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APPROXIMATING THE FIRST L2.-BETTI NUMBER OF RESIDUALLY
FINITE GROUPS

W. LUCK, D. OSIN

ABSTRACT. We show that the first L?-betti number of a finitely generated residually finite
group can be estimated from below by using ordinary first betti numbers of finite index normal
subgroups. As an application we construct a finitely generated infinite residually finite torsion
group with positive first L?-betti number.

1. INTRODUCTION

Let G be a finitely generated residually finite group G and let {N;};cn be a sequence of finite
index normal subgroups of G such that

(1) Ny >Ny>..., and [|N;={1}.
=1

The approximation theorem proved by the first author in [5] implies that if G is finitely presented,
then

2) . bi(Vy)
2 = lim ———=%.
@) @) = I TN
where b§2)(G) is the first L2-betti number of G. In particular the limit in (2)) exists and is
independent of the choice of the sequence of normal subgroups satisfying ().

The question of whether (2]) holds for any finitely generated group was open until now. It is
partially motivated by some other open problems in group theory. For instance, the affirmative
answer would imply the existence of a non-residually finite hyperbolic group [9] and would
disprove either the cost vs first L2-betti number conjecture or the fixed price conjecture (see [10]
for details).

In this paper we first prove the following.

Theorem 1.1. Let G be a finitely generated residually finite group. For every sequence of finite
index normal subgroups {N;}ien of G satisfying (), we have

. b1 (N;)
3 b (G) > 1 R
) 1 (G) 2 Jim sup A
Unfortunately Theorem [[.Tlis not sufficient for the above-mentioned applications. In fact, the
opposite inequality would be sufficient, but our next result shows that it does not hold. Observe
that the the right side of (2)) equals 0 for any sequence {NV;} whenever G is a torsion group.
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Theorem 1.2. For every prime p, there exists a finitely generated infinite residually finite p-
group with positive first L*-betti number.

Our interest in groups constructed in Theorem is also motivated by von-Neumann-type
problems. Recall that the original von Neumann problem (sometimes referred to as the von
Neumann-Day problem) asks whether there exist non-amenable groups without non-abelian
free subgroups. This question was first answered affirmatively by Olshanskii in [7] and since
then many other examples have been constructed including residually finite [3] and finitely
presented ones [§]. Similar problems were considered for groups satisfying other conditions
close to non-amenability (see, e.g., [2], [9]). Interestingly, a result of Lackenby [4, Theorem 1.6]
implies that if a finitely presented infinite group has positive first L2-betti number (which can be
thought of as an extreme form of non-amenability) and is residually p-finite, then it does contain
non-abelian free subgroups. Our Theorem shows that this result can not be extended to all
finitely generated groups.

2. ESTIMATING THE FIRST L?-BETTI NUMBER FROM BELOW

In this section we prove Theorem [[LII The main ingredient of the proof is the result of the
first author stating that the approximation conjecture holds for groups from a class G, which
includes in particular all residually finite groups. We refer to [6, Chapter 13] for more details.
Proof of Theorem [1.1. Choose a presentation

G = (51,52,...5¢g | R1,Ra,...),

where the number of generators is finite. For a natural number j, let GG; be the finitely presented
group given by the presentation

G = (s1,52,...54 | R1, Ra, ... Rj).
Let ¢;: G; — G and ¢ : G; — G}, for j <k be the obvious projections. We have
G = colim; Gj.
The system of group homomorphisms
Go 2% Gy 25 Gy 222 ..

induces a system of maps of CW-complexes

BG, Yo,1 BG, Y12 BGs Y23
We can arrange that the 2-skeleton of BG) is finite for all j > 0 since each G} is finitely presented.
Let X be the infinite mapping telescope of this system. It is a C'W-complex. Since we have for
k>0

7,(X) = colim; 7 (BGj)

r(X) = {{1} k22

we conclude

G k=1
Hence X is a model for BG.
Let X; be the mapping telescope of the finite system
1,2

BGo % Bay % Ba, 225 ... B, pa;
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Then the 2-skeleton of X is finite and we have the nested sequence of C'W-subcomplexes
XoC X1 CXpC-v
of X satisfying X = Uj Xj. Let X — X be the universal covering of X. This is a model for
the universal principal G-bundle G — EG — BG. Let X, be its restriction to X,,. We obtain
a nested sequence of free G-CW -subcomplexes
XoCX; CXoC-o
of X satisfying X = Uj )N(j.
Since taking homology and taking tensor products are compatible with directed colimits, we
et
: Hl(E(V,L;N(G)) = colim; H; (X; N(G)).
Since the G-CW-complex )Z;] has only finitely many orbits of cells of dimension at most 2 for all
J =0, we get dimy/(q) (Hl(Xj;N(G)) < oo forall j > 0. Each map ¢;_1;: Gj—1 — Gj is surjec-
tive. Hence each map v;_1;: BGj_1 — BGj is 1-connected. ~Therefore each incluiion Xj1—
X is 1-connected. This implies that the induced map Hi(X;_1,N(G)) — Hi(X;,N(G)) is
surjective. Hence we get for j > 1
dimp () <H1 ()Zj—ISN(G))) > dimpy(q) (Hl ()?]7./\/’(0))) .
We conclude from [6, Theorem 6.13 (2) on page 243]
(4) dimys () (Hl ()NQJ\/'(G))) = li§n dimy () <H1 ()N(ﬁ/\/'(G))) :

Consider a nested sequence G = Ny 2 N1 O Ny DO N3 D --- of normal subgroups of finite
index such that ();2,N; = {1}. Since G is residually finite it satisfies the Approximation
Conjecture (see [6, Conjecture 13.1]), and we obtain

(5) dimpr(a) (Hl()?j;N(G)D - h{n%

Indeed this follows from [6, Theorem 13.3 on page 454] applied to the 2-skeleton of X ; (which
has only finitely many orbits of cells) and the observation that both sides of (Bl) only depend on
the 2-skeleton.

Since X ;= X is 1-connected, the map NZ\)Z' j— NZ\)Z' is 1-connected and hence by (N,\)Z' j) >
b1 (N;\X) holds for all j > 0. This implies for all j >0
NAK;) b (NAX)
lim ————== > 1] _
(6) 1?1 [G : Nz] B 1misup [G : Nz]
Since the G-CW-complex X is a model for EG, we get by (N;\X) = by (N;) for all i and bgz)(G) =
dimpr(a) (Hl ()Z,N(G))) We conclude from (B) and (6]) for all j

(7) dimN(G)()Z'j;N(G)) > limsup bi(IVi)

i [G . Nz]
Now () and () imply

2 . b1 (Vi)
A7 (G) 2 limswp T
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3. VIRTUAL DEFICIENCY OF FINITELY PRESENTED GROUPS

In what follows, “p-finite” always means “equal to a power of p”. Given two elements x,y of a
group G, we write x¥ for y~tzy. We denote by (S)C (or just ((S) if no confusion is possible) the
normal closure of a subset S in G, i.e., the smallest normal subgroup of G containing S. Finally
if G is finitely presented, def(G) denotes the deficiency of G, i.e., the maximum of the difference
between the number of generators and the number of relations over all finite presentations of G.

Let G = F/R be a finitely presented group, where F' = (x1,...,24) is free of rank d and
R={(Ry,...,R.)F. Let H be a finite index subgroup of G, K the full preimage of H in F. By
the Nilsen-Schreier formula K is a free group of rank (d —1)j + 1, where j = [F': K] = [G : H].
It is straightforward to check that R = (R! |i =1,...,r, t € T)HX where T is a set of left coset
representatives of K in F. Thus H = K/R has a presentation with (d — 1)j + 1 generators and
r|T| = rj relations. In particular,

def(H) — 1 > (def(G) — 1)[G : H].
We will refer to this property of deficiency as supermultiplicativity.

Definition 3.1. Let G be a finitely presented group. We define the p-virtual deficiency of G by

def(H) — 1

(8) Vdp(G) = Sup W7

where the supremum is taken over all normal subgroups H < G of p-finite index.

Remark 3.2. Clearly every group of positive p-virtual deficiency is infinite. Using supermulti-
plicativity it is easy to show that the definition does not change if we take the supremum over
all (not necessarily normal) subgroups of p-finite index in G. We do not know if the supremum
in (8)) is always achieved and whether it is always rational. Some applications of a similar notion
of p-deficiency can be found in [IJ.

The following lemma was proved in [10, Lemma 2.3]. (The proof is an easy exercise.)

Lemma 3.3. Let G be a finitely presented group, N a finite index normal subgroup of G, g an
element of G, m the order of gN in G/N. Let M denote the natural image of N in the quotient
group G/{g™)). Then

def(M) > def(N) — [G : N]/m.

Lemma [33] can be used to construct nontrivial examples of groups with positive p-virtual
deficiency. For a group G, we denote by G, the image of G in its pro-p completion. That is
Gp = G/R, where R is the intersection of all normal subgroups N of p-finite index in G.

Lemma 3.4. Let G be a finitely presented group. Suppose that the image of an element g € G
in Gy has infinite order. Then for every 6 > 0 there exist arbitrary large integers n such that

9) vd, (G/(g™ ) = vd,(G) - 0.

Proof. Let us fix any K > 0. We wish to find n > K that satisfies ([@). Without loss of generality
we can assume that
1
10 — < 4/2.
(10) p /
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Since g has infinite order in ép, there is a p-finite quotient ) of G such that the order of the
image of g in @ is at least p®. Let H be a normal subgroup of p-finite index in G such that

def(H) — 1
(11) G : H]

and let N = Ker(G — Q)N H. Clearly N is normal of p-finite index in G. Since N <
Ker(G — @), the order of gN in G/N is p" for some n > K. Let M denote the image
of N in Gy = G/{¢*"). Note that [G; : M] = [G : N]. Using subsequently Lemma [3.3]
supermultiplicativity, (I0), and (II) we obtain
def(M)—1>def(N)—1 1 >def(H)—1 1

[Gi:M] = [G:N] p"~ [G:H] K

> vd,y(G) —§/2

> vd,(G) — 6.
(]

The next two lemmas allow us to estimate the first betti and L2-betti numbers of some (not
necessarily finitely presented) residually finite groups.

Lemma 3.5. For any finitely presented group G, we have bl(@p) > def(G).

Proof. If G has a presentation with d generators and r relations, then G/[G,G] is a quotient
of Z¢ by a subgroup of rank at most r. It is well-known that G/[G,G] maps onto Z4~" in
this case. Since free abelian groups are residually p-finite, G}, also maps onto Z%" and hence

~

bi(Gp) >d—r. O
Lemma 3.6. For any finitely presented group G, we have

(12) b (Gy) = vd,(G).

Proof. Fix some ¢ > 0. Let H be a subgroup of p-finite index in G that satisfies ([1]). Let K be
the image of H in G, and let M be any subgroup of p-finite index in K. We denote by N be
the full preimage of M in G (see the diagram below).

M < K < G,

) ) )
N < H < G

Using supermultiplicativity of deficiency and (III), we obtain
(13) def(N) — 1> (def(H) — 1)[H : N] > (vd,(G) —¢)[G : H][H : N].
Since [G : N] is a power of p, Np =~ M. By (13) and Lemma [3.5] we have
(14) by (M) > def(N) > (vdp(G) —¢)[G : H][H : N] = (vd,(G) — 5)[@p : K|[K : M].
Since K is residually p-finite and ([I4]) holds for any subgroup M < K of p-finite index, we obtain
b (K) > (vdy(G) - €)[Gy : K]

by Theorem [Tl Using multiplicativity of b§2) and letting € — 0, we get (12). O



6 W. LUCK, D. OSIN
4. RESIDUALLY FINITE p-GROUPS WITH POSITIVE FIRST L?-BETTI NUMBER
We are now ready to prove Theorem In fact, we prove a stronger result.
Theorem 4.1. For any prime p, any integer n > 2, and any € > 0, there exists a finitely

generated infinite residually finite p-group QQ generated by n elements such that b§2)(Q) >n—1—c¢.

Proof. We use a modification of the main construction from [I0]. From now on, let us fix p
and denote @p simply by G for a group G. Let F' be the free group of rank n with basis X.
We enumerate all elements of F' = {1 = fo, f1,...} and construct inductively a commutative
diagram of quotient groups of F' and epimorphisms

Gy & G =
R T
(15) Go &% G &
\V/ \V/
Ny N

where the vertical arrows are natural maps from groups to their images in pro-p completions
and for every k € NU{0} the following conditions hold. For simplicity we use the same notation
for elements fy, f1,... and their images in quotients of F'.

(a) The order of fj in G is p-finite.
(b) Gy, is finitely presented and vdp(Gg) >n—1—¢.
(¢) Ny is of p-finite index in Gy, and the shortest nontrivial element of Ny has length at least

k in the word metric on @k corresponding to the natural image of X.
(d) If £ > 1, then Ker(dy) < Nk_1 and Ng < éx(Ng—_1).

Properties (a)-(c) are easy to verify for Go = F and Ny = Go. For k > 0 we consider two
cases.

Case 1. Suppose that the order of f; in ék—l is finite. Note that it is p-finite in this case as
(A}k_l is residually p-finite. Let Gy = Gi_1, oy, = id, and & = id. Then (a) and (b) obviously
hold. Since @k is residually p-finite, there exists a subgroup Np < @k of p-finite index that
satisfies (¢). We can always find such Ny inside Gy (Ng—1) so that (d) is satisfied as well.

Case 2. Suppose that the order of fj in ék—l is infinite. Let p™ be the order of f in
ék—l/Nk—l- By Lemma [3.4] and the inductive assumption, we can choose n > m such that the
quotient group Gj, = Gk_l/«f,fn» satisfies (b). Let ay be the natural epimorphism Gi_1 — Gy,
and let &; be the epimorphism induced by ai. As n > m, f,fn € Ni_1 in the group ék_l
and hence Ker(dy) < Ni_1. Again since @k is residually finite, there exists a normal subgroup
Ni < ag(Ng—_1) of p-finite index in @k that satisfies (¢). This completes the inductive step.

Let now @ be the (co)limit of the second row in (I5]). Condition (a) obviously implies that
@ is a torsion p-group. By (c) and (d) @ is residually finite. Indeed if ¢ € @ is a nontrivial
element of length k& with respect to the ‘word metric corresponding to the natural image of
X and g is a shortest preimage of ¢ in Gk+1, then g ¢ Niy1 by (c). Note that (d) implies
Ker(GkH — @) < Niy1. Hence Q maps onto Gk+1/Nk+1 and ¢ is taken to g # 1 by this map.
Observe also that by (b) all groups G are infinite and hence @ is infinite as well.
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Finally we note that Lemma and property (b) imply that b§2)(ék) >n—1—¢e By
semi-continuity of the first L2-Betti number (see [I1, Theorem 1]) we obtain

b7(@Q) = lim supb? (Gr) 2n —1-e.
—00
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