sm/ Syl,(Sm)] to [Sm/ Syl,(Sm)]. Thus we obtain elements
[[Smll; [[Sm/ Sy1,(Sm)l] € mvlimg ke o ;) AK)

Define elements

|Sm| - 1, [Sm/ Syl,(Sm)| - 1 € ithmG/KeOr(G;]—‘)A(I()

by the collection of elements |S,| - [K/K] and |Sy,/ Syl,(Sm)| - [K/K] in A(K) for
K € F. Thus we get elements

[[Sm]] = [Sm| - 1, [[Sm/ Sy1, (Sm)]] = [Sm/ Sy, (Sm)| - 1 € nvlime e or(g;7) Lic-

The image of [[Sm]] — S| -1 and [[Sy/ Syl,(Sm)]] = [Sm/ Syl,(Sm)| - 1 respectively
under the structure map of the inverse limit invlimg ke or(q,7) Ik for the object
G/H € Or(G; F) is [Sm] = |Sm|-[H/ H] and [Syn / Syl (Sm )] =[Sm /Syl (Sm)[-[H/H].

Hence by assumption

[Sm] = |Sm| - [H/H] € P(K,p);
[Sm/ Syl (Sm)] = [Sm/ Sy, (Sm)| - [H/H] € P(K,p).

Therefore charf : A(H) — Z sends both [S,,] — |Sm|- [H/H] and [S,,/ SyL,(Sm)] —

|Sm/ Syl,(Sm)| - [H/H] to elements in pZ. Since chart ([Spn] — |Sm| - [H/H]) =
0 — |Sm| for K # {1}, we conclude that K = {1} or that p # 0. If K = {1}, then
I ({e}) = P({1},0) is contained in P(K,p). Suppose that K # {1}. Then p is a
prime. We have

charll ([S,,/ SyL,(Sum)] — S/ Syl (Sm)| - [H/H])
=[S/ 58, (5m)) | = S/ 51, (Sl

Since this integer must belong to pZ and |S,,/Syl,(S,)| is prime to p, we get

(Sm/ Sylp(Sm))K # (. Hence K must be a p-group. This implies P(K,p) =
P({1},p) and therefore Iy ({e}) = P({1},0) C P(K,p). This finishes the proof of
condition (@]).

Condition @) follows from the proof of the Segal Conjecture for a finite group
H due to Carlsson [6]. This finishes the proof of Theorem [0.21 O

‘]
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6. AN IMPROVED STRATEGY FOR A PROOF OF A COMPLETION THEOREM

The next result follows from Theorem E.1l, Lemma [4.4] and a construction of a
modified Chern character analogous to the one in [11] Theorem 4.6 and Lemma 6.2]
which will ensure that the condition about the differentials in the equivariant
Atiyah-Hirzebruch spectral sequence appearing in Lemma [£4] is satisfied. We do
not give more details here, since the interesting case of the Segal Conjecture and
of the Atiyah-Segal Completion Theorem are already covered by Theorem and
by [15].

Let G be a (discrete) group. Let F be a family of subgroups of G such that
there is an upper bound on the orders of the subgroups appearing F. Let H’ be an
equivariant cohomology theory with values in R-modules which satisfies the disjoint
union axiom. Define a contravariant functor

(6.1) #I({e}): FGINJ — R-MODULES

with the category FGIN]J of finite groups with injective group homomorphism as
source by sending an injective homomorphism «: H — K to the composite

M ({o}) 200 1t (K /H) 222 209, (o)),

where pr: H/K = ind,({e}) — {e} is the projection and ind, comes from the
induction structure of H3. Assume that H. comes with a multiplicative structure.

Theorem 6.2 (Improved Strategy for the proof of Theorem[02). Suppose that the
following conditions are satisfied.

(1) The ring H°({e}) is Noetherian;

(2) Let H C G be any finite subgroup and m € Z be any integer. Then
the HO({o})-module H7:({e}) is finitely generated, there exists an inte-
ger C(H,m) such that multiplication with C(H,m) annihilates the torsion-
submodule torsz (HY; ({e})) of the abelian group HY}({e}) and the R-module
W1 (o)), torsa(H (1e})) is projective;

(3) Let H be any element of F. Let P C H%({e}) be any prime ideal. Then
the augmentation ideal

L ({o}) = ker (Hi; ({o}) — HE(H) = HO({o})

is contained in P if P contains the image of the structure map for H of the
inverse limit

¢+ invlimg ) eorrlc ({o}) = Lu({0});
(4) The Completion Theorems is true for every finite group H in the case X =
L ={e} and f =1id: {e} — {e}, i.c., for every finite group H the map of
pro-HP(e)-modules

Np({o}): {HE{e D) /Tu({o}) " nz1 = {H™ (BH)(u-1)) bnz1
defined in B3) is an isomorphism of pro-H°(e)-modules;
(5) The covariant functor ([G1) extends to a Mackey functor.
Then the Completion Theorem is true for H' and every G-map f: X — L from
a finite proper G-CW -complex X to a proper finite dimensional G-CW -complex L
with the property that there is an upper bound on the order of its isotropy groups.
L, i.e., the map of pro-H°(e)-modules

AG(X): AHG (X)/Ta(L)" HG (X} = {HE (BG x6 X)m-1) }

n>1

defined in B3) is an isomorphism of pro-HO(e)-modules.
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Remark 6.3. The advantage of Theorem in comparison with Theorem HE.1] is
that the conditions do not involve L and f: X — L anymore and do only depend on
the functor #7({e}): FGIN] — Z -MODULES. If one considers the case R = Z and
assumes H({e}) = Z, then condition () is obviously satisfied and condition (2
reduces to the condition that for any finite subgroup H C G and any integer m € Z
the abelian group H7}({e}) is finitely generated.

Remark 6.4 (Family version). We mention without proof that there is a also
a family version of Theorem Its formulation is analogous to the one of the
family version of the Atiyah-Segal Completion Theorem for infinite groups, see [14]
Section 6].
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