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ALGEBRAIC K-THEORY OF REDUCTIVE p-ADIC GROUPS

BARTELS, A. AND LUCK, W.

ABSTRACT. Motivated by the Farrell-Jones Conjecture for group rings, we for-
mulate the Cop-Farrell-Jones Conjecture for the K-theory of Hecke algebras of
td-groups. We prove this conjecture for (closed subgroups of) reductive p-adic
groups G. In particular, the projective class group Ko(H(G)) for a (closed sub-
group) of a reductive p-adic group G can be computed as a colimit of projective
class groups Ko(#H(U)) where U varies over the compact open subgroups of
G. This implies that all finitely generated smooth complex representations of
a reductive p-adic G admit finite projective resolutions by compactly induced
representations. For SL, (F') we translate the colimit formula for Ko(#H(G))
to a more concrete cokernel description in terms of stabilizers for the action
on the Bruhat-Tits building.

For negative K-theory we obtain vanishing results, while we identify the
higher K-groups Ky, (H(G)) with the value of G-homology theory on the ex-
tended Bruhat-Tits building. Our considerations apply to general Hecke al-
gebras of the form H(G; R, p,w), where we allow a central character w and a
twist by an action p of G on R. For the Cop-Farrell-Jones Conjecture we need
to assume Q C R and a regularity assumption. As a key intermediate step
we introduce the Cvcy-Farrell-Jones conjecture. For the latter no regularity
assumptions on R are needed.

1. INTRODUCTION

The Farrell-Jones conjecture [27] originated in surgery theory and has appli-
cations to the classification of manifolds, notably it implies (in dimension > 5)
Borel’s conjecture on the topological rigidity of aspherical manifolds. The conjec-
ture concerns the K- and L-groups of group rings and expresses these in terms of
an equivariant homology theory. It can be viewed as reducing computations to the
case of group rings for virtually cyclic groups. Under regularity assumptions there
are often further reductions, typically to group rings of finite groups. Further in-
formation on the conjecture can be found for instance in [39, [40]. Farrell and Jones
used the geodesic flow on non-positively curved manifolds as a tool to confirm their
conjecture for fundamental groups of such manifolds [27].

In this paper we study the K-theory of Hecke algebras of td-groups and transfer
the Farrell-Jones conjecture and the geodesic flow method to smooth representation
theory. We obtain formulas for the K-theory of Hecke algebras H(G; R) where G
is a closed subgroup of a reductive p-adic group and R is a field of characteristic
. These express the K-theory of H(G; R) as G-homology groups of the associated
Bruhat-Tits building, see Corollary[L8l On the level of Ky this yields isomorphisms

o~

colim Ko(H(U;R)) — Ko(H(G; R))

UeSubep (G)
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1t suffices for R to contain Q and to satisfy a regularity assumption.
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where the colimit is taken over a category of compact open subgroups of G, see
Corollary .21 This confirms in particular a conjecture of Dat |21, Conj. 1.11]. For
finitely generated smooth representations it implies the existence of finite length res-
olutions by compactly induced representations, generalizing a result of Schneider—
Stuhler for admissable representations, see Subsection [[D} A long standing con-
jecture in smooth representation theory asks whether all irreducible cuspidal repre-
sentations of reductive p-adic groups GG are compactly inducedd. Our results imply
that the Kg-classes of finitely generated representations can be expressed in terms
of compact induction.
We proceed to explain our results in more detail.

1.A. Hecke algebras and p-adic groups. Let G be a td-group, i.e., a locally
compact second countable totally disconnected topological Hausdorff group. In
such a group the neutral element e has a countable neighborhood basis consisting
of compact open subgroups. Let R be a not necessarily commutative ring with unit
containing Q. The Hecke algebra H(G; R) of G over R is the algebra of locally
constant compactly supported R-valued functions on G. Its multiplication is given
by convolutior] relative to a @Q-valued left-invariant Haar measure on GHA. There are
more general Hecke algebras H(G; R, p,w) allowing for twists p by an action of G
on R and a central character w. Hecke algebras are in general not unital. A module
M over the Hecke algebra is non-degenerate, if H(G; R)-M = M. A representation
of G on an R-module V is said to be smooth, if all isotropy groups of the action of
G on V are open. The category of non-degenerated H(G; R)-modules is equivalent
to the category of smooth representations on R-modules, see [29, Sec. 9]. By a
reductive p-adic group we will mean the F-points of an algebraic group over F,
whose component of the identity is reductive, where F' is a non-Archimedian local
field, i.e., a finite extension of the field of p-adic numbers or the field of formal
Laurent series k((t)) over a finite field k. Reductive p-adic groups are td-groups.

Associated to a reductive p-adic group is its extended Bruhat-Tits building X [15]
16, [51]. This is a CAT(0)-space with a cocompact proper isometric G-action. The
building can also be given the structure of a simplicial complex such that the action
of X is simplicial and smooth. For a short review of the Bruhat-Tits building,
emphasizing the aspects we need, see [0, Appendix A].

1.B. Compact induction. The compact induction of a smooth representation V'
of a compact open subgroup U of G is the G-representation consisting of compactly
supported U-equivariant maps G — V. On the level of Hecke algebras compact
induction is induced by the inclusion H(U; R) C H(G; R). This inclusion exists
for open subgroups U of G locally constant functions on open subgroups can be
extended by zero. Smooth representations of a reductive p-adic group G are of-
ten studied through compact induction. For example, type theory, introduced by
Bushnell-Kutzko [I7], aims at describing Bernstein blocks in the representation cat-
egory as modules over endomorphism rings of representations that are compactly
induced. Conjecturally, all irreducible cuspidal representations are induced from
compact modulo center open subgroups. See Fintzen [28] for recent far reaching
results concerning these conjectures.

2If G has non-trivial center, then one needs to consider open subgroups that are compact
modulo center. There are versions of our results in this situation as well, see Corollary [LT8]
3ox ¢/ (9) = Jg plgn)e! (z7V)da,

If 4 an R-valued Haar measure and K is compact open in G, then is Q-valued; the

K

w(K)

choice of Haar measure changes the Hecke algebra only by canonical isomorphism.
5The formula for the G-action is (gf)(z) := f(zg) for f: G =V, g€ G.
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Following Dat [20] we study the K-theory of Hecke algebras (equivalently, of
smooth representations) via compact induction. While this leads to less explicit
results about smooth representations, it allows for very general results. Ultimately
we will describe the K-theory of Hecke algebras of reductive p-adic groups in terms
of the K-theory of Hecke algebras of compact open subgroups. We hope that the
connection to the above mentioned conjectures can be explored in the future.

1.c. Ko of Hecke algebras. Let H(G; R) be the Hecke algebra of a td-group
G with coefficients in R. The projective class group Ko(H(G; R)) is the abelian
group with a generator [P] for each finitely generated projective H(G; R)-module
subject to the relation [P @ P’'| = [P] @ [P’]. Compact induction preserves finitely
generated projective modules and induces a map on Kg. Combining these maps for
all compact open subgroups of G we obtain

(1.1) Uesc&ljari(@ Ko(H(U; R)) = Ko(H(G; R))

where Subeop(G) is the following category. Objects are compact open subgroups
of G. Morphisms U — U’ are equivalence classes of group homomorphisms of the
form z — gxg~! with g € G. T'wo such group homomorphisms are identified if they
differ by an inner automorphism of U fi. To study surjectivity the colimit in (L)
can of course be replaced with the sum of the groups Ko(H(U; R)). Dat [20] has
shown that (L)) is rational surjective for G a reductive p-adic group and R = C. In
particular, the cokernel of (L)) is a torsion group. Dat [2I, Conj. 1.11] conjectured
that this cokernel is wg-torsion. Here wg is a certain multiple of the order of the
Weyl group of G. Dat proved this conjecture for G = GL,,(F) [21, Prop. 1.13] and
asked about integral surjectivity, see the comment following [2T, Prop. 1.10]. The
following will be a consequence of our main result.

Corollary 1.2. Assume that G is a modulo a compact subgroup isomorphic to a
closed subgroup of a reductive p-adic group. Let R be a ring containing Q. Assume
that R is uniformly regular, i.e., R is noetherian and there is | such that every
R-module admits a projective resolution of length at most . Then ([LI) is an
isomorphism.

This is a special case of Corollarym where we consider more general Hecke
algebras, allowing for twists by actions of G on R and central characters.

1.0. Resolutions of smooth representations. Let G be a reductive p-adic
group G. Bernstein [12] showed that the category of smooth complex represen-
tations is noetherian and has finite cohomological dimension. Consequently, any
finitely generated smooth complex representation has a finite resolution

(1.3) P,—-P,1—-—P—=V

where the P; are finitely generated projective. A smooth G-representation is said
to be admissible, if for every compact open subgroup U of G the subspace VU
of U-fixed vectors is finite dimensional. It is called compactly induced, if it is for
some compact open subgroup U C G the compact induction of a finitely generated
projective U-representation.

Schneider and Stuhler [49] showed that for finitely generated admissible V' the P;
in the above resolution can be chosen to be finite direct sums of compactly induced
representations. From Corollary [[L21 we obtain a generalization to arbitrary finitely
generated V.

6In other words, mOorsyb,, (U, U’) is the double coset U'\{g € G | gUg™1 CU'}/Cq(U) where
Cq(U) is the centralizer of U in G.
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Corollary 1.4. FEvery finitely generated smooth complex representation V of G
admits a finite resolution ([L3)) where the P; are direct sums of compactly induced
representations.

Proof. Under the equivalence of categories between smooth representations and
(non-degenerated) Hecke modules the compactly induced representations corre-
spond to the modules in the image of the induction map

H(U;C)-Mod — H(G;C)-Mod, M — H(G;C) @) M

for some compact open subgroup U C G. Let P be a finitely generated projective
H(G; C)-module. Corollary [[L2 implies that in Ko we have [P] = [W] — [W’] where
both W and W’ are sums of compactly induced modules. This means that there is
an isomorphism PEWaQ = W@ for some finitely generated projective H(G; C)-
module Q. As any finitely generated projective module is a direct summand of a
compactly induced modules}| we can stabilize further and then absorb @ into W
and W', i.e., we obtain P@W = W' with W and W’ finite direct sums of compactly
induced modules.

We can applying this to the P; in (I3). Thus by adding appropriate elementary
chain complexes on compactly induced modules to (L3) we obtain the desired
resolution of V. O

1.E. Smooth G-homology theories. The orbit category has as objects homoge-
neous G-sets G/V with V closed in G and as morphisms G-maps. The smooth
orbit category Orop,(G) is the full subcategory on all G/U with U open in G. Let
Spectra be the category of (not necessarily connective) spectra. Associated to a
covariant functor E: Orp,(G) — Spectra there is a smooth G-homology theory

(1.5) HY(—E)

such that HS(G/H;E) = 7,(E(G/H)) for n € Z. Here a smooth G-homology
theory is to be understood in the obvious way: It digests (pairs of) smooth G-
CW-complexes, yields an abelian group H,(X;E) for every n € Z, and satisfies
the expected axioms, namely, functoriality in G-maps, G-homotopy invariance, the
long exact sequence of a smooth G-CW-pair, and G-excision. All this is explained
in [22]. The point here is that smooth G-CW-complexes are contravariant free
C-CW-complexes in the sense of [22, Def. 3.2] for C = Orpp(G). See also the
discussions in [7, Sec. 2.C].

1.F. The K-theory spectrum of Hecke algebras. To generalize (1) to the
K-theory spectrum, we introduce some notation. A category with G-support is a
Z-linear category B together with maps supps that associate to objects and mor-
phisms compact subsets of G subject to a natural list of axioms, see Definition B.]
Given a G-set X and such a B, we naturally obtain a Z-linear category B[X], see
Definition The key example associated to the Hecke algebra H(G; R) is the
category B(G; R), see Example[33 Its objects are compact open subgroups U C G.
Morphisms U — U’ are elements f of H(G; R) satisfying f = ey fey, where ey
is the idempotent in H(G; R) associated to the compact open subgroup U. Here
suppa(f) = {g € G | f(g) # 0}, which is automatically compact as f is compactly
supported and locally constant. We define

(1.6) Kpg: Orop(G) — Spectra, G/U — K(B(G; R)[G/U]),
where K is the K-theory functor for Z-linear categories, see Subsection 2.Dl The
homotopy groups of Kr(G/U) are the K-groups of the Hecke algebra H(U; R),

It v1,...,Vn generates P and U fixes the v;, then P is a direct summand of H(G; C)®(r7;c)C™-



ALGEBRAIC K-THEORY OF REDUCTIVE p-ADIC GROUPS 5

see [T, (6.8)]. As discussed in Subsection [[LE we can apply [22] and obtain a smooth
G-homology theory HS (—; Kg) with HS (G/U; Kg) = K, (H(U; R)).

Associated to the family Cop of compact open subgroups, there is a G-CW-
complex E¢op(G) that is uniquely determined up to G-homotopy by the property
that all its isotropy groups belong to Cop and Ec¢op (G)H is weakly contractible for
H € Cop. In particular Eg,p(G) is a proper smooth G-CW-complex. Every G-CW-
complex X, whose isotropy belongs to Cop, has up to G-homotopy precisely one
G-map to Ecop(G), see [38, Subsec. 1.2]. Analogously one can define for the family
Com of all compact subgroups its classifying space Ecom(G). It turns out that the
canonical G-map E¢op(G) = Ecom(G) is a G-homotopy equivalence for a td-group
G, see [38, Lemma 3.5].

The projection E¢op(G) — G/G induces a map

(L7) HE (Eeop(G): Kp) — HE(G/G:Kr) = Ko (H(G: R)).

If R is a regular ring containing Q, then there is an isomorphism H§ (FEcop(G); Kg) 22
colimyesuybe,, (@) Ko(H(U; R)).  Using this isomorphism (LI) can be identified
with (7)) for n = 0, see [8, Thm 1.1 (iii))].

We note that if G is a reductive p-adic group, then we can take for E¢,,(G) the
extended Bruhat-Tits building associated to G [38, Thm. 4.13]@. The following will
be a consequence of our main result.

Corollary 1.8. Assume that G is a modulo a compact subgroup isomorphic to a
closed subgroup of a reductive p-adic group. Let R be a ring containing Q. Assume
that R is uniformly] reqular, i.e., R is noetherian and there is | such that every
R-module admits a projective resolution of length at most . Then (L) is an
isomorphism.

This is a special case of Corollary [L.IS where we consider more general
Hecke algebras, allowing for twists by actions of G on R and central characters.
Conjecture [[L8 was stated in [40, Conjecture 119 on page 773] for R = C.

1.G. Vanishing of negative K-theory. Bernstein’s results from [12] which we
briefly recalled in Subsection [[L.D] also imply for a reductive p-adic group G that
K, (H(G,C)) = 0 holds for n < —1. Under the more general assumptions on G and
R from Corollary L8 we get K, (H(G, R)) = 0 for n < —1, see Corollary [LIS[(iii)}

1.H. The Cop-Farrell-Jones Conjecture. To formulate our main result we gen-
eralize coefficients. For a category B with G-support we obtain

Kgz: Orop(G) — Spectra, G/U — K(B[G/U]).

As discussed in Subsection [[LEl we can apply [22] and obtain a smooth G-homology
theory HS (—; Kg). The projection Egop(G) — G/G induces the Cop-assembly map

(1.9) HE (Feop(G); K) — HE(G/G; Kp) = K, (B).

We define Hecke categories with G-support in Definition Essentially, these are
categories with G-support satisfying axioms that are modeled on B(G; R), i.e., on
Hecke algebras. In particular, B[G /U] is then equivalent to the subcategory res? B
of B on objects and morphisms with support in U.

Conjecture 1.10 (Cop-Farrell-Jones Conjecture). Let G be a td-group and let B
be a Hecke category with G-support. Assume that B satisfies (Reg) from Defini-
tion[Z11l. Then ([L9) is an isomorphism for all n.

8More general, if G is a closed subgroup of a reductive p-adic group @, then we can use the
extended Bruhat-Tits building associated to G with the restricted action.

9t is plausible that the result is also true if R is only assumed to be regular, but our proof
certainly uses uniform regularity.
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The following is our main result.
Theorem 1.11. Conjecture 1.1 holds for reductive p-adic groups.

Theorem [[LTT]is a direct consequence of the Cvcy-Farrell-Jones Conjecture
for reductive p-adic groups from Theorem and the Reduction Theorem [I4.]]
that reduces the Cop-Farrell-Jones Conjecture to the Cvcy-Farrell-Jones Con-
jecture The proof of Theorem [[.T1] seems not to simplify if we only consider
Ky; it uses for example localization sequences that combine all K,,.

Remark 1.12. The proof of the Cvcy-Farrell-Jones Conjecture for reductive
p-adic groups uses only their action on its extended Bruhat-Tits building.

Let M be a Coxeter matrix over a finite set I. Let C be a building of type M, in
the sense of [23] §3]. Its realization |C| is a CAT(0)-space, see [23], Thm. 11.1]. Let
G be a td-group with a cofinite smooth proper action on C. We obtain an induced
cocompact smooth proper isometric action on |C|. It seems to be reasonable to
expect that the Cvey-Farrell-Jones Conjecture (and therefore the Cop-Farrell-
Jones Conjecture [[LI0) holds also in this situation. The only input to the proof
of the Cvcy-Farrell-Jones Conjecture for reductive p-adic groups that does
not directly generalize to this situation is Theorem [D.Il This result relies on a
technical assumption for the action of G on the flow space associated to |C|, this
is [6l Assumption 2.7]. Under this assumption the proof of the Cvcy-Farrell-Jones
Conjecture (and therefore also of the Cop-Farrell-Jones Conjecture [[LI0]) for
reductive p-adic groups generalizes directly to G.

Remark 1.13 (Novikov Conjecture). The Novikov Conjecture about the homo-
topy invariance of higher signatures of closed oriented manifolds with fundamental
group I' is equivalent to the rational injectivity of the L-theoretic assembly map
H,(BT;Lz) — L,(ZT'). Bokstedt-Hsiang-Madsen [I4] proved using cyclotomic
traces that the K-theoretic analogue H,, (BT';Kz) — K, (ZI") is rationally split in-
jective, if I satisfies some homological finiteness conditions, which are automatically
satisfied, provided that BI" has a model of finite type. Mostad shows in his PhD-
thesis [44] using the descent method of Carlsson-Pedersen [I8] that the assembly
map H,(BT;Kpgr) — K,(RTI) is split injective, if R is a ring and T is a torsion-
free cocompact discrete subgroup of SL, (Q,). Moreover, the descent method of
Carlsson-Pedersen [I§] has been used to show the split injectivity of the assembly
map HL(Exi,(T); Kg) — K, (RI) for a large class of groups and any ring R, see
for instance [32] [33], [47], and also [39, Section 15.6], whereas the rational injectivity
of the assembly map HL(Er,(I');Kz) — K, (ZI') has been studied using cyclo-
tomic traces in [4I]. It would be interesting to see whether the descent method of
Carlsson-Pedersen [I§] leads to proofs of the split injectivity of the assembly (7))
for classes of td-groups.

Remark 1.14. The Baum—Connes Conjecture for reductive p-adic groups has been
proven by Lafforgue [37]. See also Baum—Higson—Plymen [I1] for p-adic GL,,. This
yields an Atiyah-Hirzebruch spectral sequence that computes the topological K-
theory of the reduced group C*-algebra, compare Subsection [[.J below. We note
that the spectral sequence in this case is not a first quadrant spectral sequence
(because the negative topological K-theory does in general not vanish by Bott
periodicity). Hence for topological K-theory one does not get formulas such as (LI7)
or Corollary [[.2] where the relevant Kg-group is expressed in terms of Kg-group of
compact open subgroups.

1.I. Inheritance. An advantage of the generalization from B(G; R) to Hecke cat-
egories with G-support is the following result, proven in [7, Theorem 1.5].
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Theorem 1.15. If Conjecture [LI0 holds for a td-group G, then it also holds for
all td-groups G' which are modulo a normal compact subgroup isomorph to a closed
subgroup of G.

Thus Conjecture holds for groups that are modulo a normal compact sub-
group isomorphic to a closed subgroup of a reductive p-adic group. This applies in
particular to parabolic subgroups that appear for example in parabolic induction
and restriction.

1.J. The Atiyah-Hirzebruch spectral sequence. Given any smooth G-homo-
logy theory there is a (strongly convergent) equivariant Atiyah-Hirzebruch spectral
sequence, see [22, Thm 4.7 and Sec. 7] and [8, Thm 2.1]. For HS(—;Kg) it takes
the form

(1.16) E}, = BHS(X;HY(G/—Kg)) = HE,,

(X;KRg).

The E?-page is given by Borel homology. If R is regular and contains Q, then
the spectral sequence ([LI0) is a first quadrant spectral sequence. In particular,
H$ (X;Kg) = BHS (X; HS (G/—;KRgr)). Thus, if R is uniformly regular and if G

satisfies the Cop-Farrell-Jones conjecture, then we obtain
(1.17) Ko(H(G; R)) = BHS (Eeop(G); HE (G~ Kn)).

This homology group can then be described as the cokernel of a map between sums
of Ky of Hecke algebras of compact open subgroups of G. For a non-Archimedian
local field F' and G = SL,(F), PGL,(F) or GL,(F) this is worked out in [8]
Section 6].

1.K. Central characters and actions on the coefficients. Consider an exact
sequence of td-groups 1 — N — G & Q — 1, a unital ring R with Q C R, a locally
constant group homomorphism p: @ — aut(R) to the group of ring automorphisms
of R and a so called normal character w: N — cent(R)*, which is a locally constant
group homomorphism to the multiplicative group of units of the center of R. We
assume that that N is locally centrall] and that w is G-conjugation invariant].
For example, N could be a closed subgroup of the center of G. We also assume
that the @Q-action on R fixes the image of w. For example, @) could fix the center of
R. In this situation we obtain a Hecke algebra H(G; R, p,w), see [0l Sec. 2.B]. Its
elements are locally constant functions s: G — R with support compact modulo
N satisfying s(ng) = w(n) - s(g) for all n € N and g € G. In the special case
that p is trivial and w: N — R* is a central character, i.e., N C G is central and
w: N — cent(R)* is a locally constant homomorphism, this is the usual Hecke
algebra of G with coefficients in R associated to the central character w.

Similar to B(G; R) we obtain a category B(G; R, p,w), see [T, Section 6.C.]. The
support of elements of H(G; R, p,w) in G is compact modulo N. Projecting we
obtain compact subsets of Q. In this way B(G; R, p,w) can be viewed as a category
with @-support and we obtain

Kr,pw: Orop(Q) — Spectra, Q/U — K(B(G; R, p,w)[Q/U]).

For U open in @ the homotopy groups of Kg , . (Q/U) are the K-groups of the
Hecke algebra associated to p~1(U), i.e., of H(p~ (U); R, p,w3. We can again
apply [22], see Subsection [[E, and obtain a smooth Q-homology theory HS(-
) KR,p,w) with HE(Q/U, KR,p,w) = Kn(/H(pil(U); R, Ps w))

1OI.e.7 the centralizer of N in G is an open subgroup of G.
Hle., w(gng™!) =w(n) forall g € G, n € N.
12Strictly speaking we should write #(p~1(U); R, Pp—1 (U),w).
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The formulation of the Cop-Farrell-Jones conjecture can be applied in this situ-
ation as well and we have the following corollary to Theorem [[.T1]

Corollary 1.18. Assume that QQ is a modulo a compact subgroup isomorphic to a
closed subgroup of a reductive p-adic group and that R is a uniformly regular ring
containing Q. Then

(i) The assembly map induced by the projection Ecop(Q) — Q/Q
HS(ECOp(Q), KR,p,w) - HS(Q/Q, KR,p,w) = Kn(H(G, R, p, w))

is an isomorphism for all n;
(i) The various inclusions U C Q induce an isomorphism

li Ko(H(p~ (U); R, p,
pesolim oH(p™ (U); R, p,w))

(1ii) We have K,(H(G; R, p,w)) =0 for n < —1.
Proof. See [8, Theorem 1.1]. O

o

— Ko(H(G; R, p, w));

1.L. Homotopy colimits. We write Orgop(G) for the full subcategory of Or(G)
on the G/U with U compact open. The projections G/U — G/G for U compact
open in G induce a map

(1.19) G/(}Jlg((j)orlé:?(G) Kp(G/U) —» Kp(G/G) ~ K(B).

This map can be identified with the map HY(Ec,p,(G); Kp) — HY(G/G; Kp),
see [22, Section 6]. Applying 7, to (II9) therefore recovers (L9).

Often the homotopy colimit in (LI9]) can be replaced with a homotopy colimit
over a smaller category than Orep(G). Let X be a simplicial complex with a
smooth proper cellular simplicial action of G. Cellular means that, if g € G sends
a simplex to itself, then g fixes the simplex pointwise. We also assume that X is a
model for Eg,p (@), i.e., for U C G compact open XY is contractible. For example,
if G is a p-adic group, then we can take for X (a subdivision of) the associated
extended Bruhat-Tits building.

Let C be a collection of simplices of X that contains at least one simplex from
each orbit of the action of G on the set of simplices of X. Define a category C(C)
as follows. Its objects are the simplices from C. A morphism gG,: 0 — 7 is an
element ¢G, € G/G, satisfying go C 7, where we view a simplex of X as subspace
of X in the obvious way. The composite of ¢gG,: 0 — 7 with hG.: 7 — p is
hgGs: 0 — p. Define a functor vc: C(C)°P — Oreop(G) by sending an object o to
G/G, and a morphism ¢G,: 0 = 7 to G/G. = G/G,, ¢'G; — ¢'gG,.

Lemma 1.20. The functor tc: C(C) — Oreop(G) is cofinal.

Proof. For C C C' it is not difficult to check that the inclusion C(C) — C(C") is
an equivalence. Thus we can assume that C' contains exactly one simplex from
each orbit of the G-action. For G/U € Orcop(G) the category G/U | C can then be
identified with the poset of simplices in XV. By assumption XU is contractible. O

Lemma[[.20/in combination with the cofinality Lemma[A Tlfor homotopy colimits
imply that the canonical map

121 hocolim Kg(G/G.) =  hocolim Kg(G/U
(1.21) ocolimKs(G/Ge) =, hocolim  Kis(G/U)

is an equivalence.

If X admits a strict fundamental domain Xy, i.e., a subcomplex X that contains
exactly one simplex from each orbit for the G-action on the set of simplices of X,
then we can take for C' the simplices from Xy. In this case C(C) can be identified
with the poset (viewed as a category) simp(Xy) of simplices of Xy. If B is a Hecke
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category with G-support, then the inclusions resg" B — B[G/G,] are equivalences
and induce an equivalence between Kz o 1o and

simp(Xo) — Spectra, o+ K(res§” B).

Thus, in this situation, (IL2]]) can be simplified further and (LI9) can be identified
with the canonical map

(1.22) hocolim K(resg" B) — K(B).
oesimp(Xo)

By Theorem [[LTT] this map is an equivalence, if G is a reductive p-adic group and
B satisfies (Reg) from Definition B.I1l In particular, for R uniformly regular with
Q C R, the canonical map

(1.23) hocolim K(H(Gs; R)) — K(H(G; R))

o€simp(Xp)
is an equivalence, see Corollary [[.J

Example 1.24 (SL, (F)). Let R be a uniformly regular ring containing Q. Any
chamber of the Bruhat-Tits building for SL, (F) is a strict fundamental domain
and we obtain a homotopy pushout diagram from ([23)). We will illustrate this for
n=2,3. Let v: FF — Z U {oo} the valuation of F'. Let O = {v > 0} be the ring of
integers in F. Choose p € O with v(u) = 1. Put

1
h = € GL,(F).
1t
For n = 2 the homotopy pushout diagram is
K(H(I; R)) —— K(H(U1; R))
| l
K(H(Uo; R)) —— K(H(SLa(F); R)).

Here Uy = SL2(0), Uy = hUph™!, and I = Uy N U is the Iwahori subgroup. For
the K-groups this yields a Mayer-Vietoris sequence, infinite to the left,
= Ku(H(L; R)) = Kn(H(Us; R)) @ Kn(H(Uo; R)) — Kn(H(SL2(F); R))
— anl(’H(I; R)) — anl(/H(Ul; R)) S5 anl(’H(Uo; R)) — e
= Ko(H(I; R)) — Ko(H(U1; R)) & Ko(H(Un; R)) — Ko(H(SL2(F); R)) — 0,

and K, (H(SLz(F); R)) =0 for n < —1.
For n = 3 we obtain the homotopy pushout diagram

K(H(Ui2; R)) K(H(Uz; R))
K(H(I; R)) l K(H(Uo2; R))
K(H(Th: R K(H(SLs(F): R
/( ( ) (H(SL3(F); R))
K(H(Uo1; R)) K(H(Uo; R))

where Uy = SLQ(O), U, = hSLQ(O)h_l, Us = h? SLQ(O)h_2, Uij =U;N Uj and
I =UyNnU; NU; is the Iwahori subgroup.

In general, for SL,,(F') we obtain a homotopy pushout diagram whose shape is
an n-cube.
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1.M. Comparison with the discrete case. Let I' be a discrete group. Let Fin
be the collection of finite groups of I' and Vcyc be the collection of the virtually
cyclic subgroups of M. We write Orzin(I') and Oryeyc(I') for the corresponding
subcategories of the orbit category Or(T") of I. For a ring R there is a functor
Or(I") — Spectra whose value on I'/H is equivalent to the K-theory spectrum of
R[H], see [22] Sec. 2]. To distinguish it from (L6]) we will denote it here as K.
We obtain a commutative diagram

dis

1.2 hocolim _ K&5(T'/F it KT /T ~ K(RIT
(1.25) I/ FeOrm(T) w (T/F) (/) (R[T])
dis dis
Crel O‘chc
h 1' Kdis F V .
r/vé)g?vlfﬁ(r) & (T/V)

The map a3 is the analog of (LJ) in the formulation (ITI9). The (K-theoretic)
Farrell-Jones Conjecture for discrete groups asserts that aﬁl,icsyc is an equivalence. If
R is regular and contains Q, then the relative assembly map afei? is an equivalence
(for all ), see [40, Prop. 2.14]. Therefore, for such R, ad¥ is an equivalence if
and only if a%icsyc is an equivalence. The Farrell-Jones Conjecture holds for a large
class of groups, including all groups I' that admit a cocompact isometric action
on a finite-dimensional CAT(0)-space X, see [2, Thm. B] and [563, Thm. 1.1]. The
proof uses geodesic flows as pioneered by Farrell and Jones, e.g. [26] 27]. Here
virtually cyclic subgroups appear as follows. For a bi-infinite geodesic ¢: R — X
let V. be the subgroup of I' consisting of all g € I' for which there is ¢, € R such
that gc(t) = c(t + ¢4) for all ¢£. This is a virtually cyclic subgroup. More precisely,
the homomorphism V, — R, g — ¢, has discrete and therefore infinite cyclic or
trivial image. The kernel of this homomorphism is finite as the action of I" on X is
proper. Thus V. is either finite or admits a surjection onto Z with finite kernel.

To prove Theorem [[L.TT] we will use the action of a reductive p-adic group G on
its associated extended Bruhat-Tits building X. The building X is a CAT(0)-space
and our general strategy is to apply the geodesic flow method and argue along a
variation of the diagram ([.25). For bi-infinite geodesics ¢: : R — X we obtain the
subgroups V. of G as above. The V, are now either compact (as pointwise stabilizers
of bi-infinite geodesics) or admit a surjection onto Z with compact kernel.

Definition 1.26. For a td-group G we write Cvcy for the family of all closed
subgroups V' that are either compact or admit a surjection onto the infinite cyclic
group with compact kernel[". We write Orevey (G) for the full subcategory of Or(G)
on all G/V with V € Cvcy.

Our general strategy will be to replace I' with G, Fin with Cop, and Vcyc with
Cvey in ([[L25]). However, two problems arise because the V' € Cvcy are in general
not open in G. The first problem is that, if ¥V not open in G, then H(V;R) is
not a subalgebra of H(G; R); extending by zero does not produce locally compact
functions on G from locally constant functions on V. Thus there is no induction map
from K(H(V; R)) to K(H(G; R)) and it is not clear how K can be extended from
Orcop(G) to Oreyey (G). The second problem is less clear at this point, but it comes
from the fact that (unlike the discrete case) a product of orbits G/V x G/V’ cannot

13Alternatively one can work with the family of subgroups that are finite or admit a surjection
onto Z with finite kernel.
14As Z is discrete the kernel is automatically open in V.
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be written as a coproducts of orbitdl]. For this reason orbits are not necessarily
the correct building blocks for topological groups and we will work with a category
of formal products of orbits instead of the orbit category. As an added bonus this
will allow us to disregard many morphisms in Or(G) and we arrive at the category
PAI(G), see Subsection B0l A technical point is that G/G is no longer terminal in
PAI(G), but this can be remedied by allowing the empty product x and we obtain
the category PLAll(G) as our replacement for Or(G). For a famib['d F of closed
subgroups of G we obtain the subcategory PF(G) of PLAI(G) on all (non-empty)
formal products of the form G/F; x --- x G/F,, with F; € F. We will construct
a functor PLAI(G) — Spectra, P — K(Cg(P)) in Subsection B On orbits
G/U with U open in G, the K-theory of Co(P) will (up to a degree shift) be the
K-theory of H(G; R), compare Proposition[5.16 Our replacement for (L23]) is then

(1.27) hocolim K(Cg(P)) ——— 3 K(Cg(* K(H(G, R))

PePCop(G)

hocolim K(Cg (P
PePCvcy(G)
It is not difficult to identify acop with (LI9), compare Proposition Thus the
task is to show that acycy and age are equivalences. For agyey this means that
G satisfies the Cvcy-Farrell-Jones Conjecture B.12] see Theorem As in the
discrete case Theorem [5.15] does not depend on any assumptions on the coefficients
(here R). For au it is the content of the Reduction Theorem [[4T} this depends
on a regularity assumptions for the coefficients (here R).

The functor PLAl(G) — Spectra, P — K(Cg(P)) is not determined by its re-
striction to P,Op(G). There are many variations of the category Cg(P) such that
the K-theory is unchanged for P € P,Op(G). The specific choices from Subsec-
tion [B.E may seem overly complicated at first, but are made in order for the proof
of Theorem to work. For example, the foliated distance from Subsections [B.d
and [£.Dl is modeled on foliated distance on flow spaces, see Subsection [D.1l This
in turn makes the proof of the reduction theorem more complicated than its dis-
crete counterpart. In fact, we only know that aye is an equivalence under the
assumption that acycy is an equivalence. The reason is that we are not able to
prove the reduction theorem directly for our functor P — K(Cq(P)), but only
for a variation P +— K(Cg(P)) thereof, see Subsection [ZBl There is a map
K(Cg(P)) — K(Cg(P)) and, under the assumption that Qevey 1S an equivalence,
a simple diagram chase proves then the reduction theorem for K(Cg/(P)).

While the construction of C(P) is in many ways the key ingredient to the proof
of Theorem [[LTT] a better understanding of it would still be desirable. The value
of the functor P, AIl(G) — Spectra, P — K(Cg(P)) does not only depend on the
groups H; occurring in P = (G/Hy,...,G/H,) but also on how H; sits in G unless
each H; is open. This is illustrated in Remark[I4.18 For discrete groups the Farrell-
Jones Conjecture (with appropriate coefficients) passes to subgroups. Similarly,
the Cop-Farrell-Jones Conjecture [LI0] passes to closed subgroups. It is natural to
expect the same for the Cvcy-Farrell-Jones Conjecture [5.12] but this remains open

15The precise place where this comes up is Theorem [D.3] Locally there are maps on the flow
space of the form U — G/V, but if one patches them together over the flow space one ends up
with maps to products of orbits.

167 family of closed subgroups is always assumed to be closed under conjugation and taking
finite intersections.

" There is a functor for each category with G-support B. To simplify the discussion here we
tacitly assume B = B(G; R) for a ring R containing Q.
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and seems to require a better understanding of Cg(P). This would imply the (K-
theoretic) Farrell-Jones Conjecture for all discrete subgroups of reductive p-adic
groups, because the Cvcy-Farrell-Jones Conjecture reduces for discrete groups
to the original K-theoretic Farrell-Jones Conjecture, see Remark [5.14]

1.N. Open problems. There is an interesting instance where the Cvcy-Farrell-
Jones Conjecture applies, but we do not know to what extend the Cop-Farrell-
Jones Conjecture applies. This arises as follows. Let G be a reductive p-adic
group and R be a ring containing 1/p. In this case G admits a pro-p-group Uy
as a compact open subgroup Uy. There is still a Hecke algebra H(G; R), see for
example [52 Sec.I.3], which can be used to define a variant B'(G; R) of B(G; R),
see Example 3.4l Now Theorem applies and we obtain a homotopy colimit
description of the K-theory of H(G; R) from (BITI)). In genera, for example if
R = Z[1/p], we do not expect that B'(G; R) satisfies (Reg) from Definition 3111
In particular, we do not expect that (7)) is an isomorphism in this situation.
Nevertheless, it seems interesting to evaluate this homotopy colimit from (G.IT]) in
this situation further. For example, it is conceivable that (I7) is an isomorphism
modulo p-torsion.

For a reductive p-adic group G Bernstein decomposed the category of finitely
generated non-degenerated H(G; C)-modules as a direct sum of subcategories, now
called Bernstein blocks, see [13, [12]. In particular, there is a corresponding direct
sum decomposition of K, (H(G;C)). By Corollary[[.8there must then exist a corre-
sponding decomposition of HS (Fcop(G); Kc). It seems interesting to give a direct
description of the summands in HS (Ecop(G); Kc) corresponding to the Bernstein
blocks in K, (H(G;C)). Let G = GL,,(F) and let I be the Iwahori subgroup. The
Iwahori-Hecke algebra H(G, I) is the (unital) subalgebra of I-bi-invariant functions
of H(G; C). The Iwahori block in the category of finitely generated non-degenerated
H(G; C)-modules can be identified with the category of finitely generated H(G, I)-
modules. Even for this block it is not quite clear what the correct analog of the
assembly map (7)) should be.

1.0. Overview. Section [2] fixes some conventions and notations.

Section [3] contains the details of the formulation of the Cop-Farrell-Jones Con-
jecture and a reformulation using products of orbits as building blocks.

Controlled algebra is a key tool for proofs of the Farrell-Jones Conjecture for
discrete groups sets up a variant of this theory also suitable for td-groups. In the
usual theory controlled objects over a space X have as support a subset of X, while
morphisms have as support subsets of X x X. In our version of the theory objects
also have a support in X x X[ One can think of the controlled categories, that
we introduce in Section Ml as generalizations of Hecke algebras. Thus it is quite
natural that these categories also come with a notion of support in G.

Section Bl contains the formulation of the Cvey-Farrell-Jones Conjecture. Central
is the construction of the categories Co(P) already discussed in Subsection
Their construction uses the language of controlled algebra. (This in contrast to
the discrete case, where controlled algebra only enters proofs of the Farrell-Jones
Conjecture but not its formulation.)

Section [0l contains the formal framework of the proof of the Cvcy-Farrell-Jones
Conjecture of reductive p-adic groups. This framework is formally different from

181¢ [U : Ug] is invertible for all compact open subgroups U of G containing the pro-p-group
Uy, then we expect that B'(G; R) satisfies (Reg) from Definition BII] Thus, under this addi-
tional assumption the Reduction Theorem [[4.1] should apply and lead for example to a version of
Corollary [ for the K-theory of H(G; R).

191f one thinks of objects as idempotents this is quite natural.
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the one used for example in [2] for discrete groups, but also centers around a G-
homology theory (here D¢) and a transfer map, see Theorem For technical
reasons we also introduce a variant D% of Dg. The domain of the G-homology
theory D¢ is a category R of combinatorial G-space, whose building blocks are
products of orbits and simplices. This category contains an analog Jeyey (G) of
the numerable classifying space for Cvcy. The transfer map realizes the functor
PLAI(G) — Spectra, P — K(Cg(P)) as a retract of P +— D¢ (Jevey (G) % PEI.
This allows then the application of excision and homotopy invariance results of Dg
in the variable Jeyey (G).

Section [T contains the construction of the functors D¢ and DY, as the K-theory
of certain categories. These categories are constructed using controlled algebra.
Their construction builds on that of Co(P) by adding a second control direction
for what is called an e-control condition. The precise formulation is tailored in
order for D and DY, to satisfy the properties formulated in Section 6l With the
exception of the transfer these properties are then verified in Section [§ following
similar results in the discrete case.

The construction of the transfer is outlined in Section [@ and carried out in
Sections [I0, 1] and [[3] This depends on the construction of certain almost
equivariant maps from the building X to a space |Jeyvey (G)|" associated to Jevey (G).
This is the point where the dynamics of the geodesic flow on a flow space associated
to X is exploited. The details of this construction is outsourced to [6], but we give
an overview in Appendix [Dl

Section [[4lcontains the proof of the reduction theorem. The difficulty here is that
it is not clear that the regularity of the coefficients induces a regularity property
for Cg(P). Roughly, the controlled algebra nature of Cg(P) makes it too big
to satisfy a regularity property. In a number of steps we reduce the problem to
certain categories associated to infinite product categories (the limit category from
Subsection [4.Gl) and use a K-theory computation from [4].

Appendix[A]reviews some results on homotopy colimits that are used throughout
the paper. Appendix [B] reviews K-theory for dg-categories. This formalism is
applied in Appendix [Cl to homotopy coherent functors and ultimately used in the
construction of the transfer in Section [T}
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2. PRELIMINARIES

2.A. Convention on units. Categories and rings will always be assumed to be
unital, unless we explicitly allow non-unital categories or rings. Of course, Hecke
algebras are typically not unital.

2.B. Formally adding finite sums. For a Z-linear category .4 we obtain an ad-
ditive category Ag by formally adding finite sums. A concrete model for Ag
has as objects finite sequences (4i,...,A4,) of objects in A and as morphisms
©: (Ar,..., A,) = (A],..., A,) matrices ¢ = (¢! : A; — Al); s+ of morphisms in

A, see for example [22] p.214].

2.c. Idempotent completion. The idempotent completion Idem A of a category
A has as objects pairs (A4, p), where p is an idempotent on A in A. Morphisms
p: (A,p) — (A’,p) are morphisms in A satisfying ¢ = p’ o p o p. For a category
without units the idempotent completion makes still sense and produces a category
with units: id(4 ;) = p.

2.0. K-theory. A construction of the non-connective K-theory spectrum K (A)
of a unital additive category A can be found for instance in [42] or [45]. The K-
theory of a Z-linear category A is defined as the K-theory of the additive category
Ag. The canonical embedding A — Idem A induces an equivalence in K-theory,
see for instance [4, Lemma 3.3 (ii)].

A key tool for us will be a fiber sequence in K-theory that goes back to Karoubi [31]
and Carlsson-Pedersen [I8]. To state it we need a definition.

Definition 2.1. Let U be a full additive subcategory of an additive category .A.

(2.1a) The quotient category A/U has the same objects as A. Morphisms in A/U
are equivalence classes of morphisms in A, where morphisms from A are
identified in A/U whenever their difference factors over an object from U.

(2.1b) We say that A is U-filtered if the following condition is satisfied. Let A € A,
U_,U;y € U and let U_ LanIy/ RN U be morphisms in A. We require
that there is a direct summand U of A with U € U such that ¢_ and ¢4
factor over U, i.e., if we write p: A — A for the projection associated to
the direct summand U, then ¢_ =poy_ and ¢4 = @4 op.

Definition 211 is originally due to Karoubi [31]. In|(2.1b)| we used Kasprowski’s
reformulation [32] Def. 5.4, Rem. 5.7 (1)].

Theorem 2.2 (Karoubi sequence). Let U be a Karoubi filtration of A. Write
U= Aandp: A— AJU for the associated inclusion and projection. Then

KU) 2 K(A) 25 K(A/U)
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is a fibration sequence of spectr.
Proof. This is [I8, Thm. 1.28]. O
2.E. Small compact open subgroups.

Lemma 2.3. Let G be a td-group, K be a compact subgroup of G, and W be an
open neighborhood of K in G. Then there exists a compact open subgroup U with
KCUCW.

Proof. For each k there is an open subgroup Vi with £V, C W. As K is compact
there is S C K finite with K C (J, g sVs. Then V := [ 4 Vi is a compact open
subgroup for which kV C W for all Kk € K. As K NV has finite index in K,
N := ﬂgeK gV g~! is still compact open. Now K normalizes N and so U := KN
is a compact open subgroup containing K. Also U = KN C KV CW. ([

3. THE Cop-FARRELL-JONES CONJECTURE

3.A. Categories with G-support.

Definition 3.1. Let G be a td-group. A category with G-support is a Z-linear
category B together with a map that assigns to every morphism ¢ in B a compact
subset supp ¢ of G. We require the following

(3.1a) suppp =0 < ¢ = 0;

(3.1b) supp(¢’ o p) C suppg ¢’ - sUppg ¥;

(3.1c) supp(p +¢') C suppy Usuppy’, supp(—¢) = supp .
We abbreviate supp B := suppidp.

Definition 3.2. A Hecke category with G-support is a category B with G-support

such that the following holds.

(3.2a) Subgroups
supp B is a compact subgroup of G for all objects B. For morphisms
¢: B — B’ we have suppy = supp B’ - supp ¢ - supp B’. Moreover, the
sets supp B’\ supp ¢ and supp ¢/ supp B are both finite;

(3.2b) Translations

For every B € B and g € G there is an isomorphism ¢: B =B satisfying
supp B’ = gsupp Bg~*!, supp ¢ = gsupp B, and supp ¢! = gsupp B;
(3.2¢c) Morphism additivity
Let ¢: B — B’ be a morphism. Suppose supp¢ = Lj LI Ly is a disjoint
union, where supp(B’) - L; - supp(B) = L;. We require the existence of
morphisms p;: B — B’ for i = 1, 2 satisfying ¢ = @1 + 2 and supp ¢; = L;
fori=1,2;
(3.2d) Support cofinality
For every object B € B and every subgroup L of finite index in supp B
there are morphisms

B iB,L B|L TB,L B
such that supp B|r, = L, suppip, =supprp . =supp B and rp oip =
idg. Moreover, for L' a subgroup of finite index in L we require B|; =
(Blp)|zrs i, =iB|,,rr ©ip,L and v =B OTR|, L/
We note that [(3.2d)| means that B is equipped with a choice of B|r,ip.1,7B,L
for all B and L.

2lThe precise statement is as follows. The composition p« o ig has a canonical null homotopy
as all objects in U are isomorphic to 0 in A/U. The induced map from K(U) to the homotopy
fiber of p. is an equivalence.
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Example 3.3. Let R be a ring containing Q and G be a td-group. Consider the
Hecke algebra H(G; R) associated to a Q-valued (left-invariant) Haar measure p
on G. Associated to H(G; R) is the category with G-supports B(G; R). Objects of
B(G; R) are compact open subgroups of G. Morphisms ¢: U — U’ are elements of
H(G; R) satisfying
o(u'gu) = ¢(g) forallu' e U, uel.

The support of ¢ is suppp = {g € G | ©(g) # 0. The identity of U is the
idempotent 7 € H(G; R) where xy is the characteristic function of U. The cat-

egory Idem(B(G; R)g) is equivalent to the category of finitely generated projective
H(G; R)-modules, compare [7, Lem. 6.6] In particular KB(G; R) ~ KH(G; R).

It is not difficult to check that B(G; R) is a Hecke category with G-support. The
subgroup property and morphism additivity are clear from the definitions. For U

compact open in G and g € G we have an isomorphism H’(‘;g) U — gUg™ ' in

B(G; R); its inverse is %. This proves the translation property. For support
cofinality we can set Ul := L, iy, = run = % For more details see [7}

Sec. 6.C], where also more general Hecke algebras are discussed.

Example 3.4. Let R be a ring and G be a td-group. Assume that G has at least
one compact open subgroup U with the propert that

(3.4a) for all open subgroups V of U the index [U : V] is invertible in R.

We can fix one such group Up. If one normalizes a (left-invariant) Haar measure
w such that w(Up) = 1, then pu it takes values in Z[1/n | 1/n is invertible in R)
and one obtains a Hecke algebra H(G; R). In this situation we obtain a variant
B'(G; R) of the category from ExampleB.3l Tts objects are compact open subgroups
satisfying[(3.4a)] Morphisms U — U’ are elements of H(G; R) satisfying

o(u'gu) = p(g) forallu e U, uelU
as before. The point is that for such subgroups the measures p(gU), u(Ug) are

invertible in R for all g € G21. Thus formulas from Example B3] still work and
B'(G; R) is a Hecke category with G-support.

Definition 3.5 (The category B[X]). Given a category B with G-support and a
smooth G-set X we define the category B[X] as follows. Objects are pairs (B, x)
with B € B and € X. A morphism (B,z) — (B’,z’) is a morphism ¢: B — B’
in B such that suppp C Gy v ={g € G| gz = 2'}.

The construction of B[X] is natural in X and compatible with disjoint union,
ie., if X =[],c; X;i as G-sets, then the canonical functor

(3.6) [1B1x] = Bx]

iel
is an equivalence of Z-linear categories. This reduces the computation of B[X] to
the case of orbits G/U. Here U is open in G, since we are only allowing smooth
G-sets. We write B|y for the subcategory on objects and morphisms with support
in U. If B is a Hecke category with G-support then, using there is an
equivalence of Z-linear categories

(3.7) By — B[G/U],
see [7, Lem. 5.5].

2275 o is locally constant and compactly supported this is a compact subset of G.

233uch a subgroup exists for example if G is reductive p-adic and 1/p € R, see [43, Lemma 1.1].

24ndeed p(gU) = w(U) = [U : UNUg] - w(UNUo) = [U : UNUp) - [Uo : UNUp] ™! and pu(Ug) =
u(g~Ug) =g~ Ug: g7 'UgnUo] - ulg~'UgNUo) = [U:UNgUog™ '] [Uo: g~ 'UgnUp] "
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Definition 3.8 (Cop-assembly map). Let G be a td-group and B be a category
with G-support. The projections G/U — G/G induce a map

(3.9) . hocolim K (B[G/U]) — K(B[G/G]) ~ KB.

We call this the Cop-assembly map for B.

Remark 3.10. The notion of categories with G-support is very general and al-
lows also for pathological examples. For this reason it is not sensible to conjecture
that (B3] is in general an equivalence. However, a significant part of our consider-
ations work in the generality of categories with G-support.

3.B. [-uniformly regular coherence and exactness. Let A be an additive cate-
gory. The Yoneda embedding A — mor 4(—, A) embeds A into the abelian category
of ZA-modules, i.e., the category of Z-linear covariant functors from A to Z-Mod.
The ZA-modules in the image of this functor are called finitely generate free. A
ZA-module is finitely presented if it is the cokernel of a map between finitely gen-
erated free modules. The additive category A is said to be regular coherent if any
finitely presented Z.A-module has a finite resolution by finitely generated projective
ZA-moduled?. 1t is l-uniformly regular coherent if in addition the resolution can
be chosen to be of length at most [.

A sequence A — A" — A” in A is exact at A’, if its image is exact at mor 4(-
—,A") in ZA-modules. A functor F': A — B of additive categories is ezact, if it
sends sequences that are exact at A’ to a sequence that is exact at F(A’). For a
more detailed discussion see [4] Sec. 6].

3.c. Formulation of the Cop-Farrell-Jones Conjecture.

Definition 3.11 (Reg). A Hecke category with G-support is said to satisfy condi-
tion (Reg) if for every natural number d there is a natural number [(d) such that
for every compact open subgroup U C G the additive category B[G/U]g[Z%] is
l(d)-uniformly regular coherent.

Conjecture 3.12 (Cop-Farrell-Jones Conjecture). Let G be a td-group and B be
a Hecke category with G-support satisfying (Reg) from Definition [T11l. Then the
Cop-assembly map B9) for B is an equivalence.

As discussed in Subsection [[LI] the Cop-assembly map 33) for B after applying
7, can be identified with (L39). Thus Conjecture 312 is just a restatement of
Conjecture [LI0 from the introduction.

3.D. Product categories. We digress briefly to introduce some notation for for-
mal products, that will be useful later on. Let C be a category. We define the
category PiC as follows. Objects of P.C are n-tuples of objects of C, (Cy,...,Cy).
Here n = 0 is allowed; the empty tuple is the unique O-tuple and will be written as
% € PC. Morphisms f: (C1,...,C,) — (C1,...,C),) are pairs f = (u, ), where
w: {1,...,n'} = {1,...,n} and ¢: {1,...,n'} — morc are maps such that for each
i" € {1,...,n'} the morphism ¢(i') in C is of the shape ¢(i'): Cy1y — Cj,. The
composition of

(Ch,..ny Co) 22 oy 22 o)
is (u o u/, i (‘0/(1-//) o go(u’(i”))).
As there is a unique map from the empty set to any other set, the empty tuple

* is a terminal object in P.C. For objects P = (C4,...,C,), P/ = (Cy,...,Cpn)
their product is given by P x P’ = (C,...,Cy,C1,...,Cl,). For example the

25These are exactly the direct summands of finitely generated free Z.A-modules.
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projection P x P’ — P’ is given by (u, ) with u(i) = i 4+ n and ¢(i) = id¢r, for
i =1,...,n'. We write PC for the full subcategory of P.C obtained by rem(;ving
the empty product x*.

One advantage of the product category in connection with homotopy colimits is
that it often allows us to disregard all non-identity morphism in Orz(G). We write
F(G) for the subcategory of Orz(G) that contains all objects, but only identity
morphisms; for the corresponding subcategory of Or(G) containing all G/H with H
a closed subgroup we write All(G). Passing to product categories we obtain P.F(G)
and PF(G). Thus a morphism w: (G/H.,...,G/H,) — (G/H{,...,G/H],) in
PLAI(G) is a function u: {1,2,...,n'} — {1,2,...,n} satisfying H, ;) = H; for all

3.E. A reformulation of the Cop-Farrell-Jones Conjecture. Let G be a td-
group and B be a category with G-support. In the following we write
B[P] := B[G/Uy x --- x G/U,]

for P = (G/U,...,G/Uy) € POrpp(G). We note that B[] and B[(G/G,...,G/G)]
are both just (the Z-linear category underlying) B. In terms of the notation intro-
duced later B[P] = BJ|P]].

Proposition 3.13. For a family U of open subgroups the canonical maps induced
by the canoncial inclusions Ory (G) — POty (G) and PU(G) — POy (G)

hocoli K hocolim K (B[P
o st K(BIG/U)) PRl (BLPY)
hocolim K
PePOTy(G)

are equivalences.

Proof. To show that « is an equivalence we will use the transitivity Lemma [A2] for
homotopy colimits. It thus suffices to show that for any P = (G/Uy,...,G/U,) €
PO71,(G) the canonical map
3.14 hocolim K(B[G/U]) = K(B[P
( ) (G/U,f)€O0Tu(G)LP ( &/ ]) ( [ ])
is an equivalence. As the U; are open we have G/Uy x - -+ x G/Uy, = [[,;c; G/W;
with W; € Y. Then Ory(G) | P ~[]; (Oru(G) | G/Wj;) and that idgw, is a
terminal object of Ory(G) | G/W,. Together with the compatibility of B[—] with
coproducts ([B.6]) this implies that (BI4) is an equivalence.

Lemma, [A.6] implies directly that as is an equivalence. O

Now we can reformulate ConjectureBI21by precomposing the assembly map (3.9
with ai ' or a7 o as, thus changing the source hocolimg e ore,, (¢) K (BIG/U]) of
the assembly map (B.9) to hocolimpepor, (¢) K(B[P]) or hocolimpepy(c) K (B[P)).

4. CONTROLLED ALGEBRA

4.A. The category Bg(X). Let X be a set. In the following we will often write
2-tupels in X as ({?E/)

Definition 4.1. Let X be a G-set and B be a category with G-support. We define

the category Bg(X) as follows. Objects are triples B = (S, 7, B) where

(4.1a) S is a set,
(4.1b) 7: S — X is a map,
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(4.1c) B:S — obBis a map.

Morphisms B = (8,7, B) — B’ = (8, 7/, B') in Bo(X) are matrices p = (¢ : B(s) —
B'(s"))ses,s’es of morphisms in B. Morphisms are required to be column finite:
for each s € S there are only finitely many s’ € S" with ¢ # 0. Composition is
matrix multiplication (using composition in B)

(P op) = ¢u oyl
The formula for the identity idg of B = (S, 7, B) € Bg(X) is

. : idp,y s=5+
dg)? =
(ids); {0 else.

Definition 4.2 (Support and finiteness for Bg(X)). The support of an object
B = (5,7, B) in B(X) is defined to be

supp; B :=7(5) C X.
The support of a morphism ¢: (S, 7, B) — (S',7', B’) in Bg(X) is

supp,  := {(g;((s;))) ‘s €S8,seS ge supp(goi/)} CXxX.

The G-support of a morphism ¢ in Bg(X) is
suppg o= |J suppl
seS,s’'es’
We abbreviate

suppy B := supp, idg = {( m(s) )

gm(s)

s€S,ge suppa(idB(s>)}

and suppg B := supp. ids.
For a subset A of X we will say that B is finite over A, if 7=1(A) is finite. We
will say that B is finite, if it is finite over X, i.e., if S is finite.

For E,E' C X x X we call
E'oE:={(=') | 3a'with (*)) € E', (%) € E}

the composition of E and E'. We call E°P := {( )| (=) € E} the opposite of E.
The product of two subsets M, M’ of a group Gis M"-M :={g'g | ¢’ € M',g € M }.
For a subset M of G we write M ~! := {g~! | g € M} for its elementwise inverse.

’

Note that for B % B’ 25 B” in Bg(X) we have

(4.3) suppy (¢’ © ) C suppy ¢’ o (suppg ¢’ - supp, @).

Remark 4.4. We note that supp, B is not necessarily contained in the diagonal
of X x X. The category Bg(X) is additive; the direct sum comes from disjoint
unions, i.e.,

(S,m,B)® (S, «',B Yy~ (SuS,rur’,BUB).

Remark 4.5. Typically Bg(X) does not really encode information about X; any

map f: X — Y between non-empty G-sets induces an equivalence Bg(X) —
Ba(Y).

The use of Bg(X) will be as a home for interesting subcategories that we will
exhibit using additional structure on X. The general framework to determine sub-
categories of B (X)) uses the support notions from Definition [£21and the formalism
of G-control structures that we discuss in Subsection LBl
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Remark 4.6 (Functoriality). The definition of Bg(X) does not really use a G-
action on X; it is just the notion of support that makes use of the G-action. Any
map f: X — Y induces a functor f.: Bg(X) = Bg(X) with f.(S,7,B) = (S, f o
m, B).
[(SmB)=(S.fomB),  (f(p)i =93

We have suppq f«(¢) = suppg ¢ and supp, f«(B) = f(supp; B). If f is G-
equivariant, then supp, f«(@) = f*%(suppy ). If f is not G-equivariant, then
there is no general formula that expresses supp, f«(¢) directly in terms of supp, ¢,
but we have

(4.7)  suppy fily) C f**(suppy ) 0 {(5}‘{3) ‘ x € supp; B, g € suppg @}-
Thus to estimate supp, f«(¢) we need to estimate the failure of equivariance of f.
4.B. G-control structures.

Definition 4.8. Let G be a group and X be a G-set. A G-control structure on X
is a triple € = (&1, €2, €;) where
e & is a collection of subsets of X that is closed under finite unions and taking
subsets;
e &, is a collection of subsets of X x X that is closed under finite unions, taking
subsets, opposites, and composition;
e & is a collection of subsets of G that is closed under finite unions, taking
subsets, elementwise inverses, and products.

We require in addition that for M € &g, F € €, the product M - E := {(%zm') ‘ gE
M, (fv’) € E} belongs to &,.

One might wonder if the condition that €¢ is closed under elementwise inverses
is really necessary. We use this condition in the proof of Lemma 211

Remark 4.9. In our examples X will always be a topological space and the ele-
ments of &; will always have finite intersections with compact subsets of X.

Remark 4.10. In almost all our examples &g will be the collection of relatively
compact subsets of G. The only other example for 5 that we use is the collection
of all subsets of G. It will only be used in Section [I4] for the proof of the Reduction
Theorem T4

Example 4.11 (Trivial control structure). Let X be a G-set. We obtain a G-
control structure € on X, where &; is the collection of all finite subsets, &, is the
collection of all subsets of the diagonal in X x X and &g is the collection of all
relatively compact subsets of G.

4.c. The category Bg(€).

Definition 4.12. Let X be a G-set, € = (&1, €y, €;) be a G-control structure

on X, and B be a category with G-support. The additive category Bg(€) is the

following subcategory of Bg(X).

(4.12a) An object B = (S, 7, B) from Bg(X) belongs to Be(€), iff it is finite over
each point of X@, supp; B € €, supp, B € €; and supp; B € €&g;

(4.12b) A morphism ¢ in Bg(X) between objects from Bg(€) belongs to Bg(€)
iff supp, ¢ € €,, suppg ¢ € €g and ¢ is row finitd?].

261.6., m: S — X is finite-to-one

27As morphisms in Bg(X) are already required to be column finite, this means that ¢ is
column and row finite, i.e., for fixed s there are only finitely many s’ with gogl # 0 and for fixed
s’ there are only finitely many s with 4,02/ #0.
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Remark 4.13. For a smooth G-set X and the G-control structure ¢ from Exam-
ple 1Tl the category Bg(€) is equivalent to (B[X])g.

Remark 4.14 (Summands). Let B = (S, 7, B) € Bg(€). For Sy C S set Bg, :=
(So, sy, Bls,). Consider

idpy 8= so;
0 5 # S0.

Bls, = B 5 Blg, with i =7 = {
Then idg|y, = roi, supp; B|s, C supp; B, supp, i = supp,r C supp, B. Alto-
gether B|g, is a direct summand of B in Bg(€).
For Y C X we abbreviate Bly := B, -1(y).

Remark 4.15 (Corners). Let ¢: B=(S,7,B) - B' = (§',7/,B’). For Y)Y’ C X

iy/

. Y v/
we obtain summands Bly Y, B B|y and B'lys — B’ I Bl|y/ as in

’ 3 v’
Remark EETZ. We define ), as the composition Bly -5 B % B’ Z— B'|y.
Then

Vg ¥ w(s)eY,n'(s) eY;
(SQY )s =
0 else.

If (%) € suppy @Y, then z = w(s), 2’ = gn'(s') for w(s) € YV, 7'(s') € Y/,

’
x

g € suppg ¢ and g € supp goj/. Thus
(4.16) Supp, ¢§' CY' x (suppg p) - Y.
Lemma 4.17. Consider the situation of of Remark [{-15 Suppose that for all
(=') € suppy ¢ with x € (suppg @) - Y we have ' € Y. Then
iyropY =poiy:Bly —» B
Proof. We need to check that ¢ # 0 with s € 7= '(Y) implies 7/(s') € Y. If

' (s")

g (s) ) € supp, ¢. Hence

<p§/ # 0, then there is g € suppg <p§/ C suppg ¢ and so (
7'(s') € Y’ by assumption.

Remark 4.18 (Shifted copy). Let B = (S, 7, B) € Bg(€). Let 0: S — X be a
finite-to-one map. Assume that o(S) € €; and that 7 and o are €3-equivalent in

the sense that
— m(s)
E = {(a(s)) ‘ S € S} € &,.
Consider B, := (5,0, B) and

idpy s=5;

w . ’ ’
B, 5B % B, with ¢ =¢° =
Y =Y {0 s s,

Then supp; B, = 0(Sp) € €1, idg, =¥ o ¢, idg = ¢ 01, and

Supp, ¢ = {(;;((Ss))) ‘ | s € 5,9 € suppg B(s)} C supp, B o (supps B) - E € &y;
Supp, ¥ = {(g’;((ss))) ‘ | s € 5,9 € suppg B(s)} C E°P osupp, B € €.

Altogether, B, and B are canonically isomorphic in Bg(€). We call B, a shifted
copy of B.
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4.D. Quotients.

Definition 4.19. Let € = (&1, €y, €;) be a G-control structure on X. Let ) be a
collection of subsets Y of X that is closed under finite unions and taking subsets.
Suppose also that for M € €z and Y € ) we have MY € ). We obtain a G-control
structure €|y := (&1]y, €2, €g) on X where €|y :={FNY | F € &,Y € V}.

Definition 4.20. In the situation of Definition the category Bg(€|y) is a full
subcategory of Bg(€) and we define
Bo(€,Y) = Ba(€) / Ba(€ly).

Lemma 4.21. In the situation of Definition[{.19 the category Ba(€) is Ba(€|y)-
filtered, see Definition [2]1]

Proof. Let U_ 2= B 25 U, be morphisms in Bg(€) with U_, U, € Bg(€|y).
Write Uy = (S4,m4,Uy) and B = (T, p, B). Let T C T consist of all ¢, for which
there is s € S_ with (¢_)% # 0, and let T} C T consist of all ¢, for which there
is sy € Sy with (¢4)f # 0. Set Ty := T_ UT4. We obtain the summand B|r, of
B as in Remark [£T4l Clearly ¢4 factors over B|r,. It suffices now to check that
B|z, is isomorphic to an object in Bg(€|y). We now use a shifted copy of B|r,.
Choose o: Ty — X such that for every t € T there are either s € S_, g € G with
(p-)t(g) # 0 and o(t) = gr_(s) or there are s € S;, g € G with (p4);(g9) # 0 and
o(t) = (9) "7 (s). Then o is finite-to-one because ¢ is column finite and ¢’ is row
finite. Our choice of ¢ implies

E:= {(Zi‘ii) ’ te To} C suppy - U (suppg ¢+) " - (suppy ¢4 )P

Thud®] E € €, and the shifted copy (B|r,)o of Bz, is isomorphic to B, see Re-
mark L T8 By construction

supp; (B|z, )0 = o(To) C

(suppg ) - suppy (p—) U (suppg ¢4) ™" - suppy () € Y

and (B|7,)s € Ba(€ly) as required. O

Combining Lemma [.2]] with Theorem we obtain a fibration sequence
(4.22) K(Ba(€ly)) = K(Ba(€)) — K(Ba(€,))).

More general, if ) is another collection of subsets of X also satisfying the conditions
from Definition [£20] and if )}y C ), then

(4.23) K(Ba(€y, o)) = K(Ba (€, ) — K(Ba(€,D))

is a fibration sequence@. We will refer to sequences of additive categories of the
form

Ba(€ly, Vo) = Ba(€, V) — Ba(€,Y)

28Here we use in particular that €g is closed under pointwise inverses.
29@X) applies to the two vertical and the upper horizontal sequence in

Ba((€ly)ly,) —— Ba(€ly,)

| J

B (€|ly) ——— Bg(€) —— Bg(€,))

\ | ]

B (€ly,Yo) — B (€,Y0) —— Bg(€,Y)

and the lower horizontal sequence is therefore a fibration sequence in K-theory.
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as Karoubi sequences. K-theory takes Karoubi sequences to a fibration sequences
of spectra.

4.E. Excision. Let € be a G-control structure on X. Let )y and ); be two collec-
tions of subsets of X satisfying the assumptions in Definition lET9 Then )Yy N4
also satisfies these assumptions. The union of )y and ); may not, but we abuse
notation and define Yy UY; as the collection of all sets Yy UY; with Y; € );. There
is a natural functor

(424) BG(QEb}lvyOmyl) %BG(éb)ouyl,yO)-

It is not difficult to check that ([@24) is surjective on morphism sets and on isomor-
phism classes of objects, but it may fail to be injective on morphism sets. There
are different possible assumptions that guarantee that (£24]) is an equivalence. We
later use the following.

Lemma 4.25. Assume that for all Y1 € Y1, E € €, there are Yy € Yo, Y{ € W4
such that Y1 CY{ UYy and

(Y))? :={y' e X | Iy €Y with (¥ ) € E} € V1.
Then ([E24) is an equivalence.

Proof. We only need to discuss faithfulness on morphisms. Let ¢: B — B’ be a
morphism in Bg(€|y, ). Assume that ¢ can be factored in Bg(€|y,uy,) as
B X B

where X € Bg(€|y, ), i-e., supp; X € Vy. We need to produce such a factorization
over an X' € Bg(€|y,ny, ), i€, supp; X' € Yo NY;. We have Y7 := suppg ¢ -
supp; B € Y1 and E := (suppg ¢—) ! - suppy € Ea. Applying the assumption we
find Yy € o, Y{ € Y1 such that Y1 C Y/UY; and (Y{)¥ € V1. Now B = Bly; ®Bly,.
Write my;, y, : B — B for the corresponding projections. Then ¢ —gpomy; = pomy,
factors over Bly, € Bg(€ly,). This allows us to replace ¢ with g omys and ¢_ with
¢_omyy, or put differently, we may assume without loss of generality supp; B C Y.

Let now Yy C supp; X consist of all yo € supp; X for which there are y; €
supp; B and g € suppg ¢— with (g3, ) € supp, ¢, i.e., the matrix entry of ¢ for
(3?) is non-trivial. Then ¢_ factors canonically over the inclusion X|Y0/ — X. This
allows us to replace X with X|y0/. It remains to check that Yy € Vo NYy. As
Yy C supp; X € Y we have Yy € Vy. For yg € Y{ there are y; € supp; B C Y/ and
g € suppg p— with (g5, ) € supp, p—. This implies yo € (Y{)F. As (Y{)F € Yy we
now also have Yy € ). O

Lemma 4.26. Let Y and )y be two collections of subsets of X satisfying the as-
sumptions from Definition[{.19 Then the canonical functor

Ba(€ly,, V) = Ba(€ly,uy, V)
is an equivalence.

Proof. The only difference between the two categories is that the category on the
right has more objects, i.e., objects with support in ). But, by Definition, these
additional objects are trivial (isomorphic to zero). O

Lemma 4.27. Let YV, Vo, V1 be collections of subsets of X satisfying the assump-
tions in Definition[{-19 Assume that the condition from Lemmal[f.29] holds. Then

K(Ba(€lyonyr, V) —— K(Ba(€ly,, V)

| |

K(BG(ebjmy)) B K(BG(eb/kouy))



26 BARTELS, A. AND LUCK, W.

is a homotopy pushout square.

Proof. We first argue that we may assume that ) C )y N Y. Indeed, Lemma
allows us to replace )Yy with Yy U)Y and )y with Y3 U Y. It is not difficult to check
that the condition from Lemma 23] is preserved.

Now the horizontal homotopy cofibers of the above diagram are determined

by [@23) and are given by K(Bg(€|y,, Yo N V1)) and K(Bg(€|y,uy,,Vi)). The
excision result of Lemma [£.28] applies to show that the induced maps between the
homotopy cofibers is an equivalence. This implies the assertion. ([

4.F. Swindles. Let & be a G-control structure on X. Let ) be a collection of
subsets of X satisfying the assumptions in Definition Sometimes it is easy to
produce Eilenberg swindles on Bg(€,)). Often such a swindle either comes from
some map f: X — X that pushes everything to oo, as in below. We will
use the following formal result later on.

Lemma 4.28. Assume that there is a G-map f: X — X satisfying
(4.28a) for all x € X there is n such that (f°")~1(z) = 0;

(4.28b) for all Y € & we have |, f"(Y) € &5

(4.28¢c) for allY € Y we have |, oy f"(Y) €V;

(4.28d) for all E € € we have U, cn(f X f)°"(E) € &y;

(4.28¢) for all M € €¢ we have {({2)) |z € X;9€ M} € &,.
Then the K-theory of Bo(€&,)) is trivial.

Proof. For B = (S,m, B) € Bg(€) we define B® = (5%, 7%, B>) where S®° =
S x N, m*°(s,n) = f°"(s), B®(s,t) = B(s). Assumption |(4.28a)| implies that 7>
is finite-to-one. Assumption |(4.28b)| implies supp; B € ¢;. Assumption |(4.28d)|

implies supp, B> € &,. Thus B> € Bg(€).

For ¢: (S,7,B) — (S',7',B’) € Bg(€) we define ¢> by ((poo);,gt = %, As-
sumption |(4.28d)| implies supp, ¢>° € E;. As ¢ is also row and column finite
(because ¢ is), we have ™ € Bg(€). Compatibility with composition is straight
forward and we obtain an endofunctor (=) of Bg(€&). For B = (S, 7, B) € Bg(€)
let ig: B — B*> and shg: B> — B be induced by the inclusions

S = SxN, s (s0);
SxN — SxN, (st)— (s,t+1).
Clearly, ig € Bg(€). Assumption |(4.28¢)| (for M = supp B) implies that shg €
B (€). Now i@sh is a natural isomorphism (—)*°@idg, e) = (—)>. Altogether we
defined a swindle on B (€). Assumption ensures that this swindle descends
to Ba(€,)). (|

We will need a variation of the swindle from Lemma .28 where we can swindle
towards some Z € ) instead of towards oc@
Lemma 4.29. Assume that there are a G-map f: X — X and Z € Y satisfying
(4-29a) for all x € X \ Z there is n such that (f°")~1(z) = 0;
(4.29b) for all Y € €1 we have | J,,cy Yn € €1 where Yo =Y and Y11 = f(Yo\ Z);
(4.29¢c) for all Y € Y we have |, ey Yn € Y where Yo =Y and Y11 = f(Yo \ Z);
(4.29d) for all E € €5 we have |J, oy (f x f)°™(E) € €;
(4.29¢) for all M € €¢ we have {( f(»)) | © € X;9 € M} € €.
Then the K-theory of Bo(€&,)) is trivial.

300 course, Lemma 28] is implied by Lemma [£29 by taking Z = (.
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Proof. In Bg(€,Y) we have B[z = 0 and so B = B|x\z. Thus we can system-
atically get ride of everything over Z. A swindle on Bg(€&,)) can be constructed
almost verbatim as in Lemma The only difference is that we use a subset
S in place of S*°. To define this subset set Sy := S, mp := 7 and inductively
Spi1 = () " HX\ Z), Tng1 := (f om)|sny,- Then S =, S, x {n}. We
remark that 7, is just the restriction of 7 to S,, &2 S,, x {n}.

After restricting everything from S to S°°, we obtain a swindle on Bg(€,))
as before. 0

5. THE Cvcy-FARRELL-JONES CONJECTURE

5.A. Delooping. In order to formulate the Cvcy-Farrell-Jones Conjecture we will
need categories Cq(P;B) for P € PLAI(G). To prepare for their construction
in Definition later on we discuss the Pedersen-Weibel delooping of K-theory
from [45] in our set-up. Let X be a G-set. Define the G-control structure PV (X) =
(Y (X), e (X), €27 (X)) on X x N as follows.

e EVY(X) is the collection of all subsets F' of X x N for which F'N X x {t} is finite

for all ¢;
e EYV(X) is the collection of all E C N x N with

supp {|t — '] (””;‘;/) € E} < 00;
e C7V(X) is the collection of all relatively compact subsets of G.
Let Y be the collection of subsets ¥ of X x N that are contained in X x {1,..., N}
for some N (depending on Y). Let B be a category with G-support. Then
Ba(€”"(X)|y) = Ba(€”"(X)) = Ba(€™(X),Y)

is a Karoubi sequence. Applying K-theory we obtain a fibration sequence, see (£22]).
Combining this sequence with Lemma 5.1l below we obtain QK (Bg(QEpW (X), y)) ~
K(B). Lemma [Tl is standard, but the proof is instructive as we will use variation
thereof later on.

Lemma 5.1.

(5.1a) There is an equivalence Bg(€P*(X)|y) — Bg defined by (S,7,B)
®S€SB(S)7'

(5.1b) The K-theory of Bg(€P* (X)) is trivial.

Proof. If (S, 7, B) € Bg(€PY(X)), then by definition of €}V (X), for each t € N,
7YX x {t}) is finite. If (S, 7, B) € Bg(€PY(X)]y), then in addition 71 (X x {t})
is non-empty for only finitely many ¢. Thus S is finite and (S, 7, B) — ®sesB(s)
defines a functor Bg(€P¥(X)|y) — Bg. It is straight forward to check that this
functor is an equivalence.

Let f: X x N — X x N be the shift (z,t) — (z,t+1). It is not difficult to check
that f induces an Eilenberg swindle on B (€PY(X)). More precisely, Lemma
applies to f and Bg(EPY(X)). O

Recall from Subsection [[LM] that for the Farrell-Jones Conjecture for a discrete
group I' the group rings over virtually cyclic subgroups of I' play a central role. For
td-groups the K-theory of the categories Cq(P; B) will take this role. Let G be a
td-group and V € Cvcy. Our difficulty is that, if V' is closed but not open in G,
there is no inclusion of H(V; R) into H(G; R). For a category B with G-support
we can restrict to V' and only consider morphisms whose support is contained in
V. However, as the G-support is typically open this is not sensible and it is not
clear how one might exhibit a subcategory associated to V. But once we use
the (K-theoretic) deloopings B (€PY(X), V) of B this changes; Bo(€PY(X), V) has
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many subcategories. For example for any G-control structure € on X x N that is
contained in EP¥(X) we obtain a subcategory Bg(€,Y). The N-factor in X x N
allows us create G-control structures that become more restrictive with t — oo.
In our definition later on we use this to approximate V by smaller and smaller
neighborhoods of V' in G as t — oo. For the precise G-control structure we use
see Definition [£.8 later on. We will only change 5" (X) by adding what we call
the foliated control condition. (There are many possible variations for this G-
control structure; our choice is carefully tailored to enable us to prove both the
Cvcy-Farrell-Jones Conjecture for p-adic groups and the Reduction Theorem [T4.11)

5.8. Two functors to G-spaces. We define two functors PLAl(G) — G-Spaces
as follows. We recall from Subsection BDl that objects in PLAI(G) are n-tuples
(G/Vi,...,G/V,), where n = 0 is allowed and each V; is a closed subgroup of
G. Given two such objects (G/V4,...,G/V,,) and (G/V/,...,G/V,,), a morphism
u: (G/V1,...,G/Vy) = (G/V],...,G/Vy) is given by a function u: {1,...,n'} —
{1,...,n} for which V/ =V, holds®!|. The first functo, written as P — |P|, is
defined on objects by

(G/V1,...,G/V,)| :=G/Vi x -+ x G/V,.
It sends a morphism u: (G/V4,...,G/V,) = (G/V{,...,G/V.,) to the map
(1Vi, Vi) = (@u) Vi s Tuny Vi)
The second one, written as P+ |P|", is defined on objects by
IG/Vi,...,G/Vp|" =G x - x G=G".
It sends a morphism u: (G/V,...,G/V,) = (G/V{,...,G/V.,) to the map

(acl, . ,xn) — (wu(l), R ,xu(n/)).

There is a canonical natural transformation |- |* — |- | given on (G/V4,...,G/V,,)
by the map

Gx-XGE—=>G/Vy % xXG/Vy, (x1,...,25) = (x1V1,..., 2, V0).

For P € PAI(G) the action of G on |P|" is free, and we can think of |P|" — |P|
as a resolution. For the empty tuple *, both, | * | and | * |* are the empty product,
i.e., a point.

5.c. V-foliated distance. Let G be a td-group. We can equip G with a left
invariant proper metric dg that generates the topology of G, see [30, Thm. 4.5
or [IL Thm. 1.1]. Let V be a closed subgroup of G. For ¢g,¢' € G, 5 > 0,7 > 0 we
write
dv-ro(g,9") < (B,m),

iff there is v € V with dg(e,v) = dg(g,g9v) < B and dg(gv,¢’) < n. Similarly,
for g,¢' € G, B,n > 0 we write dy.o1(g,9") < (8,n), iff there is v € V with
dg(e,v) = da(g,gv) < B and dg(gv, g’) <n. We will not consider < (£, 0).

The general idea here is to treat traveling in cosets of V' different from traveling
in arbitrary directions in G. Typically, 5 will be a bounded number, whereas n will
be a small number. This definition is motivated by similar constructions for flow
spaces, see Subsection [D.11

Remark 5.2. We have dy_1(g,¢') < (8,0), iff g7'¢g’ € V and de(g,9') < B

31if p/ = 0 there is precisely one such u, if n’ > 1 and n = 0, then there is no such u.
32Unlike the second the first one factors over P.OT(G).
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Remark 5.3. Let U be an open subgroup of G. Then there is 9 > 0 such that
the np-neighborhood of U is just U. Thus for g,¢’ € G and 1 < 19 we have

dutor(g,9") < (B,n) = duial(g,g") < (B+n,0).

Remark 5.4. In our constructions of controlled categories later on (see Defini-
tion [5.9]) we would ideally like to work with a G-invariant metric on G/V. Typically
we would be interested in small distances in G/ VB Often there are however no
G-invariant metrics on G/V (and neither are there G-invariant uniform structures
on G/V'). The notion of V-foliated control on G is (left) G-invariant and will serve
us as a replacement for G/V with (a non-existing) G-invariant metric. One way to
think about this replacement is that we have to add to points in G/V choices of
lifts to G, where the choice of lifts is only relevant up to bounded distance in the
fibers for G — G/V. On the level of flow spaces this corresponds to the difference
between parametrized geodesics and their images.

5.D. P-foliated distance. There is a natural extension of V-foliated distance to
products. For P = (V1,...,V,) € PLAIG), g = (91,---+9n),9 = (91,---,0),) €
|P|N = G™ we write

dP-fol(ga gl) < (/85 77)7

iff dy;,-501(94, 91) < (B,m) for i = 1,...,n. Similarly, we write dp_t01(g,9") < (8,n),
iff dv,-to1(gi> g,) < (B,m) for ¢ = 1,...,n. Note that if P = x is the empty tuple,
then dp_s01(g,9") < (8,m) and dp_to1(g,9’) < (B,n) are empty conditions and thus
always satisfied. However, | * | is just a point so this is sensibld®d.

Remark 5.5. Remark 5.3 also applies to P € PLOp(G): if dpto1(A\,N) < (8,7)
with sufficiently small 7, then dp_t1(A, A') < (84 n,0).

We will need the following version of the triangle inequality for dp_t). Note that
in the statement § depends not on P.

Lemma 5.6 (Foliated triangle inequality). Let o > 0. Then for any € > 0 there is
§ > 0 such that for P € PLAN(G) and g,9',¢" € |P|" = G"

dpto1(9,9"), dpti(g’,9") < (a,0) = dpiai(g,9") < (2a,€).

Proof. This is an easy consequence of |(5.7b)| below. O

Lemma 5.7.

(5.7a) Let M C G be compact. For any ¢ > 0 there is 6 > 0 such that for all
9.9 € G, ve M we have

da(g,9') <6 = da(gv,g'v) <€

(5.70) Let a > 0. Then for any ¢ > 0 there is § > 0 such that for any closed
subgroup V of G and g,9’, 9" € G we haven

dV—fol(!]a!]l)adV-fol(!]I,!]”) S (06,6) — dV-fol(!];!]”) S (20{,6).
Proof. This is [6 Lem. 3.1]. O
33For V open in G we could simply work with any discrete metric on G/V, for example the

metric that put different points at distance 1. The difficulty here arises only if G/V is not discrete.
34Recall that we do not allow n = 0 when considering < (3,7)
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5.E. The category Cg(P).
Definition 5.8. Let P € PLAl(G). We define the G-control structure €(P) =
(€1(P),&5(P),€c(P)) on |P|" x N as follows:
e ¢ (P) consists of all subsets F of |P|* x N for which F'N|P|" x {t} is finite for
all t € N;

e C,(P) consists of all subsets E of (|P|" x N)X2 satisfying the following two
conditions
— bounded control over N: there is a > 0 such that for all ()‘)/\f) € FE we
have |t — /| < o
— foliated control over |P|": there is 8 > 0 such that for any 1 > 0 there is
to such that for all ¢ > tg and all A\, \/,t’ we have

(X:il) €eE = dpsa(MXN) < (8,n);

e C;(P) consists of all relatively compact subsets of G.
We write Y(P) for the collection of all subsets of |P|" x N that are contained in
|P|N x {0,..., N} for some N.

It is an exercise to check that this is indeed a G-control structure. To check that
€5 (P) is closed under composition, the triangle inequality from Lemma [56]is used.

Definition 5.9. Let G be a td-group and B be a category with G-support. We set
Ca(P;B) := Ba(€(P),Y(P)).
We will often drop B from the notation and abbreviate Cq(P) = Ca(P; B).
The assignment P +— Cg(P) is functorial in P_|_AH(G. We obtain an P AIL(G)-

spectrum

P~ K(Cq(P)).
5.F. The Cvcy-Farrell-Jones Conjecture.

Definition 5.10 (Cvcy-assembly map). Let G be a td-group and B be a category
with G-support. The maps P — * for P € PCvcy(G) induce a map

(5.11) P}el?)ggchyx(%)K(cG(P;B)) — K(Ca(x;B)).

This is the Cvcy-assembly map for B.

In light of the Farrell-Jones Conjecture for discrete groups one might expect
that the homotopy colimit in (EIT]) should be taken over Oreyey(G) instead of
PCvcy(G). However, as discussed in Subsection [[M] it is an important point that

we allow products here. On the other hand with slightly different definitions we
could use POty (G) in place of PCvey(G), see Subsection [[4.Al

Conjecture 5.12 (Cvcy-Farrell-Jones Conjecture).
Let G be a td-group and B be a Hecke category with G-support. Then the Cvcy-
assembly map (BI1)) for B is an equivalence.

Remark 5.13. By Proposition 516 below (for P = *) we have

QK (Cq(x; B)) ~ K(Bg[+]) = K(B).
If B = B(G; R), then K(B) = K(H(G; R)) and so in this case the Cvcy-Farrell-Jones
Conjecture is about the K-theory of the Hecke algebra H(G; R).

35p vy Ca(P) is not strictly functorial in PLOr(G). This can be fixed, using a construction
that will appear later in Subsection [[ZAl But for now we will ignore this.
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Remark 5.14. Let I' be a discrete group and A be an additive category with a I'-
action. One obtains a category A[I'] whose objects are the objects of A. Morphisms
A — A"in A[I'] are finite formal sums > ¢, -y where ¢ : yA — A’ is a morphism
in A. The K-theoretic Farrell-Jones conjecture with coefficients for I" concerns the
K-theory of A[']. As A[l'] is a Hecke category with I'-support in an obvious way,
one can use Proposition [3.13] and Proposition below to check that for discrete
groups the Cvey-Farrell-Jones Conjecture B.I2limplies the usual K-theoretic Farrell-
Jones Conjecture with coefficients. In fact, for discrete groups the two conjectures
are equivalent see [7, Remark 5.7].

Theorem 5.15 (Cvcy-Farrell-Jones Conjecture for reductive p-adic groups).
Let G be a reductive p-adic group and B be a Hecke category with G-support. Then
the Cvcy-assembly map (BI0)) for B is an equivalence.

The formal framework of the proof of Theorem (.15 is discussed in Section
The proof is then carried out in Sections [7] to

5.G. Relating Cq(P;B) to B[P].

Proposition 5.16. Let B be a category with G-support. There is a zig-zag of weak
equivalences between the P,Op(G)-Spectra

P QK (Ca(P;B)) and P~ K(B[P]).

We start the proof of Proposition with the following observation. Let P €
P,Op(G). As noted in Remark B0 if dp.goi(A\, N) < (B8,n) with small 5, then
dp_toi(A, A') < (84 1,0). This implies that (using the foliated control condition)
for E € €3(P) there are 8 > 0 and tg € N such that for all ¢ > ¢y and all A\, X, ¢/
we have

(/\,\/f) €eE = dpsa(\XN) < (5,0).

In the following definition we strengthen this to all ¢, not just sufficiently large
t. This produce a control structure that is discrete over |P| (with respect to the
projection |P|" — |P]).

Definition 5.17. Let P € P.Op(G). We define the G-control structure €4i5(P) =
(Qﬁ‘fis(P), QfSiS(P),QﬁdGiS(P)) as follows. We set €{i5(P) := ¢;(P), €d5(P) := ¢¢(P)
and define €35(P) to consist of all E € €,(P) satisfying in addition the following:
there is 8 > 0 such that

(Xi)er = dpamhX)<(5,0)
We define CH5(P) := Bg(€4s(P), Y(P)).
Lemma 5.18. Let P € P.Op(G).
5.18a) The inclusion CH5(P) — Cq(P) is an equivalence.
a
(5.18b) The projection |P|" x N — |P| induces an equivalence Ba (€4S (P)|y(py) —

(B[P))e- _
(5.18¢) The K-theory of the category B (€4 (P)) vanishes.

Proof. The first two are easy exercises in the Definitions. The third comes from
the standard Eilenberg swindle on Bg(€45(P)) using the shift (A, t) — (At + 1),
i.e., Lemma applie@. O

361t is instructive to note that this swindle does not work on Bg(€(P)): For ¢ € Ba(€(P))

there can be (X’f) € supp, ¢ where A and A’ have different images in |P|, i.e., there is n such

that dp_to1 (A, ') < (B,n) fails regardless of 8. Then (X’iﬂ'ﬁ) € suppy ¢ for all n and this

violates the foliated control condition over |P|", i.e., ¢ & Bg(€(P)). In other words [(4.29d)]
fails.
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Proof of Proposition [5.16. The Karoubi sequence
Ba(€M™(P)|y(p)) = Ba(C(P)) = B (€ (P), Y(P)) = C&°(P)
induces a fibration sequence in K-theory, see ([£.22]). Using we obtain a weak

equivalence QK (CH*(P)) = K(Bg (€U (P)|yp)). Now [(5.18a)] and [(5.18b)| give
the result. 0

6. FORMAL FRAMEWORK OF PROOF OF THE Cvcy-FARRELL—JONES
CONJECTURE FOR REDUCTIVE p-ADIC GROUPS

The proof of the Cvey-Farrell-Jones Conjecture for reductive p-adic groups (The-
orem [5.17)) is organized around two functors

Dg(—;B), D&(—;B) : R — Spectra.

We will define the source category below and then discuss some properties of these
functors. Theorem is then an easy consequence of these properties. The func-
tors Dg(—; B) = K(Dg(—; B)) and D% (—; B) = K(D%(—; B)) will be constructed
in Section [T as the K-theory of certain additive categories. The verification of their
properties will occupy Sections [1 to For most of these properties we can work
with any category with G-support 5. The exception is the transfer from Theo-
rem [6.7] for which we need B to be a Hecke category with G-support. Often we will
drop B from the notation and write Dg(—) = Dg(—; B) and D% (—) = D%(—; B).

6.A. C-simplicial complexes.

Definition 6.1 (C-simplicial complexes). Let C be a category. A C-simplicial
complez is a pair X = (X, C'), where X is a simplicial complex and P: simp(X)°P —
C is a contravariant functor from the poset of simplices of ¥, ordered by inclusion,
to C. A map of C-complexes (X,C) — (X', C”) is a pair f = (f, k), where f: 3 — %/
is a simplicial map and x: C — C’ o f, is a natural transformation. Here we write
fi: simp(X) — simp(X’) for the map induced by f.

The dimension of ¥ = (¥,0) is the dimension of ¥; its d-skeleton is ¢ :=
(%4, Clsimp(n4)), Where ¥4 is the d-skeleton of X.

Definition 6.2. We define R as the category of PL.All(G)-simplicial complexes and
write R? for the full subcategory of 0-dimensional P, All(G)-simplicial complexes.

We can think about R° as being obtained from P,All(G) by adding arbitrary
coproducts to P AI(G). There is a product
RxR* = R
((Z,P),(M,Q)) — (Zx M, (o,m)— P(c) x Q(m)).

We write R% for the full subcategory of RY on all (M, P) where P takes values
in PF(G). A drawback of our notation is that R ) & R°, because the empty

product * is not contained in PAI(G). However, typically F will be a proper
collection of subgroups, so this should not lead to serious confusion.

(6.3)

Example 6.4. Let F be a collection of closed subgroups of G. We write ¥ z(G) for
the following simplicial complex. Vertices of ¥ #(G) are pairs (n, V) with n € N and
V € F. Vertices (no, Vo), ..., (ng, Vi) form a simplex of ¥ (G), if and only if the
n; are pairwise distinct®]. There is an evident functor Pr(G): simp(Xx(G))°P —
PF(G) that sends a simplex o = {(no, o), .., (ng, Vk)} to (G/Vy,...,G/V}) with
ng < --- < ng, where we choose the numbering such that ng < --- < ng. We obtain
J]:(G) = (E}‘(G),P}‘(G)) eR.

37 Alternatively, £ (@) is the infinite join *neN(Uper G/F).
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We write X (G) for the subcomplex of Yx(G) spanned by all vertices (n, V)
with n < NPJ. Then $¥(G) is a proper subcomplex of the N-skeleton (Z;(G))N.
For finite F, ¥ (@) is a finite complex, while the N-skeleton (E].-(G))N is never
finite. We set JX(G) = (Eg(G),P]:(G)|Simp(2¥(g))).

We will discuss in Subsection [T.B| realization functors from R to G-spaces. The

realization |J £(G)| of J#(G) is the numerable classifying spaces for F [10, A1], see
Example This motivated the definition of J#(G).

6.8B. Coefficients of Dg. Write I: PLAIN(G) — RO for the inclusion. The un-
derlying simplicial complex of I(P) consist of one vertex which is sent to P. We
will show in Proposition [8I] that there exists a zig-zag of equivalences of PLAll(G)-
spectra between I*QD¢(—) and K(Cg(—)). To ease notation we will often abbre-
viate P = I(P) and omit I* from the notation.

6.c. Computation of Dg on R°. Let (M, P) € R°. We will show in Proposi-
tion that the canonical map

(6.5) \/ Da(P(m)) = Da((M, P))

meM

is an equivalence.

6.0. D, determines D¢. We will construct in Proposition B a diagram in
R-Spectra

Dg (=) «—— Dg(-) —— Dg(-)

I

D () «——Dg(-) — Dg(-)

N

DY,(—) —— DY(~) —— DY
whose homotopy colimit is equivalent to Dg(—).

6.E. Homotopy invariance for D%. Let M = (M, P) € R?. Let m: M x A% —
M be the projection. We obtain

Al = (M x A?, Pom,) €R.

A choice of a point 7o € |A?| determines an inclusion i: M — A%,. We show in
Proposition B.16] that i induces an equivalence

D (M) = DY(A).

6.F. Excision for D%. Let £ = (3, P) in R be d-dimensional. Assume that the
vertices of 3 are locally ordered; then any simplex of ¥ is canonically isomorphic to
a standard simplex AF. Let B be the set of d-simplices of 3. We obtaln a canonical
mapf BxA? - X, Let m: B x A¢ %BbetheprOJectlon Set & = B x A,
= p|pom, and 3 := (E P). Let £ := (f,k): & — 3 where x is defined as follows.

Let 7 be a simplex of . Then 7 is contained in {o} x A¢ for some d-simplex o of
% and we have P(r) = P(0) and f(7) C 0. We define k,: P(r) — P(f(7)) as the
evaluation of P on the inclusion f(7) C 0. Let ¥/ = (X', P’) be the (d-1)-skeleton

38 Alternatively, BY(G) = *p<n (11 pe 7 G/F).
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of ¥ and &' = (X, P') be the (d-1)-skeleton of 3. Then f restricts to f': 3/ — 3.
We write 7: 3/ — ¥ and ¢: ¥’ — X for the canonical inclusions and obtain

(6.6) s sy

lf JL

o f

X—— 3.
We show in PropositionB20 that DY (—) takes this diagram to a homotopy pushout
diagram of spectra.

6.G. Skeleton continuity of DY. Let ¥ € R. We show in Proposition 822 that
the canonical map
hocolim DX(=%) = DL(Z)
€
is an equivalence.

6.1. Transfer. We use Jcyey(G) from Example and consider

D¢ (Jevey (G) x —;B): R — Spectra.
The projections Jevey (G) X P — P induce a projection

p: D (Jevey (G) x —;B) — D& (—; B)

in R-spectra.
Theorem 6.7. Assume that G is a reductive p-adic group and that B is a Hecke
category with G-support. Then the projection p admits a section, i.e., there is
tr: D& (—; B) = DX (Jevey (G) x —; B) such that p o tr is equivalent to the identity
in RO-spectra.

Proof of Theorem [5.13 modulo properties of Dg and DY,. We need to show that
the Cvcy-assembly map

. hocolim K P K
(6.8) Aocolim, (Ca(P)) — K(Ca(*))

is an equivalence. By the equivalence from Subsection [6.Blwe can equivalently show
that

6.9 hocolim Dg(P) — D
(69) Pty De(P) = Daly)

is an equivalence. We obtain the following factorization of (6.9

(6.10) hocolim Dg(P) — hocolim Dg(M,P) — Dg(x).
PePCvey(G) (M,P)eRY,

Cvey

For fixed (M, P) € ’Rgvcy consider the canonical map

(6.11) hocolim D¢(Q) — D¢ (M, P)

QEIL(M,P)
where I denotes the inclusion PCvey(G) — Rgvcy. It is not difficult to identify (G.1T)
with (635]), which is an equivalence. The transitivity Lemma for homotopy
colimits implies now that the first map in (6I0) is an equivalence. As D¢ can
be expressed as a homotopy colimit in D%, see Subsection [6.D] the second map
in (6I0) is an equivalence if

(6.12) (A?’%gg%l. DX (M, P) — DY(x)

is an equivalence. Theorem [6.7] implies that ([6.12]) is a retract of

(6.13) hocolim DY (Jevey (G) x (M, P)) — Dg(Jcvey (G)).

(M,P)eRgch
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We now use that DY, is homotopy invariant (Subsection [6.H), satisfies an excision
result (Subsection [6.F) and skeleta continuity (Subsection [6.G]). These properties
imply that D% (vacy(G) X —) can in R%spectra be constructed as a homotopy col-
imit of functors of the form D%((MO, Py) x —) with (Mo, Py) € Rgvcy. Lemma [A3]
implies that for all (Mg, Py) € Rgvcy

w?%‘;‘é%lgl D (Mo, Po) x (M, P)) = D¢ (Mo, Po)
) Cvey

is an equivalence. Thus ([G.I3) is an equivalence and so is (6.8]). O

Remark 6.14. It is possible to show that the functor D¢, which we construct
later on, also satisfies homotopy invariance, excision and continuity exactly as DY,.
Moreover, Theorem [6.7] holds also for D¢g. Thus it is possible to prove the Farrell-
Jones Conjecture for reductive p-adic groups using only Dg. In fact, homotopy
invariance, excision and continuity for Dg can be proven in exactly the same way
as for DY. However, the construction of the transfer map tr in Theorem [6.7] is
technically easier for DY, than for D¢; this is the reason for our small detour
through DY,. The other way round, we cannot replace D¢ with DY, throughout;
the equivalences from Subsections [G.B] and [E.d do not hold for DY, in place of D.

7. THE CATEGORIES D¢ (X) AND DY(X)

In this section we construct the two functors D¢ and DY promised in Section
as the K-theory of functors Dg(—) and D% (—) to additive categories. We will need
some preparations.

7.A. Some notation for simplicial complexes. Let X be an (abstract) simplicial
complex. We write vert(X) for the set of vertices of ¥. We will write |3| for
the realization of X to topological spaces. For a simplex o of ¥ we write A,
for the simplicial subcomplex of ¥ spanned by ¢ and 0A, for its boundary. So
OA, is obtained from A, by omitting 0. For a vertex v € vert(X) we will not
distinguish between the abstract vertex v and the corresponding point v € |X|.
Any point = € [X| has unique barycentric coordinates, z =}, ¢ e (s Z(v) - v with
z(v) € [0,1], 3o evert(syy () = 1, x(v) # 0 for only finitely many v. Of course,
o= {v | 2(v) # 0} forms a simplex with x € |A,|\ [0A,|. The £*°-metrid®d on |3
is

(7.1) d®(z,2') ;== max_ |x(v) —2'(v)|.

vevert(3)
For o € simp(X) we set
U, :={z €3] |V eo:a() >0},

this is the open star of o, i.e., the union of the interiors of those simplices which
contain o as face. It is an open neighborhood of |A,|\ |[0A,|. For € > 0 we set

Ky,c:={z€|3]|Vve€o:x(v) > e}

This is a closed subset of U,. We record that the K, . get larger with decreasing €
and that U, = |J,. o Ks,e. Moreover U, is the e-neighborhood of K, . with respect
to d*°.

e>0

391 general, the topology of the £°°-metric is coarser than the weak topology on ||, but we
will mostly only use it on finite subcomplexes of 3, where both topologies coincide. Also, on finite
dimensional subcomplexes the £>°-metric and the £!-metric (that we used for example in [9]) are
Lipschitz equivalent. Using the ¢°°-metric is more convenient here, but there is no substantial
difference.



36 BARTELS, A. AND LUCK, W.

FIGURE 1. U, and K, .

7.8B. The G-spaces |X| and |X|". Write A: simp(X) — Spaces for the functor
o +— |A,| and define the realization functor

|[—|:R — G-Spaces
Y= (EaP) = A Xsimp () |P(_)|
In the construction of Cg(P) for P € PLAI(G) we used the G-space |P|" from

Subsection [5.B] thought of as a resolution of |P|. We will need a similar resolution
for |X|. Define

|-":R — G-Spaces
X=(%,P) = A Xgmpx) |P(—)|".
The projections maps |P|" — * induce a map
ps: [N = 3] = A Xsimpy *.
Let o be a simplex of . It comes with a canonical map
[Aqs| x [P(0)]" — 3"

We will write this map as (z,A) — [z, A],. Of course px([z,\],) = z. Altogether
these canonical maps define the projection

[T1ac < [P 2

which is an identification of topological spaces. For a simplex o the preimage of
Uy C |%] under ps o g is [1, ,<, (18] \ 95|A7]) x [P(7)|", where 8,|A;| =
Uncrogr 1ALl We define A -1 (|A-]\ 95]A7]) x [P(7)[" — |P(0)[" to be the
composite of the projection (|A;|\ 05|A;|) x |[P(T)|* — |P(7)|" with the map
|P(T)| = |P(c)|" induced by o C 7. One easily checks that the map

IT 2o = IT (AN sIAL) x [P()] = [P(o)]

T,0<T T,0<T

factorizes over the projection [, [A-[\ Oo|A-| x |P(T)|" — (p=)~1(U,), to a
map Ao : (px) "' (Us) — |P(0)|". We note that A, ([z,A]s) = A.

Example 7.2 (Realizations of J#(G) and J¥(G)). Let J=(G) = (££(G), Pr(G))
be as in Example[6.4l It is not hard to check that then [J#(G)| = *pen([[per G/F)
and [J7(G)|" = *nen({Iper G) = *nen(G x F) hold. The canonical projection
(Hper G) = GxF — F induces the projection py . (y: |[J7(G)|" = *nen(GXF) —
*neN(F) = [E#(G)|.

Similarly, [3X(G)] = *uen (pes G/F) and TG = tuen(lpes G) =
#n<n(G x F). In this description of points in |J#(G)|" can be written as z =
[to . (go,Vo),.. .,tN . (gN,VN)] with ti € [0,1], gi € G, ‘/1 € F where th =1. In
this notation [to - (g0, Vo), - .-, tn - (gn, V)] = [t - (g4, HY)s - - -ty - (9, HYy)] if and
only if t; =t, for i =0,...,N, and (g;, Vi) = (g}, H}) for all ¢ with t; = ¢, # 0.
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7.c. Foliated distance in |X|". We extend the notion of foliated distance from
Subsection ED to R. Let ¥ = (X%, P) € R and 3,n,¢ > 0. For 2,2’ € |Z|" we write

dE—fol(Z; Z/) < (6; m, 6);
iff the following two conditions are satisfied

(7.32) d>(p=(2),p=(2") <&
(7.3b) for all o € simp(X) with px(z) € Ky or pu(2’') € K, ¢, we require

dP(O’)—fOl ()\U(Z)) )\0(2/)) < (6, 77)

Note that the first condition implies that if px(z) € Ky or ps(2’) € Ky, then

both, ps(z) and px(z'), belong to Uy, and both, A,(z) and A,(z’), are defined.
We note that this definition is compatible with restrictions to subcomplexes.

More precisely, let ¥’ C X be a subcomplex and let X' := (X, Plgmp(sr)). If o is

a simplex of ¥/, then KE; =¥'nN KE@ where the upper index indicates in which

complex we form K, .. Thus for z, 2’ € |[¥/|" C |X|" we have dsy_101(2, 2") < (8,1, €)
iff dZ—fol(Z; Z/> < (ﬂa m, 6)'

Remark 7.4. Recall that we think of V-foliated distance on G as a way to get
around the problem that there may not exist G-invariant metrics on G/V, see
Remark 5.4

Given ¥ = (%, P) € R, we would ideally like to equip the G-space |X| with a
G-invariant metric (and as for G/V we would be interested in small distances in
|3]). However, this space can have isotropy groups for which the orbit G/V admits
no G-invariant metric and then neither does |X|. The notion of foliated distance
in |[X|" is our replacement for | 3| with (a non-existing) G-invariant metric. A way
to think about this replacement is that we add to points in |3| a choice of lift to
|3|", where the choice of lift is only relevant up to bounded distance in the fibers
for |X|N — |X|. Alternatively, we can think of this as adding to points in |X| a
choice of lift to |X|", where the choice of lift is only relevant up to foliated distance
in the fibers for ps: |Z|N — |2

Remark 7.5. One should think of ds 01(2, 2") < (8,1, €) as a two stage condition.
The first stage just uses the images of z, 2’ in |X| and requires their distance to be
< e. For general z and 2’ we can not compare the two fibers for px;: |2|" — || con-
taining them. But whenever one of z and 2’ projects into Ky ¢, then A;(2), Ao (2') €
P(0) are both defined and we require dp(q)-fo1 (Ao (2), Ao (2")) < (B,7) in the second
stage of the condition.

We point out the following detail about the second stage. Recall K, C U,.
One might be tempted to require dp(,)-t01(Ao(2), Ao (2')) < (8,7) whenever both z
and 2’ project into U,, as this suffices for A\,(2), \,(z") to be defined. However, if
neither z nor 2z’ projects into K, . (but their images in |X| are close), then both z
and 2’ are close to p5' (JA,|) for a simplex 7 (of smaller dimension than ¢) and in
passing from 2 to 2’ one might take a short-cut through p'(|A,|) and mostly avoid
p5'(|As|). Thus in this situation dp(s)-o1 (Ae(2), Ao (2)) is not necessarily relevant
in comparing z and z’. Requiring that that at least one of z and 2z’ projects into
K. avoids this problem.

More formally, our formulation of|(7.3a)|and|(7.3b)[guarantees (using Lemma[5.6))
the following version of the triangle inequality. Given 5 > 0, n > 0 there is p > 0
such that for € > 0, 2,2/, 2" € |X|" we have

dsto1(2,2") < (B, p,€), dsso1(2', 2") < (B, p,€) = dssoi(z,2") < (28,1, 2¢).

Example 7.6 (Foliated distance for J%(@)). For J¥(G) = (£%(G), P(G)) from
Example we can use the join description of [J¥(G)|" = x,<n(G x F) from
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Example to unravel the definition of the foliated distance as follows. Let z :=
[to - (90, Vo)., tx - (gn, V)], 27 o= [tG - (90, V0)s- -ty - (9, V)] € IR (G
Then dyy (g)-g01(2: 2') < (8,7, €) if and only if

(7.6a) |t; —t;| < e for all 4;

(7.6b) for all ¢ with max{t;, ¢} we have V; =V and dy,t01(9:, 9.) < (8, 7).

7.0. The G-control structures D(X) and D°(X). Let ¥ = (X, P) € R. In the
following definition we will define a control structure ®(X) on |X|" x N*2. The
two N-directions will be used to encode two different control conditions. The first
factor will be used to encode a foliated control conditions over the P(c), that is
compatible with €(P(c)). The second N-factor will be used to encode an e-control
condition over |X| with respect to d*°. In particular Definition [[77lis not symmetric
in tg and t;. The remarks following the definition provide some discussion and
motivation.
We will use the /!-norm |(to,t1)| = to + t1 on N*2.

Definition 7.7. Let ¥ = (3, P) € R. We define the G-control structure D(X) =
(D1(2),D2(%),D¢(E)) on the G-space || x N*2 as follows.
(7.72) D1(X) consists of all subsets F of |X|" x N*?2 satisfying the following con-
ditions
e Finiteness over N*2: for all t € N*2 the set F'N |X|" x {t} is finite;
o Compact support in |X|: for every to € N there exists a finite subcom-
plex ¥y of ¥ such that F'N |E[" x {to} x N C pg'(|Zo]) x N*2;
o Finite dimensional support: F C |Z|" x N*2,
(7.7b) D3(X) consists of all subsets E of (|X[" x NXQ)X2 satisfying the following
conditions
e Bounded control over N*2: there is a@ > 0 such that if (zz/:g) €k,
then |t — /| < «;
® Foliated control over X: for any € > 0 there is kg € N such that for all
to € N>, there is 8 > 0 such that for all n > 0 there is k; € N such
that for all t; > N>y, and all 2,2’ € |[S|", ¢/ € N*2, with ¢ := (to,t1)
we have

(i:g) €E = dz‘f(’](z’zl) < (6)77’6);

(7.7¢) D¢ (X) consists of all relatively compact subsets of G.

It is an exercise to check that this is indeed a G-control structure. To check
that ©5(X) is closed under composition, the triangle inequality from Remark
is used.

We define the G-control structure D°(X) = (DY(X),D(X), D%(X)) as follows.
Set D(X) := D1(X), DL(X) := Dg(X). We define DY(X) to consist of all E €
D7(X) satisfying

Remark 7.8. Using quantifiers the foliated control in Definition [[.7] reads as
Ve > 0 Fko Vg > ko 36 > 0Vn > 0 Ik, V(t1 > kl,z,z’,f) we have

(i:g) €EF = dg_fol(z,z’) < (ﬁ,n,e),

)eE = t' =t

I+ 1o+

Remark 7.9 (e-control over |X|). The foliated control condition in Definition [T.7]
implies that for any € > 0 there is kg such that for all ¢y > ko there is k; such

that for all ¢t1 > k; and all z,2’,¢ with (ZZ/?) € FE for t = (to,t1) we have
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d>(p=(z),ps(2’)) < e. A possible shape of a region in the N*%-plane where e-
control holds for a fixed € > 0 is illustrated in Figure

k1 = ki(e to) +

| |
T T

k‘o = k’o(e) to

FIGURE 2. Where we have e-control.

Remark 7.10 (e-control and excision). It is mostly the e-control from Remark [0
that guarantees that K(D%(—)) as defined below is excisive as required in Propo-
sition This is analogous to many other similar results in controlled topol-
ogy/algebra, see for example the construction of the homology theory associated to
the K-theory spectrum of a ring by Pedersen-Weibel in [46].

Remark 7.11 (Foliated control over P(o)). The foliated control condition in Defi-
nition [ includes a second stagd] that implies that for certain z, 2’ € |%|” we have
dp(o—)_fol()\o—(z), )\g(z’)) < (B,m). See also Remark [[5l where ds 501(2, 2") < (8,1, €)
is explained as a two stage condition. Figure B illustrates where this (3, n)-control
applies along a vertical ray in the N*2 plane for fixed € > 0 and to. Here 3(to) is
fixed along the ray and n(to,t;1) — 0 with ¢; — oo.

(B(to),n(to,t1))-control
at (to N tl)

ki = ki(e to) +

] Il
T T

ko = ko(e) to

FIGURE 3. Where we have (3, n)-control.

Remark 7.12 (On non-uniform compact support). An important aspect of Def-
inition [[7 is that the compact support condition in [(7.7a)| is not uniform over all

40The first stage is the e-control condition discussed in Remark [9]
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t € N*2, This creates some difficulties in the computation of Dg(M) for M € R
in Proposition (which would be easier using a uniform compact support condi-
tion). But the non-uniformness will be crucial for the construction of the required
transfer in Theorem BA-). The construction of the transfer depends on certain
maps X — |Jeyey|” where X is the extended Bruhat-Tits building associated to G,
see Theorem [D.Il The construction of these maps uses an intermediate step maps
X — FS(X), where FS(X) is the flow space associated to X, see Subsection [D.I11l
In the construction of these latter maps the geodesic flow on FS(X) is used for
arbitrary long times. Roughly, this has the effect that the images of X in FS(X)
are spread out over large parts of F.S(X) and ultimately we do not have uniform
control over the images of the maps X — |Jevwey|". This forces us to work with
the non-uniform compact support condition over |X|. This is also the reason for
the non-uniform nature of €;(P) in Definition B8 The non-uniformness of this
compact support condition in turn force us to work with P-foliated control over
|P|" instead of continuous control of | P|, compare Remark [5.41

Remark 7.13. In contrast to the compact support conditions, the finite dimen-
sional support condition is uniform in N*2. This is crucial for (and directly implies)
the skeleton continuity of DY, in Proposition 22

Definition 7.14. For 3 € R we define Y(X) as the collection of all subsets Y of
|Z|" x N*2 satisfying the following condition: there is ko such that for each ¢y > ko
there is k1 with

Yn |2|/\ x {to} x N>y, = 0.

Definition 7.15. Let B be a category with G-support. For X € R we apply
Definition and define

Da(3;B) = Ba(®(%),V(X));
D%(E;B) = BG(QO( ,y(z)

Often we drop B from the notation and write Dg(X) = Dg(X; B) and D(X) =
DY (X; B).

Remark 7.16. The category Dg(X) can be described slightly more explicit as
follows. Objects of Dg(X) are objects of Bg(®(X)). Morphisms in Dg(X) are
equivalence classes of morphisms in B (D(X)), where ¢,v: (S, 7, B) — (5', 7', B)
are identified, if and on if there is Y € Y(3) such that

= 1/):
whenever s € S, s’ € S’ satisfy 7 (s),7'(s') €Y.

Remark 7.17 (D%(X) as sequences). An advantage of D (X) over D (%) is that
it admits the following description. For t € N*? we can restrict to |X|" x {t} and
obtain a functor

rese: Ba(D°(X)) — Ba(|=[")

Write [ yx2Bc(|E]") for the following category. Objects are sequences (By) x>
of objects in Bg(]%]"). Morphisms are equivalence classes of sequences (¢¢)enx2
of morphisms in Bg(|X]"), where two sequences (¢¢)ienx2, (#})renx2 are equivalent

41This issue comes also up in proofs of the Farrell-Jones Conjecture for certain discrete groups,
but somewhat less visible. For example the category DE(Y; A) in [J, Sec. 3.3] does use a uniform
compact support condition, but the proof later also uses the category OF (Y, (Zn, dn)nen) where
the compact support condition is not uniform in n € N.
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if there is ko such that for any to > kg there is k1 such that for all ¢; > k; we have
©Pto,t1 = Wto,t,- The above restrictions combine to a faithful functor

(7.18) D) = [] Ball=I).
NX2

A sequence B = (By);cnx2 of objects in Bg(|3|") is in the image of (ZIF), if and
only if the following four conditions are satisfied:

(7.18a) supp,; B = {(2,1) | z € supp, B¢} € DY(X);
(7.18b) supp, B = {(ZZ/E) ’ (%) € supp, BL} € DY(2);
(7.18¢) suppg B = U enx2 suppe Be € D(2);

(7.18d) By is finite for all 4.

A sequence of morphisms is in the image of (I8 if and only if it is equivalent to
a sequence (¢¢)¢enx2 of morphisms in Bg(|X|") satisfying

(7.18¢) supp, ¢ = {(Z) | (%) € suppy o1} € DY(D);
(7.18f) suppes p = ULENX2 suppg; ¢t € DL (X).

For ¥ = (X,P) € R and Q € PLAI(G) we have ¥ x Q = (X,0 — P(0) x Q) as
a special case of (G3). Note that |X x Q| = |Z|" x |Q|".

Lemma 7.19. Let ¥ € R and @ € PLAI(G).
(7.19a) For F € DY(X), F' € DY(M) we have

{(z A0 ] (1) € (N 1) € F'} € D](3 x Q);
(7.19b) For E € ®(X), E' € D$(M) we have
()] (z0) < (1) £} emtmcan
Proof. This is an easy exercise in the definitions. ([

Definition 7.20. For a category B with G-support we define the two functors
D¢ (—; B), D4 (—;B) : R — Spectra by

D¢ (Z;B) :=K(Dg(2;B)) and DY(E;B) := K(Dg(Z;B)).
We often abbreviate Dg(—) = Dg(—; B) and D% (—) = D%(—; B).

8. PROPERTIES OF Dg(—) AND D%(—)
8.A. Computation of Dg(P). We write again I: PLAI(G) — R for the inclusion.

Proposition 8.1. There is a zig-zag of equivalences ofPr All(G)-spectra between
I'QK(Dg(-)) and K(Cg(-)).
The proof of Proposition 1] will need a preparation.

Definition 8.2. Let P € PLAI(G). Let Vy(P) be the collection of all subsets Y of
|P|™ x N x N that are contained in |P|* x N x {0,..., N} for some N (depending
on Y). We define

DENP) = Ba(®(P)lyp), Yo(P));

DF'(P) = Ba(®@(P),)(P)).
Here Y(P) is from Definition [[.T4l

42This condition comes from the finite over points condition in [(4.12a)|and the finiteness over
N*? in [(7.7a)]
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As Dg(P) = Ba(®(P),Y(P)) and Yo(P) C Y(P) we obtain a Karoubi sequence
(8.3) Din(P) — D¥(P) — Dg(P).
Lemma 8.4. Let P € PLAI(G).
(8.4a) The inclusion |P|" x N — |P|» x NX2_ (\,t) = (), 0,t) induces an equiva-

lence Cg(P) — Din(P);
(8.4b) The K-theory of DY (P) vanishes.
Proof. The first statement is an easy exercise in the definitions. The second comes
from a standard Eilenberg swindle on D (P) using the shift (A, to,t1) — (X, to +
1,t1); formally we use Lemma 28 Let P € PLAI(G). Let ¥ € RY be the object
whose underlying simplicial complex consist of one vertex which is sent to P, i.e.,
3 = I(P). Now the point is that for z, 2’ € |X|* = |P|" we have for any € > 0
dsgo1(2,2') < (Bime) = dpia(2,2') < (B,m).

Thus the conditions in [(7.7b)| are constant in the first coordinate. This is used
to verify |(4.29d)} the other assumptions of Lemma (28] are straight forward to
check. 0

Proof of Proposition[81]. The Karoubi sequence (83) induces a fibration sequence
in K-theory, see ([£23). Thus|(8.4a)| and |(8.4b)| give the result. O

8.B. Computation of Dg(—) on R°.
Proposition 8.5. Let M = (M, P) € RY. The canonical map
\/ K(Da(P(m))) = K(Da(M))
meM

is an equivalence.

The proof of Proposition requires some preparations.
Definition 8.6. Let M = (M,P) € R". We define the G-control structure
D4s(M) = (D{(M), DJ(M), D&(M)) as follows. We set DI(M) := D1(M)
and DI (M) := Dg(M). We define D35(M) to consist of all E € Do(M) that
are O-controlled over M, i.e., satisfy the following. Let (’\;\{) € E. Write m and

m' for the images of A and X in M under the projection |1\7/I|A — M. We require
m=m'.

Let Yo(M) be the collection of all subsets Y of |[M|" x N x N that are contained
in [M|" x Nx {0,..., N} for some N (depending on Y). We define

DEYI M) = Ba(@U (M), Yo(M));
DI (M) = Ba(®U(M), Yo(M));
DIS(M) = Be(@%(M), Y(M)).

Remark 8.7. The e-control aspect of the foliated control condition in|(7.7b)[implies
that for all £ € D2(M) there is Y € Y(M) such that

ENY xY € D95(M).
Lemma 8.8. Let M = (M, P) € R°.
(8.8a) The canonical map
dis,fin ~ dis,fin
P D& (P(m)) = D™ (M)
meM

is an equivalence
(8.8b) The K-theory of DdGlS’SW(M) vanishes.
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(8.8¢) The inclusion DIS(M) — Dg(M) is an equivalence.

Proof. The first statement follows from the compact support condition over |X| =
M in and the fact that we have 0-control over over M. The second statement
uses the Eilenberg swindle on D&**™ (M) induced by the map (\, to, 1) — (X, o +
1,%1), see Lemma To verify |(4.28d)| it is again important that 0-control over
B is in ©%5(M) enforced for all ¢y € N4, The third statement is an easy exercise
in the definitions and uses the observation from Remark B ]

Proof of Proposition[8. By it suffices to prove the assertion for D& in place
of Dg. The Karoubi sequence

DE*™(M) — D> (M) — D& (M)

induces a fibration sequence in K-theory, see (£23). Using |(8.8b)| we obtain an
equivalence QK (D& (—)) = K(DdG‘S’ﬁn(f)). Thus it suffices to prove the assertion
with Dcci;s’ﬁn in place of D&, In this formulation the assertion follows from [(8:8a)|

([

8.c. The K-theory of D% (X) determines the K-theory of D (X).
Proposition 8.9. There exists a diagram in R-Spectra
K(Dg(-)) —— K(Dg(-)) — K(Dg(-))

| | |

K(Dg(-)) ——K(Dg(-)) — K(Dg(-))
| | |
K(Dg(-)) —— K(Dg(-)) — K(Dg(-))
whose homotopy colimit is equivalent to K(Dg(—)).
The proof of Proposition requires some preparations.
Definition 8.10. We define the G-control structure
DA(Z) = (97(2). 05 (%), D5 (%))

as follows. Set DP(X) :=D1(X), DE(T) := D (X). We define D5 (X) to consist
of all E € ©,(3) satisfying
( Zz:’fé’jf) €EE = ty=1t.

We set
DE(X) == Ba(D°(%), V().

Note that D(E) C D5 (X) € D2(X) and so D% () C DE(E) C Dg(Z).

Lemma 8.11. There are homotopy pushouts in R-Spectra

K(Dg(-) — K (Dg(-)) K(D&(-)) — K(Dg(-))
K(Dg(-)) — K(DE(-)) K(D&(-)) — K(Da(-))-

43Neither nor [(8.8b)] hold if we use D(M) instead of Dis(M)
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We will only give the construction of the right homotopy pushout square in
Lemma B1T} the construction of the left homotopy pushout square is entirely anal-
0gous.

Definition 8.12. For X C N let YX(X) be the collection of all subsets of [2|" x
X x N. We define

DZ(®) = Be(®(B)|yx (s, V().

The definition amounts to replacing |[X|" x N x N with |¥]" x X x N. Note that
because of the bounded control requirement over Nx N in[(7.7b)|the category D (%)
depends on X with the metric it inherits from N. In particular, the properties of
D& (%) depend on the coarse structure of X.

We now choose natural numbers 0 = ag < a1 < ag < ... such that a,41 —a, —
oo as n — oo. We set

A = [ao,a3]U[a4,a7]U[a8, an]U[alg,alg,]U...;

B = [aQa a’5] U [aﬁa a9] U [alo, als] U [a14, a17] U...,
where [a, b] is the discrete interval {a,a + 1,...,b}. The point is that each of the
three sets A, B and AN B is the infinite union of intervals, where both the length
and the distance between successive grow to co. We have
(8.13a) for any r there is R such that for a € A\ B and b € B we have either

a,b<Ror|b—a| <

(8.13b) for any r there is R such that if |a; — aj| < r and a; # aj, then a;,a; < R.

Lemma 8.14. The square

K(Dg"?(-)) — K(Dg(-))

| J

K(D&(-)) —— K(Dg(-))
is a homotopy pushout square in R-Spectra.

Proof. Let 3 € R. We check that Lemmald.27 applies to the above square evaluated
on 3. Let Y4 € YA(X), E € D2(X) be given. Set Y := Y4 N (|E|A x B x N) and
Yi:=Ya\|Z|" x BxN. Then Y4 € YA(X), Y € YB(Z) and Y4 = Y, U Y5.
The bounded control condition from together with implies that there
is R > 0 such that for all (z,%,t1) € (Y})F we have ty € A or t; < R. Thus
(Y1) € YA(2) and Lemma 2T applies. O

Lemma 8.15. In R-Spectra, the functors K(D&"5(-)), K(D&(-)), K(D&(-))
are all equivalent to K(DE(—)).

Proof. The argument is almost the same in all three cases. We treat K(Dg(—)).

Let Ag := {ao, a4, as, a12,...}. We claim that for any X € R

(8.15a) the bijection N — Ag, i — a4; induces an equivalence DZ(X) — D& ()
of categories;

(8.15b) the inclusion Ay — A induces an equivalence Dé"(Z) — DA(®) in K-
theory.

Clearly, [(8.15a) and [(8.15b)| together give us an equivalence K(DZ(—)) — K(DZ&(-
).

The difference between D-5(X) and D(X) is that for (Z/’té’tll) € F e Dy(X%) we

’
z,to,ty

can have t{, # to, while this does not happen for D3 (X). However, if ty = a; and
t, = ay then|(8.13b)|implies that either to = ¢ or to, t(, are bounded. More formally,
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for E € D5(X) thereis Y € Y(E) such that (E\Y xY)N(|Z|" x 4gxN)** € D(%)
and from this it is not difficult to verify |(8.15a)
The Karoubi sequence

DZ(E) = DA(E) = Ba(D(B)]yacs), YA (2))

induce a fibration sequence in K-theory, see [£.23). To prove [(8.15b)| it suffice
to show that Bg(D(X)|ya(s), V4°(X)) admits an Eilenberg swindle. Set Z :=
|X|" x Ag x N. Consider f: || x A x N — |Z|" x A x N with

(Z,to,tl) to € AO
(Z,to*l,t1> tong.

It is not difficult to check that Lemma applies and we obtain a swindle on
BE(E(Z)]yas), Y (E)). Ba(€()|yacs), V(). O

f(Z, to,tl) = {

Proof of Lemma[811. The existence of the right hand square follows directly from
Lemma R T4 and Lemma [R5l The left hand square can be constructed by a similar
argument. O

Proof of Proposition[§.9. This follows from Lemma B.IT] O

8.D. Homotopy invariance for D%. Let M = (M, P) € R. Let m: M x A" —
M be the projection. We obtain A, = (M x A?, Por,) € R as in Subsection [6.El
A choice of a point zg € |A4| determines an inclusion i: M — Ag,.

Proposition 8.16. The inclusion i induces an equivalence
K(D%(M)) = K(DE(AL)).

Proof. We have |A%|N = M| x |A]. Let Y(z0) be the collection of all subsets
of  M|" x {z} x Nx N C |A%|" x N x N. Then D%(M) = Be(D°(M), Y(M)) is
equivalent to Ba(D°(ALr)|y(xe), V(AY)). We obtain a Karoubi sequence

Ba(D(Al) [y (o) Y(AR)) = Ba(D°(Ady), Y(AY,))
— Ba(D°(Aly), Y(Ajy) U Y(wo))

as in ([{23). It suffices to show that the K-theory of right most category of this se-
quence is trivial. To this end we produce an Eilenberg swindle and use Lemma [£.29]
with Z = [M|" x {z¢} x N xN. The point of the swindle is that we can contract |A?|
linearly to {zo}. The e-control part (see of the foliated control condition
in requires a bit of care here: with increasing ¢ty we need to push slower and
slower. More precisely, we construct f: |[M|" x [AY x Nx N — [M|" x |A4] x Nx N
as follows. Write f;,: |A?| — |A?| for the map that sends x to the point 2’ on the
straight line from x to xg in |A?|, whose distance from z is min{1/to, d(z,zo)}. We
can set

f()\, Z, to,tl) = ()\, fto (m), to,tl).

The foliated control condition in also involves foliated control over |(P o
m)({m} x o)| = |P(m)|" for each m € M, see The map f preserves
this condition, because f acts as the identity on the |M|"-coordinate and because
|(P o m)({m} x o) depends on m but not on o (otherwise the passage from a
subsimplex to a larger simplex could create problems). With this observation it is
not difficult to check that the assumptions of Lemma are satisfied. O
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8.E. Excision for D% (—). Let ¥ = (X,P) € R be d-dimensional. Let ¥’ =
(X', P') be its (d-1)-skeleton. For W C || we let |W|" be the preimage of W
under | X 2Z5 |3 and define Yy as the collection of all subsets of |[W|" x N*2,
We set
D" (%) i= B (D () ly, Y(3)).

ie., D(C)T:W(E) is the full subcategory of D%W(E) on all objects whose support is
contained in [W|" x N*2. Setting J}}, := Yw U Y(X), we can apply Lemma
to conclude that D%W(E) is canonically equivalent to Bg (@0(2)|yv+v , V(2)).

Fix 0 < e < 1/(d+1). Let N be the (ope) e-neighborhood of |¥'| in |3
(always with respect to the [°°-metric). The choice of € guarantees |¥'| C N C |X].
Let M be the complement of the ¢/2-neighborhood of |¥'| in |3|. Thus || = NUM.

Lemma 8.17. The functor D%(X') — DG (X) induced by the inclusion &' — %
yields an equivalence in K-theory.

Proof. First note that the inclusion £ — X induces an equivalence D%(X') —
Dg'z ‘(E). We have a Karoubi sequence

Bo(D°(Z) |y, V(B)) = Ba(D(Z)|yy, V(X))
= Ba(@°(lyy . Y(E)U Vi)

as in ([@23). The first map can be identified with D%*(2) - D%Y(X). Thus
we need to show that the K-theory of the third term is trivial. To this end we
will use Lemma to construct an Eilenberg swindle on Bg(D°(2)|y(n), V(E) U
Ys)- The swindle will be similar to the one constructed in the proof of homotopy
invariance in Proposition This time we swindle towards |¥'|" in |[N|". Let
Z = |¥'|"xNxN. Let p: N — |¥'| be the radial projection, i.e., if o is a d-simplex
of ¥ and x € N N|A,|, then p(x) is the unique point in |[0A,| such that z lies on
the straight line between p(z) and the barycenter of o. Let f;(x) be the point on
the straight line from x to p(x) of distance min{1/(¢t + 1),d(x,p(x)) from z. Let
2NN = |N|™ be the map that sends [z, A, € |[N|" to [fi(z),A],. We now
define f: [N|® x Nx N — [W|" x N x N by
f(Z, to, tl) = (ft/\o’ to, tl).

It is not too difficult to check that the assumptions of Lemma are satisfied.
As in the proof of Proposition BI6] it is important here that f; pushes less with
increasing t, in order to preserve the e-control part (see of the foliated control
condition in As f; pushes linearly towards the boundary of |A,|, it does
preserve the sets K, from With these observations it is easy to control the
interaction of f with the foliated control condition in O

Proposition 8.18. The diagram
Dg"™ (%) — Dg (%)

| |

0,N
D™ (B) —— Dg(®)
s a homotopy pushout.

Proof. It is not difficult to check that Lemma applies, where we use )y :=
JJ;, Y = JJIJV} and observe that Yo N Y1 = Yunn and that, as [X] = M U N,
DY (E)|yyony = DE(X). To verify that the assumption from Lemma 125 (as

4We could equally well work with closed neighborhoods.
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required in Lemma [.27) is satisfied, observe that the distance between points in
M\ N and in N\ M is uniformly bounded from below by some § > 0. Let Y; € Yy,

and E € DY(X) be given. The e-control requirement in for E gives us some
ko € N such that if (Zzlj(f’,flll) € E with ty = t{, > ko, then the distance of px(z)
and ps(2’) in |¥] is < d; in particular px(z) and pxs(z’) are either both in M or
in N. Then with Yy := |Z|" x Nggy € V() C Yy, Y/ :== Y1\ Y1 € Yy, we have
(Y))* € vy D

Let now 3 = (i,ﬁ) be as in Subsection [G.H, i.e., S =B x A? where B is the
set of d-simplices of . We can also apply the previous definitions to 3 and obtain
N, D%M(i) and so on.

Lemma 8.19. The functors
DMV (E) 5 DIMV(2)  and DEM(E) - DLM ()
induced by the projection S5 are equivalences.

Proof. The projection |3 EN 5| restricts to an bijection M — M. The restrictions
of the [°-metrics of || and |¥| to M and M are different, but agree on path
components. Moreover, in both cases the distance between points in different path
components is bounded from below by a universal constant (depending only on d).
With these observations it is not difficult to verify the assertion. O

Proposition 8.20. The diagram

(8.21) K (DY () — K (D(E))

~ f, \
K(Dg(®)) —— K(Dg(2))
obtained by applying K-theory to ([€.0) is a homotopy pushout diagram.
Proof. Consider

Dy V(E) —Dg"(E)  DETYE) — D)

I

D%V (S) — - DYU(S

) )
@ [ J )
) )

D¢ (8) —— Dg(Z Dg" (£) —— Dg(%)

— e

We will argue that (2) is a homotopy pushout in K-theory. This will give the
assertion of the proposition, as Lemma BT (which also applies to ) allows us to

~ ~

replace D™ (2) with D(X) and DEY () with D%(X’). (Note that the positions
of the right/top and left/bottom corners in ([821)) and in (2) are switched.)
Proposition 818 (which also applies to EAJ) tells us that (1) and (4) are homotopy
pushouts in K-theory. Lemma implies that (3) is a homotopy pushouts in K-
theory as well. As the combinations of (1) with (2) and (3) with (4) agree, this
implies that (4) is homotopy pushouts in K-theory. O
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8.F. Skeleton continuity of D% (—).

Proposition 8.22. For any ¥ € R the canonical map
hogoll]imK(DOG(Ed)) — K(Dg (D))
€
is an equivalence.

Proof. The finite dimensional support condition in Definition [[7] directly implies
that D% (X) is the directed union of the D% (X%) and this gives the result. O

9. OUTLINE OF THE CONSTRUCTION OF THE TRANSFER

We now assume that B is a Hecke category with G-support. As before we
abbreviate D (X) = D(X; B). Theorem [6.7] asserts that the maps

(9.1) KDY (Jevey (G) x M) 25 KD (M)

induced by the projections Jeyey (G) X M — M admit sections trys that are natural
in M € RY. In this outline we will concentrate on the case where M = x is the
terminal objec in R; the general case requires no real additional input.

9.A. Sequences. To construct a section to (@) for M = x we will work with finite
chain complexes and construct a homotopy coherent™ functor

(9.2) D (*) — chan Idem DE (Jevey (G))-

We use the sequence description of DY, (2) from Remark [[.I7 as a subcategory of
[T yx2Bc(|Z|"). We will for each t € N*2 construct a (homotopy coherent) functor

]4:‘2: Bg(*) — chgn (Idemlgg(wcvcy(G)V\))

such that their product

[T E: Bat+) » [ chan (Idem Be(|Jewey (G)"))
NXZ N><2

restricts to the desired functor (@.2). This boils down to verifying the condi-
tions |[(7.18a)l [(7.18b)} [(7.18¢)L [(7.18d)L [(7.18e)l [(7.18¢)| spelled out in Remark [.T7

Objects in DY (*) are sequences B = (By);enx2 of objects in Bg(x), such that
suppe B: € K for all ¢ for some compact subset K that does not depend on ¢.
(In fact, we will pass to a subcategory of Bg(*), and have a bit more control over
the suppg By.) Write (E4(B;)), for the n-th chain module of F;(B;). In order for
H'N“Ft to restrict to the desired functor, we will, among other things, require
that supp; (Fy(By))n C |Jevey (G| is finite for all ¢ € N*2. Morphisms in D% ()
are (equivalence classes of) sequences of morphisms ¢ = (¢¢)ienx2 in Bg(x) such
that suppg ¢r € K for all ¢ for some compact subset K that does not depend

on t. In order for H/NX2F£ to restrict to the desired functor, we will, among
other things, need to verify the foliated control condition from This means
roughly the following. Given a compact subset K of G we need 8 > 0, n¢, e > 0
for t = (to,t1) € N*2 with 1, — 0 as t; — oo (for fixed to) and €; — 0 as ty — oo
(uniform in t1), such that if ¢ is a morphism in Bg(x) with supps ¢ C K, then

() €suppy Filp) = dxol(z,2)) < (B, 1, ).

Bie, = (A, #P_AI(G))-
463ee Appendix
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These two required properties, finiteness for objects, and foliated control for mor-
phisms, are in tension with each othe. Let X be the extended Bruhat-Tits
building associated to G. The functors F} are constructed as a composition

Ba(¥) —5 chgy Idem Bo(X) 2% chgy (Idem Be (|Tevey (G)[))
where the F} are given by a tensor product with certain complexes over X and
ft: X = |Jevey (G)|" are certain maps. We give a brief outline for both below.

9.B. The diagonal tensor product. Given two smooth G-representations V', W
we can equip V ® W with the diagonal action g - (v ® w) = gv ® gw. We obtain a
functor
V®—: Rep(G) — Rep(G)

on categories of smooth representations. If the underlying vector space of V is
finite dimensional, then this functor preserves finitely generated and projective
representations. If V' is the permutation representation of a smooth G-set X, then
for Hecke category B with G-suport this can be generalize to

Y®—: Bg(x) — Idem Bg(x).
Moreover, a map c¢: % — X determines a lift of this functor to
(3,¢) ® — : Bg(x) — Idem Bg(X).

In Subsection M.l we define a Z-linear category S&(X), whose objects are pairs
(3, ¢) as above, and in Subsection [[T.d we obtain a functor

—®—: SYX) x Bg(x) — IdemBg(X).

The functor (3, ¢) ® — will provide a splitting for Bg(X) — Ba(*) it ¥ = G/G, but
this does not give us enough flexibility to construct a sequence F; that will satisfy
the foliated control condition from|(7.7b)l We can view the singular chain complex
S.(X) of X as a chain complex over SC (X ), see Subsection [[ILB and obtain

S.(X)®—: Bg(x) — chldemBg(X).

As X is contractible this functor is much closer to providing a splitting and is
much better compatible with control conditions for morphisms, see The
remaining problem is that the singular chain complex is very large and this will lead
to conflict with the finiteness conditions see Remark[IT.I1l Of course, as X is
contractible, S, (X) is finite up to homotopy. But such a homotopy involves moving
through X and incorporating it into our construction would again lead to conflict
with the foliated control condition from The solution is a compromise
between X and a point. We will use large balls B; in X. Moreover, in place of the
singular complex we will use the simplicial complex of a suitable (fine) triangulation
of B;. The balls B; are not G-invariant. To resolve this we use that B, C X is
a deformation retract via the radial projection X — B;. This way B, inherits a
homotopy coherent G-action from the G-action on X. Altogether we will construct
a homotopy coherent functor

Fy: Bauy,(¥) — chay Idem Bg(X),

47For example, it is not difficult to construct a functor F': B () — chan (Ba(|Ievey (G)IN))
such that for (?) € suppy Fi(p:) we even have z = 2/, but such an F will fail the required
finiteness property for objects, see Remark [T.111

48The formula in Subsection [[T.dl looks a priori different. The translation between the two
functors uses a shearing isomorphism.

49For technical reason we will have to replace X with the set S(X) of singular simplices in X
and view S.(X) as a chain complex over S¢(S(X)); applying the barycenter map S(X) — X we
then obtain a chain complex over S&(X).
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see Subsection [I.Gl Here U; is the compact open subgroup of G that fixes the
ball B, pointwise and Bg,y, (¥) € Ba(x) is the full subcategory on objects (S, m, B)
where supp B(s) C U, for all s. Passing to this subcategory is not a serious restric-
tion, by the support cofinality property for B, the idempotent completions
of Bg,u,(*) and Bg(*) coincide. The deformation of X onto B still moves through
X, creating conflict with the foliated control condition from We will outline
how this conflict is resolved in the next subsection.

9.c. The maps X — |[Jevey(G)|". Recall that morphisms in DY, (%) have relatively
compact G-support. Using the equivalence relation on morphisms in D%(*) (or in
[T'Ba(*)) this means that in the construction of the FL for each fixed t we only
have to control its interaction with a relatively compact set in G, specified later in
Subsection [[3.B and denoted M;. The important point is that My = M, ¢, — oo as
to — oo. In a similar way we will for fixed ¢ not need to worry about the deformation
of all of X onto By, but only about its restriction to the L;-neighborhood B,ELL) of
B;. Here it will be important that Ly = Ly, ¢, — 00 as t; — o, This leads to
the following requirements for the maps fi: X — [Jevey (G)|.

(a) The restriction of f; to B,ELL) should be M;-equivariant up to a Jevey(G)-

foliated error-term; i.e., we have control over
A3 yey (G)-fol (9 f2(T), fe(gT))
for g € My and x € BELL). The precise formulation is

(b) The restriction of f; to the tracks of the radial deformation of BéLL) to By is
constant up to a Jeyey (G)-foliated error-term; i.e., we have control over

A3 rey (G)-t0l ([2(2), (TR (7))

for z € BéLL) and mr/ (z) on the geodesic between x and its image in B, under
the radial projection BL(LL) — By. The precise formulation is|(13.1b)|

There is third requirement |(13.1c)| for f;. This should be thought of as a sub-
stitute for continuity of f;. In fact, with a more careful choice for the resolution

|[JCvey(G)|N — |ICvey(G)| we could arrange for the f; to be continuous, but we
found it more convenient to allow some non-continuity for the f;. The construction
of the f; uses a geodesic flow on X and depends on the fact that X is CAT(0). It
is outlined in Appendix [D] details are worked out in [6].

10. THE CATEGORY S%(2)

Throughout this section we fix a smooth G-space X. We assume that for K C X
compact, the pointwise isotropy group Gx = ﬂze x Gz is an open subgroup of G.
Later X will be the extended Bruhat-Tits building associated to a reductive p-adic

group.
10.A. The category S%(9).

Definition 10.1. For a smooth G-set © we define the additive category S(9) as
follows. Objects are pairs V = (3,¢) where X is a smooth G-set and c¢: ¥ —
is a G-map. A morphism p: V = (Z,¢) - V' = (¥/,¢) is an ¥ x ¥X'-matrix
(pg/)gegﬁregr over Z satisfying the following two conditions

(10.1a) for all o € X the set {0’ € ¥ | pg # 0} is finite;

(10.1b) forallge G, 0 €%, o’ € X we have plZ = p7 .

5OTypically the radii of the By will grow much quicker than the L¢.
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The support of p is
Supp, p := {(CCEZQ) ‘pZ' # 0} COx

The support of V is supp; V := ¢(X). Composition is matrix multiplication (p’ o
p)s =3, 0% opg . We will say that V is finite, if ¥ is finite.

The identity idy of V = (X, ¢) is given by (idy)3 = 1 for 0 = ¢’ and (idv)J =0
for o # o’.

10.B. The singular chain complex of X as a chain complex over S%(S(X)).
Let S, (X) be the set of singular n-simplices of X. Let S(X) be the union of the
Sn(X). By our assumption on X this is a smooth G-set via the G-action on X.
Let ¢,: Sp(X) — S(X) be the inclusion. We obtain (S,(X),c,) € S(S(X)). We
define 9,,: (Sp(X),cn) = (Sn—1(X),cn-1) by

(10.2) (9,)7 =

o

, (—1)% if o’ is the i-th face of o;
o else.

We write S.(X) € chS%(S(X)) for the chain complex in SF(S(X)) obtained this
way.

Later we will use the G-map bary: S(X) — X that sends o: |A"| — X to
the image of the barycenter of |A”| under o. Then bary, (S, (X)) € chS% (X El.
Working in S¢(S(X)) and not in S&(X) will allow us to consider certain restrictions
in Subsection [2.D]

10.c. Subspace. For some purposes the singular chain complex S, (X) is too big.
To replace it by smaller chain complexes we will pass from X to a subspace (and
later to a subspace equipped with a triangulation). Typically, the subspace will not
be G-invariant, and we will have to pass to an open subgroup as well.

Let U C G be an open subgroup. Let D C X be a U-invariant subspac. We
write Sp, (D) for the set of singular simplices of D. We obtain the chain complex
S.(D) over 8Y(S(X)) whose n-th chain module is (S, D, ¢y |s, (py)- The boundary
map is still given by ([I0.2).

Let D’ be a further U-invariant subspace. A U-equivariant map f: D — D’
induces a chain map f.: S«(D) — S.(D’) in chSY(S(X)) with

(f*)g/ _ {1 ifo’ = foo;

0 else.

A U-equivariant homotopy H: D x [0,1] — D’ with H(—,0) = fo, H(—,1) = f1
determines a chain homotopy H.: (fo)« =~ (f1)« by the usual formula. In order to
give the formula in detail, we write vy, for the k-th vertex of A™ and let i;: |A" 1] —
|A™] x [0, 1] be the affine map determined by

P (oke1, 1) >
TherP] ,
(Hi)g = > (—1)7.

Jj: o’=Ho(oxidg,1)0i;

51A G-map f: © — @ induces a map fi: chSC(Q) — SC () by composition.

52Later on D will be contained in the U-fixed point set XU

53Usuadly H, is not written as a matrix; for this reason the formula may not look familiar at
a first glance.



52 BARTELS, A. AND LUCK, W.

Lemma 10.3. For H: D x [0,1] = D’ we have
() esupp, H, = im(¢’) Cim(H oo X idp 1))
Proof. This is a direct consequence of the formula for H, reviewed above. O

Lemma 10.4. Let H: D x [0,1] — D’ be a homotopy between fo and f1. Let dx
be a metric on X. Assume that D is compact. Assume that for all s € [0,1] and
all z,7' € B we have

dx (H(z,s),H(z',s)) < dx(z,2").

Let € > 0. Then there is a chain homotopy H: S,(D) — S,41(D') between (fo)s

and (f1)s with the following property. Let () € supp, HPY. Then

(a) if the diameter of the image of o is < k, then the diameter of the image of o’
18 < K+ €

(b) imo’ Cim(H oo x id ).

Proof. As D is compact we can find § > 0 such that dx (H(x,s), H(x,s")) < ¢/2 for
all z € D and all 5,5 € [0,1] with |s — s'| < §. Now we choose 0 = 59 < 51 < -+ <
$n = 1 with |s;41 — s;| < 8. Then H := S 1 (H|Dx[s;_1,5,) is a chain homotopy
between (f)s and (f1)s. Now supp HZ C Ui supp ((H|px(s;_y,s:])«) and it is
easy to check that H has the required properties. (I

10.p. Triangulations. Assume that the U-invariant subspace D of X is equipped
with a U-invariant triangulation, i.e., D = |K| for a simplicial complex K with a
smooth U-action. Assume that the triangulation is locally ordered, i.e., there is a
partial order on the set of vertices that restricts to a linear order on the vertex set
of every simplex. This ensures that every simplex in the triangulation determines
a unique singular simplex of D and therefore of X. In particular, we can view the
set simp,, (D) of n-simplices of D as a subset of S, D. We obtain the chain complex
C.(D) € ch8Y(resf S(X)), whose n-th chain module is (simp,, (D), ¢ulsimp, (D))-
It comes with an inclusion i: C,(D) — S, (D) defined by

o 1 ifo’ =o;
7 0 else.

Let dx be a metric on X. For a singular simplex o: A" — X we write im o for its
image and (im o)€ for the open e-neighborhood of imo.

Lemma 10.5. Assume that all simplices of the triangulation of D are of diameter <
€. InchSY(S(X)) there exists a chain map r: S,(D) — C.(D) with roi = idg, (p)
and a chain homotopy H: idg (py >~ i or such that if (‘;’) € supp, 7 U supp, H,
then imo’ C (imo)©.

Proof. This a minor variation of [9 Lem. 6.9]. Let K be the poset of subcom-
plexes of K ordered by inclusion. We view K as a category and work now in the
abelian category of ZK-moduled™. For K, € K let C, (Ko) be the simplicial chain
complex of Ky and S,(Ky) be the singular chain complex of |Ky|. This defines
chain complexes C, and S, of ZK-modules and it is not difficult to check that
the underlying ZK-modules C,,, S,, are free (and thus projective) for all n. Write
i: C, — S, for the inclusion. Each ¢,,: C, — S,, is the inclusion of a direct sum-
mand. Moreover, i induces an isomorphism in homology (taken in the category of
ZK-modules). By general results in homological algebra (in abelian categories) it
follows that there exists a chain map r: S, — C, with roi = id¢, and a homotopy

54The support of a graded map is the union of the supports of the maps in all degrees.
55That is in the category of functors K — Z-Mod.
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H: idg, ~ior. We can set r := r(K), H := H(K). The additional properties of
r and H follow from the functoriality in K of r and H: Suppose rgl # 0. Let K,
be the smallest subcomplex of K such that |K,| contains imo, so o € S, (K,). As
r(Ky): S, (K,) — C,(K,) it follows that ¢’ is a simplex of K,. Now |K,| C (imo)*
as the diameter of simplices in K are of diameter < €. Thus imo’ C (im o). The
same argument applies to H. (Il

11. DIAGONAL TENSOR PRODUCTS

Throughout this section we fix a G-set A and a smooth G-space X. Later we
will have A = [M|" for M € R?, while for X we will take the extended Bruhat-Tits
building associated to a reductive p-adic group. We also fix a smooth G-set ).
Later 2 = S(X) will be the set of singular simplices of X.

To simplify the discussion we assume throughout this section that B is the cat-
egory B(G; R) from Example This means in particular that if B = (S, 7, B)
is an object from Bg(A), then the B(s) for s € S are compact open subgroups
of G. Also, if ¢: B = (S,7,B) — (5',7,5") is a morphism in Bg(A), then the
@5 are elements of the Hecke algebra H(G; R) satisfying % (a'ga) = ¢° (g) for all
a € B(s), a’ € B(s).

Everythinﬂ we need also works for general Hecke categories with G-support
and is treated in detail in [7} Sec. 7].

11.A. Precursor. Our first goal in this section is the construction of a bilinear
functor

—®— : 8YQ) x Ba(A) — Idem Bg(Q x A).

The construction is easier under some simplifying assumptions. So we assume
for this subsection that G is discrete and consider the full subcategory B (A) of
B (A) on the objects (S, 7, B), for which B(s) is the trivial subgroup for all s. For
V = (3,¢) € S9(X) and B = (S, 7, B) € BL(A), we can then define

(11.1) VeB:=(XxS,cxm,(o,s)— B(s)).
For p: (3,¢) = (¥',¢) and ¢: (S, 7, B) — (5,7, B’) we can define
(11.2) (p® )7 (9) = pGe - 2% (9).

The general idea is that we use the G-action on ¥ to twist morphisms in Bé(A.
In the general case these formulas do not define a functor; for example we can have
(p® go)g:j/ (p® @)g:;s/ (a'ga) for a’ € B'(s"), a € B(s). To account for this we
will replace (o, s) — B(s) with (o,$) = G, N B(s). The only remaining drawback
is that the functor obtained this way does not preserve units. We will correct this
using the idempotent completion.

Remark 11.3 (Non-unital categories). In this remark we will contemplate cate-
gories without units. Let B™ := H(G; R) be the Z-linear category with exactly

one object whose endomorphism ring is the Hecke algebra H(G; R). As H(G;R)
does not have a unit, B™ is a non-unital category, but its idempotent completion

Idem B has units. Via U — H’fg) the category B = B(G; R) can be identified with

a full subcategory of Idem B™". Definition [£.1] also makes sense for B™ in place of B

56More precisely, there is a diagonal tensor product such that Lemmas 1.7 and [1.9] and
the identities (I1.12), (IT.13) are still valid, see [7, Lem. 7.41, 7.43, 7.44]. Everything else in this
section just depends on these results.

57The category BL (A) is equivalent to the category of free R[G]-modules. Under this equiv-
alence our functor is equivalent to ((2,c), M) — Z[X] ®z M, where the tensor product over Z is
equipped with the diagonal action of G.
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and we obtain the non-unital category B'(X). Now the formulas (IT.1)) and (I1.2))
define a functor (of non-unital categories)

SE(Q) x BE(A) — BE(Q x A).

Of course this functor sends idempotents to idempotents and so induces a functor
(of unital categories)

SE(0) x Idem BE(A) — Idem BE'(Q x A).
One can now identify By'(Q2) with a full subcategory of Idem B2*(£2) and use this
to obtain
SE(0) x Bg(A) — Idem Bg (2 x A).

This is essentially what we will do in Subsections [T.B and [1.d, although we will
avoid non-unital categories and instead give the resulting formulas more directly.

11.B. The diagonal tensor product ®;. We define
—®0 — : SYQ) x Ba(A) = Ba(2 x A)
as follows. For V = (3, ¢) € S¥(X) and B = (S, 7, B) € Bg(A) we set
VeB:= (X xS,cxm,(0,8) — G, NB(s)).

For morphisms p: V = (8,¢) = V' = (¥',¢) in SY(Q) and ¢: B = (5,7, B) —
B’ = (5',7',B’) in Bg(A) we define

(P @0 @)% (9) = P - #5 (9)
as in (I12).

We will check in Lemmas [[T.4] and below that p ®¢ ¢ is well defined and
compatible with composition. While we do not claim that idy ®¢idp is idvg,B,
compatibility with composition implies that idyv ®¢ idg is an idempotent endomor-
phism of V ® B.

Lemma11.4. Letp: V = (X,¢) = V' = (X',¢/) in SY(Q) and p: B = (S, 7, B) —
B = (5,7",B’) in Bg(A). Then p®¢¢: V®yB — V' ® B’ is a morphism in
Ba (2 x A)

Proof. For a € G, N B(s), a’ € G,» N B(s") we have

(") to

(P ®0 )] (d'ga) = pGiya0 - 05 (a'ga) =pys o5 (9)

=Py - %5 (9) = (P R0 ¥)3.5" (9),

so for fixed o,0',s,5", (p ®o go)g:f/: G, N B(s) = G, N B(s') is a morphism in
B = B(G; R). We also need to check that p ®g ¢ is column finite. Fix (o,s). We
need to check that there are only finitely many (¢’ s’) with (p ® ga)g:f, # 0. As
¢ is column finite there is S} C S’ finite such that ¢f # 0 implies s’ € Sj. The
<p§l are compactly supported. Thus there is M C G compact such that <p§l (9) #0
implies g € M. As ¥ is a smooth G-set, the set M -0 C ¥ is finite. As p is column

finite there is Xj, C ¥’ finite such that sz; # 0 with g € M implies ¢’ € X{. Now

if (p® w)i:f, # 0, then for some g € G we have sz; # 0 and ¢% (g) # 0. Thus
(o’,s") € Bf x 5. O

Lemma 11.5. Let (S,7) 2 (S, 7') 25 (S”,7") be composable morphisms in

Ba(A) and (2,¢) & (X, ¢) L5 (27, ¢") be composable morphisms in S¢(Q). Then
(0" ®0 ¢") 0 (p®0 ) = (p' 0 p) @0 (¢’ 0 ).
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Proof.

((r @o¢) o (p2ow)) " (9) = ((p’®o<p’)§f,’§? °(p®o<p)3,;s)(g)

o'eX’ seS’

= ®090 ::/ ( ) (p®0 90)05 ( 71)
o’'e¥’, sES’ IEG

" ’

g:no" ’ ((pl)g’ (g.’L') : pgfla' (ps ( 1)

olex’, SGS/ IEG

’ 1" / _
G Nvor Piig - (9)3 (g2) - 5 (271)
o'ex’, 565’ ze

oo - P27 ()3 (g) - 95 (z71)

IEG

/ N () (g2) - o (@)
IEG

o EE’ ses’

o'eX’ 58!
= (0 o p)gs - (¢ 0 9)Y (9)
= ((p' o p) @0 (¢’ © w))z,,;’s” (9)-
O
11.c. The diagonal tensor product ®. For V € S¢(Q) and B € Bg(A) we set
V®B:=(V®B,idv ®ids).
For morphisms p: V — V' in S¢(X) and ¢: B — B’ in Bg(A) we define
(p@¢)=(p@0y): V&B -V @B
Now idy ® idg = idvgp. Altogether we have now defined a bilinear functor
(11.6) —®— : 8YQ) x Bo(A) — Idem Ba(Q x A).
The following observation will often allow us to get rid of idempotent completions.

Lemma 11.7. Let V = (X,¢) € S9(Q) and B = (S, 7, B) € Bg(A). If X is fized
pointwise by all B(s), then V@B =V ® B.

Proof. The content of the lemma is that idyv ®¢idg is the identity of V ®¢ B, not

just an idempotent. Indeed, since G, N B(s) = B(s) for all ¢ and s we have

(idv ®0idp)Z % (9) = (idv)7,(idB)3 (9) = (idve,B)Z:" (9)-

For ECQ x Qand E' C A x A we use the following convention
118)  ExE={(2)) | () e B () e B} c(@xn)

Lemma 11.9. Let V = (,¢) € S9(Q) and B = (S, 7, B) € Ba(A).

(11.9a) If V and B are finite, then V ®q¢ B is finite as well;

(11.9b) supp;(V ®¢ B) = supp; V x supp; B.

Let p: V = (Z,¢) = V' = (¥,¢) in S¢(Q), ¢: B=(S,7,B) — B = (5,7, B)
in Bg(A). Then for p® ¢ in Ba(Q x A) we have

(11.9c) supp,(p @) S supp, p X supp, ¢;

(11.9d) suppg(p® ) C suppg -
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Proof. These claims are straight forward from the definitions. We give some details

for |(11.9¢)l Let (iil) € suppsy(p ® ). Then there are 0 € X, 0/ € ¥/, s € S,

s €8, geGwith (p@ )7 (9) # 0 and z = ge(o), @' = ¢(07), A = gn(s),

N = 7'(s"). By definition (p ® ga)g:f/ (9) = p‘;:, -<,0§/ (¢9) and thus (g) = (Cglc((‘;/))) =

(i((ggo_))) € suppy p and (4 ) = (;71'((56))) € supp, - O

11.0. Tensor product with a singular chain complex. Consider the singular
chain complex S,(X) € chS%(S(X)) from Subsection [0.Bl Using the diagonal
tensor product (TG we obtain a functor

S.(X) ® — : Ba(A) — chldem (Ba(S(X) x A)).
Note that for a morphism ¢: B — B’ in Bg(A) by we have

(11.10) supp, (ids. (x) ®p) C {(?AA) ’0’ € S(X), (X) € supp, ‘P}-

Remark 11.11 (Shortcomings of S.(X)). Let J := |Jx(G)|", M € R°, and
A= |M|". Let f: S(X) — |J#(G)| be a G-equivariant map. Suppose also that
F:S(X) = [J#(@)|" is a lift of f. In light of (III0) one might hope, that (f x
id|pjn )+ (S«(X) ® —) induces a functo

D%(P) — chldemDg(J#(G) x P),
(B)ienxz ((J?Xid\PIA)*(S*(X)®BE>)LENX27

but this is not the case. Let (By)ienx2 = (Si, T, By)enx2 € DE(P). Typically
((fx id|pjn )« (S« (X) ® B£>)teNx2 will fail in two ways to define a chain complex in
Idem D (P x Jx). R

Firstly, the boundary maps (f x id|pjr)«(9, ® idB,) do not satisfy the required
control conditions to define morphisms in D%(J#(G) x P). For example the e-
control condition over |Jz| from Remark will typically fail. The support of
(F xidp)s(0n ® idp, ) is the set of all

(o) € (3= Py

with g € suppg Be(s) for some s € S with m,(s) = x the barycenter of a singular n-
simplex o of X, and 2’ the barycenter of a face of o. Since we can always arrange for
the G-supports of the By(s) to be small, the appearance of g in the above formula
is not the main problem. The real problem comes from the difference between
f(m) and f(m’ ). This difference shrinks if we use only small singular simplices X.
Therefore, in the construction of a functor D (P) — DZ(J# x P) we will need to
work with chain complexes of simplices that get smaller as ¢t — co.

Secondly, ((fx id|pjn )« (Sn(X) ® Bt))

L/ teNx2
of D% (J = x P). The singular chain complex is simply to big: S, (X) is infinite and
SO will fail. In order to overcome this problem we will replace X with a
suitable large ball D in X (which is compact). We will also replace singular simplices
with simplices from a triangulation of D. The set of n-simplices simp,, D is no longer
a smooth G-set, as D is not G-invariant in X, but simp,, D will be invariant for a
compact open subgroup of G. Moreover, the G-action on X still induces a homotopy
coherent action of G on D. Theorem [D.J] provides maps X — |Jeyey (G)|". For
the restrictions of these maps to large balls we control the failure of equivariance
relative to this homotopy coherent action. Again we will need the construction to
vary in t € N*2,

typically does not define an object

58We use the sequence description of D(C);(f) from Remark [Z.T71
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11.E. Restriction to open subgroups. As discussed in Remark [T.11] in ap-
plications of the tensor product later on we will not always be able to work with
smooth G-sets, but will also need to consider U-invariant sets for an open subgroup
of G. To formalize this we discuss restrictions and inductions.

Let U be an open subgroup of G. Write resg: G-Sets — U-Sets for the restric-
tion functor. It induces a restriction functor

SEQ) - SY(resZ ),
(Z,¢) = (resZ ¥, resd c),

that we will also denote by resy. We write ind$: By (resf A) — Bg(A) for the
canonical inclusioPd. This inclusion identifies By (resZ A) with the subcategory of
B (A) consisting of all objects and morphisms with G-support in U. Let us briefly
write

®%:  SYN) x  Ba(A) —  Idem Bg (2 x A);

@V: SY(res% Q) x By(resyA) — Idem By(resZ (2 x A)),

for the tensor products. Directly from the definition it follows that for V € S%(Q)
and B € By (resf A) we have

(11.12) ind (res? V @Y B) = V @ ind§ B.

Similarly, for morphisms p: V. — V' in S¢(Q) and ¢: B — B’ in By(resy A) we
have

(11.13) ind§ (res? p @Y ) = p @ ind§ .

Because of these identities we will later often drop ind$ and res?, from the notation
and simply write ® = @% = @V.

11.F. The category Bg uy(A). Let U be an open subgroup of G. We write Bg 7 (A)
for the full subcategory of Bg(A) on all objects with G-support in U. The induction
ind§: By(resy A) — Bg(A) from Subsection [[TH factors through the inclusion
Beu(A) C Ba(A). Moreover, Bg,i(A) is the full subcategory on objects in the
image of indg. Because of support cofinality for B the inclusion Bg y(A) C
B (A) induces an equivalence on idempotent completions. Thus we can often work
with Bg,u(A) in place of Bg(A).

11.G. Tensor product with subcomplexes of S.(X). Assume we are given
(11.14a) a compact open subgroup U of G and a compact U-invariant subspace D
of the U-fixed points XY with a locally ordered triangulation.

Then we obtain the simplicial chain complex C. (D) € chSY (res? S(X)), see Sub-
section [[0LD} The tensor product with C, (D) then yields a functor

C.(D) ®Y — : By(resg A) — chBy(res%(S(X) x A)).

Here we do not need the idempotent completion because of Lemma I1.71 Write

i: Cu(D) — resf S.(X) for the inclusion in chSY(res? S(X)). Assume we are

given in addition

(11.14b) a chain map 7r: resf S.(X) — C.(D) in chSY (resf S(X)) with r oi =
idc, (py and a chain homotopy H: ior =~ idresg S, (X)-

59More precisely, writing resg B for the subcategory of B whose morphisms have support in U
we have ind§ : resd, By (resd, A) — Ba(A).
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In ch By (resg(S(X) x A)) we now obtain for each B € By (resg A)

i@Vidp
C.(D)2V B res? S.(X) @Y B
’I‘®UidB

where (r@Vidg)o(i®Vidg) = idc, (pygvs and H@Vidp: (i®Vidg)o (r ®Vidg) ~
id,esy s, (x)@B- APplying ind$ and using (IIIZ) we obtain
ind§ (i®Vidg)
ind§ (C.(D) @' B) = S.(X)®%ind% B

ind§ (r@Vids)

in ch Idem B (S(X)xA). The main advantage of ind$5 (C, (D)@Y B) over S,.(X )%
ind$ B is that it is smaller and has better chances of satisfying control conditions.
Its disadvantage is that, as D is only U-invariant and not G-invariant, morphisms
¢: indGB — ind{ B’ in Bey(A) do not induce maps ind{(C,(D) @V B) —
ind%(C. (D) @V B'). But ids, (x) ®¢ is defined and we can use the composition

ind§ (i®Vidg)

S.(X)®%ind{ B
Jids*(x) ®%p

S.(X) ®% indf B/

(11.15) ind{ (C.(D) @V B)

ind$ (r@Vidg)

indf (C.(D) @V B')

instead. While this is not strictly compatible with composition, the homotopies
indg(H ®Y idg) guarantee that it is compatible with composition up to coherent
homotopy. From now on we will simply the notation as alluded to in Subsection[TT.El
and drop indg and res?, from the notation and simply write @ = ®% = V.
Thus (TI.I5) abbreviates to

1®idg

C.(D)®B S.(X)®B
\ids*(x) ®p
r®id;3
C.(D)® B S,(X)® B

In summary, we can use the data chosen in |[(11.14a)[ and |(11.14b)| to define a
homotopy coherent functor, see Definition [C.1]

(11.16) F=(F° F'...) : Bau(A) = chBg(S(X) x A)
as follows. For B € Bg y(A) we set
F°B) :=C.(D)® B.

For a chain
By <= B, <& ... <4 B,
of composable morphisms in Bg,y(A) we define
F"(¢1,...,0n) == (r®idg,) o (ids, (x) ®p1) o (H ®idp,) 0. ..
-0 (H®idg,_,) o (ids, (x) ®pn) o (i ®idB,,).

It is not difficult to check that this defines a homotopy coherent functor, compare

Example [C3
In Section [[2] we will discuss the effect of (IT.I6]) on supp,. For now we record
the following easy facts.

Lemma 11.17.
(11.17a) If B is finite, then all chain modules (F°(B)),, of F°(B) are finite as well;
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(11.17b) We have supp,(F°(B)),, C simp,,(D) x supp; B and suppg(F°(B)), C

suppg B;
0 0
(11.17¢c) The n-th boundary map ol ® of F°(B) satisfies suppg ol ®) ¢ suppq B.
Proof. This follows from [(11.9a)} [(11.9b)| and |[(11.9d)] O

11.H. Projection back to A. The projection pr: S(X)x A — A induces a functor
P: Chlgg(X X A) — Cth(A)
We are interested in the composition of P with F' from (I1.16)
PoF: Bgu(A) — chBg(A).
Let
I: BG1U(A) — ChBG(A)
be the inclusion®]. We construct a natural transformation 7: P o F — I. Write *
for the one-point space. Let p(C.(D)) be the image of C.(D) under the functor
SY(X) — SY (%) induced by the projection X — x. We can identify (P o F)(A) =
p(C.(D)) @ B, for B € Bgy(A). Let Ig := (x,id,) € S%(x). We have Iy :=
res? Ig = (%,id,) € SY(x). We can identify I(B) = Iy ® B. The projection D — %
induces an augmentation e: p(C. (D)) — Iy. Now for B € Bg y(A) we define
(11.18) B :=e®idp: p(Ci(D)) ® B — Iy ® B.
We will need the notion of a strict natural transformation between homotopy co-
herent functors, see Definition [C.4

Lemma 11.19. Under the canonical identifications (PoF)(B) = p(C.(D))®B and
I1(B) = Iy ®B the maps (ILIY) define a strict natural transformation 7: PoF — I,
see Example [C3

Proof. This is a straight forward exercise in the definitions. O

2

Lemma 11.20. Suppose that D is contractible. Let B € Bguy(A). Then in
chIdem B¢ y(A) there are a chain map f: Iy @ B — p(C.(D)) ® B, and chain
homotopies h: f otg ~idyc.(pyeB, k: ™8 ° f ~idiy ® B such that

suppy f, supp, h, suppy h' C supp, B,
suppg f,suppg h, supps b’ C suppe B C U.
In particular, T8 is a homotopy equivalence.

Proof. Under the assumptions on D, p(C.(D)) and Iy are homotopy equivalent
in chSY(x) (because the simplicial chain complex of D is homotopy equivalent to
the simplicial chain complex of a point). Thus in chSY (x) there are a chain map
fo: Ty — p(C«(D)), and chain homotopies ho: fooe >~ idyc, (D)), ko: €0 fo = idy,.
Now set f := fo ® idB, h := ho ®idB, and k := ko ® idg. The claims about supp,
and supp,; follow from [(11.9¢)| and |(11.9d)} O

12. SUPPORT ESTIMATES FOR HOMOTOPY COHERENT FUNCTORS

Let X be a G-space equipped with a G-invariant metric dx. We assume that
for K C X compact the pointwise isotropy group G is open in G. Let J and A
be further G-spaces. Let B be a Hecke category with G-support.

We will refine the construction of the homotopy coherent functor from Subsec-
tion [[T.Gl and will be interested in its effect on supports of objects and morphisms.
Its construction and analysis will depend on a list of data. This section is very for-
mal and will be used later to check that a sequence of homotopy coherent functors
does descend to D% (—) as discussed in Subsection

60Recall that Ba,u(A) is a subcategory of Bg(A).
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12.A. Set-up. Throughout this section we fix

- numbers L € N, p > 0;

- a compact open subgroup U C GG and a compact subset M C G with U C M;

- a subspace D C X with a locally ordered triangulation all whose simplices are
of diameter < p;

- asequence of further subspaces D = D(® C D C ... € D& with M-D(-1 C
DW for I =1,..., L; moreover we require that D(") is pointwise fixed by U;

- aretraction 7°: X — D for the inclusion i®: D — X, i.e., 70 0i® =idp;

- a homotopy H: i% 0 7% ~ idx; we will assume that H° is non-expanding, i.e.,
for all 7 € [0,1], z,2' € X we require dx (H’(z,7), H(2/,7)) < dx(x,2'); we
also assume that H preserves the D, i.e., we require H°(DW x [0,1]) € DW;

-amap f: X — J;

- asubset £ CJ x J.

We do not assume that f is G-equivariant.

Remark 12.1 (Some explanations for the list of data). Later
- X will be the extended Bruhat-Tits building for the reductive p-adic group Gj;
- the D™ will be an increasing sequence of balls around a common center;
- 70 will be the radial projection and H® will be the associated radial homotopy;
- U will be the pointwise isotropy group of D(X);
- A will be [M|" for some M € R?;
- J will be |Jevey (G)];
- f: X — J will come from Theorem [D.11

Below U, B, r°, and H° will be used to construct a homotopy coherent functor
Bau(A) = chBa(S(X) x A)

as in Subsection [T.Gl Let bary: S(X) — X be the map that sends a singular
simplex to its barycenter. We can then compose with (f o bary x ida). and obtain
a homotopy coherent functor

BG7U(A) — Cth(J X A)

and will be interested in estimates for the support of objects and morphisms under
this latter functor, see Proposition [[2.8 below. For these estimates we will bound
the G-support of morphisms and objects by M and we will treat chains of at most
L-composable morphisms. The upper bound for supp, will be in terms of FE.

We will work under the following assumptions throughout this section.

Assumption 12.2.
(12.24) {(g}?jﬁ;) ’ zeDD) ge M} C E;

(12.2)) {(f“ﬁ’(%‘”) ’ ze D) 1 e, 1]} C E;

(12.2¢) {(f(ml)) ‘ z,2' € DI dy(x,2') < (L + l)p} CE.

f(@)
12.B. From S(X) to J. Set
Ex = {(=) ‘ z, 2’ € DV dy(z,2') < (L + p}
U{(E°@n)|zeD® re(0,1]} CXxX;
Es := (bary x bary) ' (Ex) C S(X) x S(X).

We note that Ex C E? and Es C E2%. We use again the convention for products

from (ILJ).
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Lemma 12.3. Let B/ C A x A, &: B — B’ € Bg(S(X) x A), and v € N.
Suppose supp; B C S(D®) x A, supp, ® C EY x E', and suppy ® C M. Then
supp,(f o bary x idp ),® C E°+1) x E'

Proof. By (@), and since bary and idj are G-equivariant, supp,(f obary X idp ). ®
is contained in

(f obaryida) (B x B o { (4o} | (0,0) € S(DW) x A g € M.
We have

(f obaryidp)**(Eg” x E') C ((f o bary)**(EZ)) x E’
C ((f obary)*?(Eg))°” x E' C E® x E'
and, by [1223]

{(fmmvarn) [ e SO xagemfc Bx{(3) [re A}
Thus

supp(f o bary x ida).® C (EO" x E’) o (E x {(§) BYE A}) C B+ « R
0

12.c. Construction of r and H. We write C.(D) € chSY(S(X)) for the simpli-
cial chain complex of D and S,(X) € chSY(S(X)) for the singular chain complex
of X. Let i: C.(D) — S.(X) be the inclusion. For k,l < L we define S¥! C S(X)
as the collection of all singular simplices in X that are contained in D® and are of
diameter < kp.

Lemma 12.4. There is a chain map r: S.(X) — C.(D) and a chain homotopy
H:S.(X) — S.(X) in chSY(S(X)) with r oi = idg,(p), H:ior ~ idg,(x)
satisfying the following: Zf(‘:) € suppy rUsuppy H with o € S8 andk < L—1,1 <
L, then
(12.4a) o' € Sk+LL
(12.4b) (9') € EZ.
Proof. We will use imo and (imo)? as introduced in Subsection [0.D We write
il: C.(D) — S.(D) for the inclusion. By Lemma 0.5 there is r!: S, (D) — C.(D)
with 7' 04! = idg,(p) and a chain homotopy H': S,(D) — S.41(D) for i' o r! ~
idg, (py. Moreover, Lemma [[0.5 also yields
(12.4¢) if (') € suppy(r')U € suppy(H?'), then imo’ C (imo)”.
Next we use that H° is not expanding and apply Lemma [0l to the homotopy H"
and obtain a chain homotopy H: (i%), o (%), ~ idg_(x) such that
(12.4d) if (9') € suppy(H?), then diamim(c’) < diamim(c) 4+ p and imo’ C
im(H" o (o x idjg17)).

We have i = (i%), 0 il: Cy(D) — S.(X) and set

ro= rto(r),: S.(X) = C.(D);

H = (% 0H"o (), + (H.: ior~idg,(x)-

Suppose (‘j;) € supp, r with o € S, As 7 is a map to C.(D), o' is simplex in
the triangulation of D, in particular o/ € S*+1!. Now rgl # 0 implies that there is
7 with (r)2" # 0 and ((r°).)7 # 0. The latter means 7 = % o 0 = H(o(—), 1).
In particular, (7) € Es. As HY is non-expanding, diamim7 < diamimo < kp.
By [(12.4c)} imo¢’ C (im7)?. Thus dx(bary(c’), bary(r)) < p + diamim7 < (k +
1)p < Lp and (') € Es. Therefore (') € EZ.

o
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Suppose (‘g) € supp, H with ¢ € S%!. Then (‘;’) € suprﬁ or (‘(’;) €
suppy((i°)« o H o (r?)). In the first case, implies diam ¢’ < diamo + p <
(k + 1)p. Moreover, imo’ C Hy(imo x [0,1]). As H preserves D, this implies
o' € SkTLL Also bary(o’') = Ho(x,t) for some t € [0,1] and € imo. Let
7 = Hy(o(=),t). Then (7) € Es. Also bary(¢’) € im7. As Hy(—,t) is non-
expanding, dx (bary(c’), bary(7)) < diamim 7 < diamimo < kp. Thus (] ) € Es.
Altogether, (9') € EZ.

In the second case there are 7, 7/ with (Z:) € suppy (i®),, (') € suppy H', and
(7) € suppy(r?).. Now (‘;;) € suppy (i), means 7' = o', while (7) € supp,(r?).
means 7 = Y oo = H%(o(—),1). In particular, (7) € Eg. Also, as HY is non-
expanding, diamim7 < diamimo < ko. Using (7;/) € supp, H' implies
im7’ C (im7)?. In particular, dx (bary(r'),z) < p for some = € im 7. Moreover,
diamim ¢’ = diamim 7’ < diamim7 + p < (k+ 1)p. As H! is a map to S.(D), we
have im¢’ = im 7’ C D. In particular, o’ € S¥*1!. Now

dx (bary(o”), bary(r)) = dx (bary(r"), bary(r))
< dx(bary(7'),z) + dx (x,bary(7)) < p+ diamim7 < p+kp = (k+ 1)p
implies (') € Eg. Thus (7') € EZ. O

12.0. Estimates over S(X) x A. We now fix » and H as in Lemma 2.4 We
obtain a homotopy coherent functor as in ([T.I6)

F=(F°F'...)): Bau(A) = chBg(S(X) x A).
Recall that Fy(B) = C(D). ® B. Its n-th chain module is Fy(B),, = C(D), ® B.

Its n-th boundary map is 85"(13) = 8,?*([)) ® idg.

Lemma 12.5. Let B € Bg,y(A). Then
(12.5a) suppg Fo(B), C U, supp, Fo(B), C Es x supp, B;
(12.5b) suppg ofe®) C U, supp, oEe® C Egs x supp, B.

Proof. We have suppyidc,(py € {(5) | ¢ € S(D)} C Es. Diameters of simplices
in the triangulation of D are < p. If (@?*(D))g’ # 0, then imo’ C imo and

so dx(bary o’,baryo) < p. Therefore supp, oS- C Es. We have supp; B =
suppeideg C U, as B € Bguy(A). Both [(12.5a), and [(12.5b)| follow now from
Lemma [IT.9 O

We will now use summands and corners as in Remarks T4 and relative to
Skl C S(X). For B € B i7(A) we abbreviate (S, (X)®B)k; := (Sn(X)@B)|gs1 x4
and write

(80(X) ® By 5 8,(X) @ B 5 (84(X) @ B
for the corresponding inclusion and retraction. For ®: S,,(X)® B — S,/ (X)®@ B’
we set <I>’,:/l’l/ = 7Kl o ® oy We also set (i @ idg)*! == ¥ o (i @ idg), and
(re idB)k:l = (r ®idg) o i*!. This means

o8 k1 k.
o7 ; oeSH o e SFy

ARTS / /
(I)k A'N\o' s _
( kil ) 0 else;

g,s
. . ’o ’q!
(Z ® 1dB)Z,;S o e Skl ;

0 else;
. ’oo
(r®@ide)3;* o€ S

®id o’,s _
(rei B)k’l)a’s 0 else.

(l@ide)*")7y" = {
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Lemma 12.6. Let k,l < L, BB’ € Bgu(A), ¢: B — B’ € Bguy(A) with
suppg ¢ C M. Set E' := supp, ¢ Usupp, B. Then

(12.6a) 1410 (ids, (x) ®<p)§:§+1 = (idg, (x) ®¢) o i, (provided | +1 < L);
(12.6b) supp, ((ids. (x) ®<p)::§+1) C Eg X E' (provided 1 +1 < L);

(12.6¢) ipsrg0 (H ©idg)f ™! = (H @ idp) oy (provided k +1 < L);

(12.6d) supp, ((H @idp)yi"") C B x E' (provided k+1 < L);

(12.6e) ir 0 (i ®idg)"! =i®idg;

(12.6f) supp, ((i ®idg)*') C E$* x E';

(12.6g) (r®idB)g; = (r ®idB) 0 ix,;

(12.6h) supp, ((r ® idB)k,;) € EZ* x E'.

Proof. From|(11.9d)[we obtain supp ids, (x) ®¢ C suppg ¢ € M. Using M-D® C

DU+ we obtain (suppg ids.(x) ®¢) - S C M - Skt C Ski+LIf (";il) €

supps ids, (x) ®¢, then, by 11.9¢)] (‘;’) € suppyidg, (x) and so 0 = o'. Now
Lemma .17 gives |(12.6a)l Using|(11.9¢)| and (£16]) we obtain

. Kl B\ , ,
suppa (ids. ) @) S {(7)) |7 € $M (X) € suppy o

and this implies [(12.6b)l
By|(11.9d)[suppg H ®idg, suppg 7 ®idp, and suppg i ® idp are all contained in

suppe B C U. As U fixes DO we have U - Skt = Skt If ( /’il) € suppy H ®idg,

then, by [(11.9¢), (9') € supp, H. If, in addition, o € S*!, then, by [(12.4a)]
o' € Sk+LL and by [(12.4b)] (¢') € EZ. Now [(12.6¢)] follows from Lemma E1T]

and |(12.6d)| follows from and (AI0). As|(12.4a) and |(12.4b)| also apply to
7, and hold directly by definition for i, [(12.6e)} [(12.6f)| and[(12.6h)| follow from the

same argument. Finally, [(12.6g)|is the definition of (r ® idB)g ;- O

Proposition 12.7. Let By = (So, 7o, Bo) S E B, = (Si,m, Bi) be a chain
of composable morphisms in Bg,u(A). Assume | < L and suppg(p;) € M for all
j. Let E' :=|Jsuppy ¢; U Uj suppy, Bj € A x A. Then there are ®;: B} — B}, €
Beu(S(X)xA),i=0,...,2l such that

FlYp1,...,) =Py 0---0d
and suppg ®; € M, supp, ® C E2* x E’, supp, B, C S(D) x A for all i.

Proof. Recall that by construction

Flpr,. o) =
(r®idg, ) o (ids.(x)®p1) o (H ®idg, ) o...
..o (H® idg,_, ) o (ids*(X) ®<pl) o (z ® idp, )
Using [(12.6a)lf(12.6¢)lI(12.6e)|, and [(12.6g)| we can rewrite this as

Flp,....p) =
(r®idg, )l,l o (ids. (x) ®9‘71)§:i71 o (H ®ids, )ﬁ:lm o
o (Hoids, )7, o (ids,cx) @91) ) o (i ®ids, ).

By [(11.9d)| (and since U C M) for each of these factors supp is contained in
M. By |(12.6b)§f(12.6d)li(12.6f)] and |(12.6h)| supp, of each factor, is contained in
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E2* x ET. Finally, the domains of the factors are of the form (Sn(X)®B;)k, (or
C(D) ® By) and have therefore supp; contained in S(D(")). O

12.E. Estimates over J x A. We now consider the homotopy coherent functor
F := (f obary x idy). o F: Ba.y(A) = ch Ba(J x A).

Proposition 12.8.
(12.8a) Let B € Bg,u(A) and E' := supp, B. Then

suppg Fo(B)n C U, supp, Fo(B), C E°? x E,
Suppg oR® cy, supp, O°"®) C E°2 x E;

(12.8b) Let By = (So, w0, Bo) <= ... <&~ B, = (S}, m, By) be a chain of compos-
able morphisms in Bg y(A). Assume | < L and suppg(p;) € M for all
j. Let E' :=|Jsupp, ¢; U Uj supp, B;. Then

SuprF (5015 .- -550l) - (M2I(E03 X El))o(2l+1)a
SuppGF ((1015 .- 'a(pl) c M2l+1-

The point here is that the upper bounds are in terms of E, E', M and [ and
independent of B and the ;.

Proof. Lemmal[I2.5 directly implies suppg ﬁO(B)n, Suppg of®) € 7. LemmallZH
together with Lemma 23 implies supp, Fo(B), € E°2 x E’, supp, 05 Fo(B) C E°? x
E%4. Thus holds.

Applying (f o bary x ida )« to the factorization from Proposition [27] gives a
factorization _ _ _

Fl(o1,...,01) = Py 0---0 .

The estimates for the ®; from Proposition [2.7 translate to the ;. We get
suppg; 4 &, C M directly from Proposition[I2Z7 Using in addition Lemma 2.3l we get
supp, ®; C E°3 x E'. As supp; is submultiplicative we get suppq Fl(tpl, 1) C
M2 Usmg the composition formula 3] for supp, it is not difficult to obtain an
explicit bound for supp, FL(¢1, . . ., @), for example (M2 (E°3 x E'))°@+1) works.

Thus [(12.8b)[ holds. O
13. CONSTRUCTION OF THE TRANSFER

Let G be a reductive p-adic group and X be the associated extended Bruhat-Tits
building. For each t € N*? we will construct the data considered in Section[Z i.e.,

- numbers Ly € N, p; > 0;

- compact open subgroups U; C G and a compact subset M; C G with Uy C M;

- a subspace Dy C X with a locally ordered triangulation all whose simplices are
of diameter < py;

- a sequence of further subspaces D; = Déo) - DS) c ... C DéLL) with M, -
Dl’1 C Dl forl=1,..., L, and such that DtL is pointwise fixed by Uy;

- a retraction rt X — Dt for the inclusion zt D, — X, ie. r? o zt =idp,;

- a homotopy H}: zt o rt ~ idx, that is not expanding, i.e., for all 7 € [0, 1],
xz, 2’ € X we w1_11 have dx (H(x,7), HY («/,7)) < dx (x,2');

-amap fi: X = |Jevey(G)]

- asubset B C [Jeyey (G| X |[Tevey (G|

611Tere we use that Eg C Eg2 for our specific Eg.
62A5 U fixes D pointwise we could here use F instead of E°2, but the precise form of the
estimates is not important.
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Let M € RY. As in Section (with A = |M|") we obtain then for every ¢ a
homotopy coherent functor

F = (Ff,F;, )t Bau, (IM|") = ch Ba(S(X) x [M|")

and its composition
}71 := ((fr o bary) x idjngjn )« 0 Fy: Be,u, (IM|") = ch Ba(|Jevey (G)" x [M|M).

We will verify Assumption 02.2] for each t. Thus the support estimates from
Proposition [I12.§ will be available. These estimates will allow us to combine the
(ft x idjnmjn )« © F to obtain a homotopy coherent functor

ﬁM: D%(M) — ch D%(JCvcy(G))

and Lemmas and will imply that the Fiy induce the desired transfer
for

KDg (Jevey(G) x —) — KDg(—)
in R%-Spectra.

13.A. Retractions to balls in X. We write dx for the CAT(0)-metric of X. We
fix a base point g € X and write Dg for the closed ball in X centered at xg.
We write mr: X — Dp for the radial projection. We define the radial homotopy
Hp:igporg ~idx with Hr(2,T) = Tray (2,00)+1—7)r(2). The CAT(0)-condition
implies that Hp is contracting, i.e.,

dx (Hp (z,7), Hj (2, 7)) < dx(z,2')

forall R > 0, 7 € [0,1] and z,2’ € X. Let U := G,, be the stabilizer of z¢ in G.
As the action of G on X is smooth and proper, this is a compact open subgroup of

G.

13.B. Choosing the data. We choose for j € N numbers ¢; > 0, ; > 0, L; € N
and compact subsets M; C G such that

e —0,m; =+ 0,L; - o00asj— o0
and that for any K C G compact we have K C Mj; for all but finitely many
j. We also assume that each M; contains an open subgroup@. We set L;r =
L; - max{dx(zo, gxo) | g € M;}.

Let N be the first number appearing in Theorem [D.Jl Given tq € N, we obtain
from Theorem [D.] applied to M = M, and € = ¢, a number S3;, and V;, C Cvcy
finite. Given further ¢; € N, we obtain again from Theorem [D.1] applied to n = 7,
and L = L;rl numbers Ry, ¢, >0, p}, ;, >0 and a map

ft07t1: X — |J\J>[t0 (G)|/\

such that

(13.1a) for x € Dp, g € M,, we have

0-t1 +L:r1’
dJ—fol (fto,tl (gz)ﬂ gfto,h (JS)) < (/Btov Mtys eto);

13.1b) for x € D R > R + we have
R 0,t1

to.t1 +L:r1’
dJ—fol (fto,tl (SC), fto,tl (WR’ (:L'))) < (ﬂtm ntlveto);

(13.1c) for all z,2’ € X with dx(z,2") < p}, we have

d-sol (frot: () frot (7)) < (Bro> Mty s €20)-

63To construct M; we can choose a metric on G and take M; to be the closed ball of radius j
around the unit in G. Since G is a td-group, M, contains a compact open subgroup of G.
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Here and later we abbreviate dy fol = dj,.,(G)-fol- For t = (to,t1) we now define
respectively choose
- Ly == Liy, pr = py/(Le + 1), My := My,, Dy := Dg,; as balls in a building the
Dy can be triangulated;
_DS):—D Ly for 1 =0,..., Ly

T TRyt

- U; a compact open subgroup that fixes DELL) pointwise and is contained in Mj;

- i D; — X the inclusion;

- 1) :==7g,: X — Dy, the radial projection;
- fo = frots

- H} := Hp, the radial homotopy if o r{ ~ idx;

- By = {(;’ ) ‘ dy-tor(2, ZI) < (ﬂtoantlvet())}'
We note that|(13.1a)l[(13.1b)[and|(13.1¢c)|imply that Assumption[I2.2holds. We can
now apply the construction from Section [2 and obtain for M € R° the homotopy
coherent functor

((fe o bary) x idjnn)« o Fy: Bo,o, (IM|") = ch B ([Jevey (G)" x [M]").

13.c. The F, combine to a homotopy coherent functor on D%,U(M)- We
will now use the G-control structure ®°(X) from Definition [ for ¥ = Jeyey (G).

Lemma 13.2. Let E := {(;) ‘ teN< () e EL}. Then E € DI cvey (G)).

Proof. We need to verify the foliated control condition from Definition [[.7 Let
€ > 0 be given. Choose ko such that e, < e for all £y > ko. Let to > ko be given.
Set 8 := B,. Let n > 0 be given. Choose k; such that n:, <n for all ¢; > ki. Let
t1 > ki be given. Set ¢ := (to,t1). Let 2,2’ € |Jevey (G)|" be given with (zz/f) €eE.
By definition of E we then have (%) € E;. By definition of E; we then have
dJ—fol(Za Z/> < (ﬂtoantlvet())' Since ﬂ = ﬂtov Tty < n and €to <e this iInphes

dJ—fol(Z; Z/) < (6) m, 6))

as required. O

Following Remark [Z.17 we will view D% (M) and D (Jeyey (G) x M) respec-
tively as subcategories of [['yx2Ba(IM[") and [] yx2Bc(|Tcvey(G) x M|") re-
spectively. Thus objects are sequences B = (By);enx of objects in Bg(|M|")
and B (|Jevey (G) x M|") respectively satisfying the conditions spelled out in Re-
marks [[.T7 Similarly morphisms are equivalence classes of sequences (¢¢)ienxz.
We recall that sequences (;)yenx2 and (@})ienx2 are equivalent, if there is ko such
that for all tg > kg there is k; such that for all t1 > k1 we have @y, ¢, = 901/:0,151- In
particular, we can ignore all ¢y, +, with ¢ or ¢; small. We define D¢, (M) as the
full subcategory of D (M) on all objects B = (By)enx2 with suppg By C U, for
all £. We can now define the homotopy coherent functor

Fum = (Fap Fap, -+ -) 2 D g(M) = ch D (Jevey (G) x M),

Let B = (By);enx2 be an object of D (M). We define

Fa(B) = (((feobary) < idig o (FY (BY) .

Let By <2~ ... <2~ B, be a chain of composable morphisms in D%(M)_ Write
i = (($i)1) yeyea- We define

Faler, .- 1) = (((fiobary) X id\MIA)*(le((‘pl)i"'"((‘Dl)i)))gew?'
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We write (Fyy(B)), for the n-chain module of Fyy(B) and 8IM®) for the n-th
boundary map.

Lemma 13.3. (a) (Fyy(B))  as above is an object in Da(Jevey (G) x M);

(b) 85&(]3) as above is a morphism in Dg(Jevey (G) X M);

(c) Fli(p1,...,¢1) as above is a morphism in chDg(Jeyey (G) x M).
Proof. |(a)l We need to verify the four conditions|(7.18a)| to [(7.18d)}
For [(7.18a)| we need to check supp; (Fyy(B)) € DY(Jevey(G) x M). Let

Fe=J fulbary, (D)) x {t}.

EGNXZ

We claim that F € D9(Jeyey(G)). This amounts to checking the three conditions
in for F': Finiteness over N*? is clear as D, is compact and has only finitely
many simplices. For the other two conditions we use that f; = fi,+, is a map to
|Jgt0 (G| € |Jevey(G)|". Thus F has finite dimensional support. As Vy, is finite

|5 . (G)] is a finite subcomplex of | Jevey (G)]. It follows that F' has compact support

in [Jevey(G)]. So F € D(Jeyey (G)). Set F' := supp; B € DY(M). By [(11.9b)]
supp; ((f o bary) x idlM‘A)*(FLO(BL)) = fy(bary, (D)) X supp; By.

Thus

supp, (Fu(B)), = |J suppi((fi o bary) x idjnan )« (FY (By) x {t})
teENX2

= {EAD | (D e F (0 e F'}.

Thus supp; (F4(B)),, € D) (Jevey (€) x M) by [7198]
For [(7.18b)| we need to check supp, (Fpp(B)),, € D(Jevey(G) x M). By [(12.8a))

suppy(fy x bary) C E;? x supp, B.
We now use F € D(J¢cyey(G)) from Lemma [I3.21 Then

supp, (Fea(B)) € {(27) | (74) € 2% (X)) € suvp, B

which belongs to D (Jevey (G) x M) by [(7.19b)]
For we need to check suppg (Fpp(B)),, € D& (Jevey (G)xM). By[(I1.17b))

we have suppq (FIQ/I(B))H C supps B. The latter is relatively compact as B €
DY (M). Thus suppg (Fyg(B)), is relatively compact as well.

Finally, the finiteness condition [(7.18d)| for (Fyy (B))n follows from |(11.17a)| as

the B, are finite.

[(B)] We need to verify [(7.18€)] and [(7.18f)| for 851[\)”(]3). This can be done exactly in
the same way as for the corresponding properties|(7.18b)|and |(7.18c)|for (FIQ/I(B))"

under [(a)] For [(7.18f)| this uses [(11.17¢)| in place of [(11.17b)]

We need to verify [(7.18¢)| and [(7.18F)| for Fi; (1, - - -, w1).

Choose kg such that suppg ¢; € My, for i = 1,...,1. Since we are working in
D2 (Jevey (G) x M) we can ignore all t = (to,t1) with tg < ko. Thus for the rest of
the argument we can and will always assume ty > k. From we obtain that

suppe (((fbary) x ida )« (FL) ((91)g, - - - (1)g)) € Mt

for all . In particular, the union of these G-supports is relatively compact in G.
Thus suppe Fif (@15 -+, ¢1) € DL (Jevey (G) x M) as required by [(7.18f))
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Set Ef := |J; supp,((5)) U U; suppo((Bj)e). From [(12.8b)| we obtain

(134 suppa(((fe 0 bary)  idnap ) (F) (1) - (1))
{()[() e (- B () € (g )Y

We use again E € D%(Jeyey(G)) from Lemma and set

~ 03\ o(20+1
B o= (M- E%) Y € ©Y(Tewey (@)

We also have, as the ¢; and the B; are from D¢, (M),
B = {(XE) | (X) € B} e D3v)
and also E' := (M - E')°*1) € DY(M). Now ([34) implies
suppy Faa(ors 500 € { (37) | (F2) € B2 (X4) € £}

The latter belongs to D3(Jeyey (G) x M) by [(7.19b)] Thus suppy Fi(¢1,---,¢1) €
DY (Jevey (G) x M) as required by (7.18e)| O

Conclusion of the proof of Theorem[6.7 We have the following diagram.

I

T

F T -
DY (M) —% chgy D% (Jevey (G) x M) Pim chg, DY(M)

The functor (pryg)« is induced by the projection Jeyey (G) X M — M, Fup is the
homotopy coherent functor defined above (well-defined by Lemma [[3.3), and T is
the inclusion. We can then apply K-theory and obtain

K(I)

K(F'™m)

m=K((prpg)«
K (DY (M) 2 K (D (Jovey (G) x M) — 2= Prn)

K (Dg(M)).

Strictly speaking the homotopy coherent functor Fys induces a zig-zag in K-theory,
see Remark Since D¢, y(M)) — Dg(M) induces an equivalence of idempo-
tent completions, compare Subsection [[T.F, the map K(I) is a weak equivalence.
It is not difficult to see from the construction that the diagram is natural in M,
basically because the tensor product functor is natural for induced functors in both
entries. There is a strict natural transformation mnv: (pryg)« © Fm — I by weak
equivalences. It is given by applying the construction from Subsection [IT.H for
each t € NX2, see Lemma [[T.T9 On each object 7ns evaluates to a chain homotopy
equivalence, see Lemma[[T.200 It follows that (pryg)«o Fv and I induce homotopic
maps in K-theory, see Remark [C26] Altogether,

K(I) K(f'™m)

K (Dg (M) K (D, (M) K (D% (Jevey (G) x M))

is the required section tryg for pm. O

This concludes the proof of the Cvcy-Farrell-Jones Conjecture for reductive p-
adic groups, i.e., of Theorem [5.17]
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14. REDUCTION FROM Cvcy TO Com

Theorem 14.1 (Reduction). Let G be a td-group and let B be Hecke category with
G-support satisfying (Reg) from Definition [311l Assume that the Cvcy-assembly

map (&I for B

P}é%(é\?cli%) K(Ca(P)) — K(Ca(x))

is an equivalence. Then the Cop-assembly map B9) for B
hocoli K(B|G/U]) — K(B|G/G]) ~ KB
o /hocolim K (BIG/U]) — K(B[G/C))
is also an equivalence.
Modulo further results the proof of Theorem[I4.Tlwill be given in Subsection[T4.Bl

14.A. Functoriality in the orbit category. Recall that the definition of Cg(P)
used the (free) G-space |P|". The construction of this space is not functorial for
P € PLOr(@G), only for P € PLAI(G). For this reason, Co(P) is not functorial in
P,Or(G). But this is not a serious issue and we will now tweak the definitions to
remedy this.

Let B be a category with G-support and € = (&, €y, €z) be a G-control struc-
ture on X. Let ) be a collection of subsets of X as in Definition We say that
two maps 7, p: S — X are &Es-equivalent if

{(ff(g) ses} € e

In the definition of Bg(€&,)) we can replace the maps m: S — X with their &,-
equivalence classes and obtain the category Bg(€,)). In more detail, objects of
B (€,)) are triples B = (9, [r], B) such that (S, 7, B) is an object of Bg(€,Y).
The point here is that, if 7 and p are €z-equivalent, then (S, 7, B) is an object of
Ba(€,Y), iff (S,p, B) is an object of Bg(€,Y). A morphism B = (S, [n],B) —
B’ = (5',[x], B)) in Bg(€,Y) is a matrix ¢ = (¢ : B(s) — B'(s'))ses.sres: of
morphisms in B that also defines a morphism (S, 7, B) — (S, 7', B) in Bg(€,)).
Again, the point here is that, if 7 and p are €s-equivalent, ' and p’ are €s-
equivalent, then ¢ defines a morphism in (S, 7, B) — (S’, 7', B’) in Bg(€,Y), iff ¢
defines a morphism in (S, p, B) — (5, p/, B’) in Be(€,)). The functor

(14.2) Bg(¢,Y) = Ba(€,Y), (S,7,B)— (S, [r],B)

is an equivalence. Essentially, Bo(€,)) is obtained from Bg(€,)) by identifying
(S,m, B) and (S, p, B) along a canonical isomorphism, whenever = and p are ;-
equivalent. B

Recall Co(P) = Ba(€(P), Y(P)) from Definition We now define Cg(P) :=
Ba(€(P),Y(P)). From ([[Z2) we obtain a natural equivalence
(14.3) Ca(P) = Cq(P).
Let f: P — P’ be a map in PLOrG. It induces a map |f|: |P| — |P’|. There is
always a lift of |f| to |P|" — |P’|", but it is typically not unique.
Lemma 14.4. Let fo, f1: |P|" — |P|" be lifts of | f|. Then foxidy, fi xidy: [P|" x
N — |P|" x N are €3(P)-equivalent.
Proof. To simplify notation, we just treat the case P = G/H, P’ = G/H'. Then
f=I\fl:G/H=|G/H| - G/H' =|G/H'|. Any G-map f: G/H — G/H' is of the
form o H +— xgH' where g~1Hg C H'. Now for the two lifts fo, f1: G = |G/H|" —
G = |G/H'|" there are h{, b € H' with fo(z) = zghy, fi(z) = xgh/ for all z € G.
With 8 := d(h{, h}) then for all z € G

dir-tol(fo(), f1(x)) < (8,0).
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This implies that fAO x idp, fl x idy are €o(P)-equivalent. O
Lemma [I4.4] implies that the assignment
P EG (P)

is functorial in PLOT(G). This allows us to consider the bottom row in the following
diagram

(14.5) P}EOPCC%E%) K(Cg(P)) —— P}el(g(égcliyr(%) K(Cg(P)) —— K(Cq(x))

~ ~ ~

PheOPCc%E(%) K(Cg(P)) —— P}égg&l}i’r(ré) K(Cg(P)) —— K(Cq(x))

~ ~ =

hocolim K(Eg(P)) —— hocolim K(Eg(P)) D K(Eg(*))
PEPOT@OP(G) PEPOTCVCy(G)
We claim that the vertical maps in this diagram are all equivalences. For the first
three vertical maps this follows from ([4.3]). For the first two vertical maps in the
bottom row, this is an application of Lemma

14.B. The category CZ(P). We will need slightly bigger categories than Cg(P)
and Cg(P), where we relax the condition on the supports in G. This will be
important in Subsection[I[4.H For smooth P this will not change the K-theory, but
we do not know this for general P.

Define the G-control structure €+ (P) = (€] (P), €5 (P),¢.(P)) by €] (P) :
@1 (P), €5 (P) := €¢3(P) and

¢L(P) := All subsets of G.

We define

C(P) = Ba(€*(P),Y(P)) and Tg(P):=Ba(€* (P), Y(P).
As €¢(P) C €5(P), there are inclusions Cg(P) — C5(P) and Ca(P) — Co(P).
Lemma 14.6. Suppose that P is smooth, i.e., that P € P,Op(G). Then the inclu-
sions Cq(P) = CL(P) and Cq(P) — Eg(P) induce equivalences in K-theory.

Proof. Proposition holds, with exactly the same proof, for C£(P) in place of
Cg(P) as well®4. This implies the result for Ca(P) — CL(P). For Ci(P) — EZ(P)
it follows now from (I4.2]). O

Theorem 14.7. Suppose that B satisfies (Reg) from Definition[F 11l Then for all
P € POreyey(G) the canonical map

_ N .
14.8 hocolim K(C chp
(149 (@.1)EPOram(G)LP (Co(@) = K(Ca(P))

is an equivalence.

The proof of Theorem [[4.7] will be given later. We do not know whether or

not Theorem [Z7 holds also for Cg(—) instead of Eg(—). We note that for
Theorem [[4.7 it is important that we used POTcom(G); in contrast the category
PCom(G) | P is typically empty.

64This works in the generality of categories with G-support in place of Hg (A).
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Proof of Theorem[I7.1] modulo Theorem[I].7, Consider the following diagram.
hocolim  K(Cg(P)) —— hocolim K(GZ(P))

PePOreop (G) PePOrep (G)

o1 | ~ a1 | ™~

. = . =+
h 1 K(Co(P)) —— h 1 K(C~(P
phgcolim  K(Co(P)) ——  hocolim K (Cq(P))

(o) Qo |~

hocolim K(Eg(P))—> hocolim K(EJC;(P))

PGPOT‘C\,Cy(G) PEPOchcy(G)
Fyl~ J
K (Ca(+)) = K (C5(+))

We will argue below that all maps labeled with an ~ are equivalences. A diagram
chase shows then that all other maps in the diagram are equivalences as well.
In particular the left vertical composition is an equivalence. Proposition B.13] in
combination with the equivalences from (I4.35]) implies that this vertical composition
is equivalent to (3.9]).

The analog of the map labeled FJ for Cg(P) instead of Cg(P) and PCvey(G)
instead of POteyey(G) is an equivalence by assumption of Theorem 41l The
equivalences from (IZ3]) imply that the map labeled F.J is an equivalence as well.

Lemma implies that the top and bottom horizontal maps are equivalences.
Any compact subgroup of a td-group is contained in a compact open subgroup, see
Lemma This implies that for all P € PCom(G) the category P | PCop(G) is
non-empty. Thus Lemma [A 6l implies that «; and &y are equivalences.

The map @ is an equivalence by Theorem [[4.7 and the transitivity Lemma [A.2]
for homotopy colimits. O

14.c. The category Eg’O(P). To prove Theorem [[4.7 we introduce a further cat-

egory as an intermediate step. In many ways this is similar to the passage from
D¢ (3;B) to DL(X; B), see Definition [T.15]
For P € PLAIl(G) we define the G-control structure

CHO(P) = (€] (P), €5 (P), €5 (P))
as follows. Set € °(P) := ¢f(P) = €,(P), ¢;°(P) := €¢(P). We define €5 °(P)
to consist of all E € ¢ (P) = &,(P) satisfying
(’\AE) €EE = t' =t
Set
CL(P) := Ba(et°(P),Y(P)) and CL(P) = Bo(eHO(P), Y(P)).

Proposition 14.9. There are homotopy pushout diagrams of functors PLAN(G) —
Spectra

K(CLO(—)) —— K(CE(-)) K(C.'(-) — K(C&'(-))

l | \ |

K(CLO(-)) —— K(C5(-)) K(CL'(—) —— K(Ci(-))
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Proof. For the diagram on the left this is analog to the proof of Proposition [R.9]
more precisely to the construction of either of the pushout squares from Lemma 8111
For the diagram on the right it follows now from (IZ4.2). O

Proposition [[£9 implies that it suffices to prove Theorem [I4.7 for EZJO(—) in
place of Eg(—).

14.D. Structure of the remainder of the proof. For the proof of Theorem [I4.7

for 62’0(7) we will introduce further variations of Cg(—) and argue along the
following diagram

i cHo =+.0
(14.10) (@.1)EPOra(G)LP (Ca™(Q) —— K(Cq™ (P))

N[(l) ~1(2)

hothmK(Eg’O(M)) — S K(CS ()

~|® ~| @)
hoclgan(Eg’O’”(M)) — S K(CEM ()

~ () ~ | (6)

hocglimK(Cg’O’ﬁ(M)) — K (CLOHM)[I)).

Details will be worked out in the remainder of this section.

14.E. The group I'. Here we discuss the equivalences (1) and (2) from ([I4.10).

Fix P=(G/V1,...,G/V,) with V; € Cvcy. Let K; C V; be the maximal compact
open subgroup of V;. Set M := (G/K1,...,G/K,). The quotients I'; := V;/K;
are either infinite cyclic or trivial. Let I' :=T'y x --- x I';;. Then T' is a finitely
generated free abelian group of rank at most n. There are canonical maps h;: I'; —
endor(g)(G/K;), sending cK; € C; to G/K; — G/K;, gK; — gcK;. These combine
to an action of I on M by morphisms in POT(G). This induces an action of I' on
EZ’O(M) and we can form EZ’O(M)[F]. The projection 7: M — P is I'-equivariant
for the trivial action of I on P. Thus 7, : EZ’O(M) — Eg’O(P) is I'-equivariant for
the trivial action on Eg’O(P) and induces a functor

R: TP - T (p).

The functor R induces (2) in (IZI0). We write I for the category with exactly one
object *r whose endomorphisms are given by I'. The action of I' on M determines
a functor h: I' = POreom(G) | P that sends #p to 7: M — P. In turn h induces a
map

. —+,0 . —+.0
hocolimK(C," (M)) — hocolim K(Cs ;
pimK(Ce (M) =, hogelim K (Ce™ (@)

this is (1) in (IZI0). The inclusion EE’O(M) — EZ’O(M)[F] induces the assembly
map from the second row of (IZ4I10)
(14.11) hocglim K(CL' (M) = K(CE ().

Lemma 14.12.

(a) The functor R induces an equivalence in K-theory, i.e., (2) in (IZI0) s an
equivalence;
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(b) the functor h induces an equivalence, i.e., (1) in (ILIQ) is an equivalence.

Proof. [(a)| We will first show that for B € EG’O(P), there is (B, p) € Idemfg’O(M)
such that B = R(B,p) in IdemEg’O(P). Write B = (S, [r],B). Let Uy C Uy C ...
be a sequence of compact open subgroups of G with diamU; — 0 as ¢ — co. Write
7(s) = (91(8), .., 9n(s),t(s)) € G* x N =|P|"* x N. Set

K (s) := supp B(s) N g1(s)Uy(s) (91 (s)"'n---n gn(8)Us(s) (gn(s) ™1

Using we set B := (s, 1, Blk(s)). By design B e EE’O(P). Define i: B — B
and r: B — B with

- I , — A
ii/ _ J'B(s),K(s) S=S and 1 = TB(s),K(s) S$=S _
0 else 0 else

Again by we have r o4 = idg. Thus p := i o r is an idempotent on B and
B R(]§, p) as promised. It is an exercise in the definitions to check that R is
bijective on morphism sets. Altogether, R induces an equivalence on idempotent
completions and thus in K-theory.

@ This follows from cofinality Lemma [A.]] for homotopy colimits; we need to
verify that h is right cofinal. Fix f: @ — P from POrcom (G) | P. We need to show
that (Q, f) | h is contractible. Objects in (Q, f) | h are morphisms Q@ < M in
POrcom(G) such that f = mrog. Morphisms in (Q, f) | h are commutative diagrams

Q—2sMmM-——5p

Lo
02 m—p

We check that (@, f) | h is equivalent to a point. Recall P = (G/V4,...,G/V,)
and M = (G/K;,...,G/K,), where K; is the maximal compact open subgroup of
Vi. Write @ = (G/Ly,...,G/Ly,) and f = (u,p) with w: {1,...,n} = {1,...,m}
and (i): G/Ly) — G/V;i. Then there are x1,...,1, € G with p(i)yL,) = yx;V;
for all y € G, and zi_lLu(i)zi CV;. As zi_lLu(i)zi is compact and Kj; is the unique
maximal compact subgroup, we have x;lLu(i)xi CK; Letg:=(u,¢): Q > M
with ¥(i): G/Lyuy — G/K; given by ¥(i)yLyu) = yx;K; for all y € G. Then
f=mog. Thus (Q, f) | h is non-empty. If ¢’ = (v/,9'): Q@ — M is another map
with f = 7o ¢/, then v = ' and there are v; € V; with ¢/ (i)yLy,u) = yzviK;.
Now the v; define an isomorphism v: M — M with yo0 g = ¢’ and this « is the
only morphism with this property. Thus any two objects in (@, f) | h are uniquely
isomorphic. (I

14.F. The category EJF’M(M). Here we discuss the equivalences (3), (4), (5) and
(6) from (I4I0).

Let M = (G/K1 x --- x G/K,) be as before. We give a slight variation of the
categories C5*(M) and EE’O(M). The fact that |[M|" — |M| has compact fibers
(since M € POrcop) will allow us to base the definition on |M| instead of |M|".
See also Remark 5.4

Let u; be a Haar measure on K;. We can integrate the left-invariant metric
de on G to a left-invariant metric dg; on G that is in addition right K-invariant,
dec,i(g9,9') = fKi de(gk, g'k)dp; (k) and obtain a left-invariant metric

da/r, (9K, g'Ky) = min dc.i(gk, ")
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on G/K;. We obtain a left-invariant metric d|5;| on |M| with
dar) (01K, - gnKn), (91K, - 90, Kn)) o= m?XdG/Ki,(giKi;gz{Ki)-

We define the G-control structure €+04(M) = (€7 “* (M), ef (M), ¢ (M)
on |M| x N as follows:
o ¢%#(M) consists of all subsets F of |M| x N for which F N |M]| x {t} is finite
for all t € N;
. Q;O’ﬁ(M) consists of all subsets E of (|M| x N) X2 satisfying the following two
conditions
— 0-control over N: if (/\/\’i ) € FE then t = t/;
— metric control over |M|: for any n > 0 there is ¢y such that for all ¢ > ¢
and all A\, \ we have

(A)eE = dmON) <m

. Qg’o’ﬁ(M) consists of all subsets of G.

Let Y*(M) be the collection of all subsets Y of |M| x N, for which there is d with
Y C |M| x N<g. We define

CJF’O’ﬂ(M) = BG(Q:Jr’O’ﬂ(M)vyﬁ(M));

fJ“O’ﬂ(M) = Be(eHOE (M), YE(M)).

Let p: |[M|» — |M]| be the canonical projection. As the K, are compact and
therefore of finite diameter, it is not difficult to check that & ’O’ﬁ(M ) is exactly the
image of €5 °(M) under (p x idy)*2: (|M]" x N)*2 — (|M| x N)*2. This in turn
implies that p x id induces an equivalence CJCS’O(M) = Cg’o’ﬂ(M). Applying (I4.2)
we obtain the equivalence C5*(M) = Cg’o’ﬁ(M ) and this yields the equivalences
(3) and (4) from (I£I0). Also from (I4.2]) we obtain an equivalence Cg’o’ﬁ(M) =
ég,o,n(]\@ and this induces the equivalences (5) and (6) from (T4I0).

14.c. The limit category. We briefly digress to recall a result from [4]. Consider
a nested sequence of categories

C=C2Ci2CD---.

Associated to this is the sequence category S(C.). This is the subcategory of
[L,.>0C, whose objects are sequences (Cy,)m>0 such that for any [ there is mq
with C,, € C; for all m > mg. Morphisms are sequences (¢m)m>0 such that for any
[ there is mg with ¢, € C; for all m > mg. The sum @, ,~, Cisa subcategory of
S(C.) and we call the quotient category -

L(C,) = S(C*)/ &b co

m>0
the limit category. We reviewed [-uniform regular coherence and exactness in Sub-
section BBl Assume now that

(14.13a) for any d € N there is mg such that the inclusion C,,11[Z%] — Cp,[Z9] is
exact for all m > my;

(14.13b) for any d € N there are mo,! € N such that C,,[Z%) is l-regular coherent
for all m > my.

Here we use the trivial action to form C,,[Z%]. Then [4, Thm. 14.1] asserts the
following. Consider an action of a finitely generated free abelian group I' on C with
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the following property: for v € I', j € N there is ¢ € N such that v(C;) C C;. Then
the assembly map

(14.14) hOC(F)limK([,(C*)) = K(L(C)[I))

is an equivalence. (In [4] the result is formulated using an equivariant homology
theory instead of a homotopy colimit, but the two formulations are equivalent,
see [22].)

14.H. Analysis of Cg’o’n(M). Finally, we discuss the equivalence (7) from (T4I0).

Fix again M € POr¢on (G) and write M = (G/Ky,...,G/K,) with K, € Com.
Using Lemma 2.3 we fix a choice of compact open subgroups (Uy;)r=1...., n,ieNs, of
G such that for each r = 1,...,n we have

U’!‘,l 2 UT,Q ;) e ;) mU’I‘,i = K’!"

Set U, ::_ and Q; := (G/U,...,G/Uy;). We write p': [M| — |Q;] and,
for j >4, pj: [Q;] — |Qi| for the canonical projections. We define the G-control

structure €' = (&}, €%, EL) on |M|, where ¢! is the collection of all finite subsets

of |[M]|, &, consists of all E C |M| x |M| satisfying

(14.15) (V) eE = p'(N) =p'(\),
and €%, is the collection of all subsets of G. We abbreviate C; := B(€') and obtain
a nested sequence of categories Cy D C; D C2 D .... The metric control condition

for E € €Y(M) is equivalent to
- for any 4 there is ¢y such that for all ¢ > tg and all A\, \ we have

(ﬁj) €E = p'(\) = pi(\).

From this observation it is easy to deduce that there is an equivalence Cg’o’ﬁ (M) =
L(C,) that sends an object B = (S, 7, B) to the sequence (S;,7;, B;)ien, where
Si =7 1(|M| x {i}), B; = Bls, and m; is the composition

S T (M| x (i} S M.
We point out that for the equivalence Cg’o’ﬂ(M) =5 L£(C.) it is important that we
work with €5 (P) = Qg’o’ﬁ(M) = All subsets of Gj if one were to use only compact
subsets of G instead, then the limit category would be strictly bigger.

Let now I' =T'; x --- x I';; be as in Subsection [I£E The group I';. does not nec-
essarily normalize U, ;, but for each v € I', we still have (,(U,;)" = (K,)” = K.
Using the compactness of the U, ; for ¢ > 0, it is easy to check that for fixed vy
and j there is ¢ with (U, ;)? C U, ;. This implies that the action of I' on M in-
duces an action acts on the nested sequence C, as in Subsection [4.GI Moreover
Cg’o’ﬂ(M ) — L(C.) is I'-equivariant and an equivalence. It induces therefore an
equivalence CE’O’n(M )T — L(CL)[T]. Tt follows that (7) from (IZI0) is an equiv-
alence, if and only if (IZI4) is an equivalence for our present choice of C,.

Lemma 14.16. The nested sequence C, defined above satisfies [(14.13a). If B
satisfies (Reg) from Definition 311}, then C. also satisfies|(14.13b)}

Proof. We start by examining C; = Bg(€") for i > 0. For A € |Q;| let G be the
isotropy group of A. This is a finite intersection of conjugates of the U; , and thus
compact openin G. Let B = (S, 7, B) € C; and s € S. The control condition (IZ.15)

65This ensure that Co defined later carries a I'-action.
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implies supp B(s) C G, (x(s)), in other words B(s) € Blg For A\ € |Q;| we

obtain, still using (IZ.IH), a functor

pi(m(s)) "

Fix: G — (Bleya

| B - & B

pi(m(s))=A

By definition of &} the set S is finite and so the above sum is finite and F; ,(B) =0
for all but finitely many A. The F; » combine to an equivalence

Ci = @Ae\@i\(lgkh)@

(14.17) B —  (Fix(B))acioi-

Since the property [-uniformly regular passes to direct sums over arbitrary index
sets and is invariant under equivalence of additive categories and the passage going
from an additive category A to A[Z?) is compatible with infinite direct sums over
arbitrary index sets, (Reg) from Definition B.IT] implies

For j > iand X € |Q;| we have Gy C Gp;(A) as pé is G-equivariant. The inclusion
C; C C; corresponds under (I4.I7) to the functor

P Ble)e —» P Bla.)e

A€[Qj] KE|Qil

that sends the A\-summand into the k-summand by the functor induced from the
inclusion G\ C G, where s = p’(\). By [T, Lem. 7.51] each of these is exact. This

implies |(14.13a)| O

Lemma [TZ.T6 allows us to apply [4, Thm. 14.1] as reviewed in Subsection [[4.cl to
the nested sequence constructed above. So (I4.14]) and therefore also (7) appearing

in (I410) is an equivalence.

Formal conclusion of the proof of Theorem [I{.7] and Theorem [I{.1] Altogether we
have shown that the top horizontal map in (IZI0) is an equivalence. As noted be-
fore, because of the pushout from Proposition [I49] this also implies that (I4.8) is
an equivalence as claimed in Theorem [[47l We have already explained in Subsec-
tion [T4.Bl that Theorem [I4.1] follows from Theorem [T47} O

Remark 14.18. At least in the case M € POreon(G) we can give an explana-
tion of the value of K(Cq(M)). Write M = (G/Kj,...,G/K,) with K, € Com
and fix a choice of compact open subgroups (U ;)r=1,...neNs, Of G such that
for each r = 1,...,n we have Up; D U,2 2 ... D (), Un; = K,. PutQ;, =
(G/Klﬁi, ey G/Knyz) for i € NZl-

Then there is zigzag of weak homotopy equivalences from K(Cg(M )) to the
homotopy inverse limit holimi%OOK(Cg(Mi)). In particular there is for every
n € Z a short exact sequence

0 — invlimj_, 7,41 (K(Cg(QZ))) — Ty (K(Cg(M)))
— invlim;_, o0 T, (K(Cg(QZ))) — 0.
Since we do not need this result in this paper, we omit its proof. It is very unlikely

that the corresponding statement holds, if we drop the assumption that each K is
compact.
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APPENDIX A. HOMOTOPY COLIMITS

A.l. Cofinality and transitivity. We recall two basic facts about homotopy col-
imits [25] §9].

Let F': A — B be functor. Let B € B. We write B | F for the following category.
Objects are pairs (A, 3) with A € A and 8: B — F(A) in B. Morphisms (4, §) —
(A’, 8") are morphisms a: A — A’ in A with F(«)o 8 = /. We write F' | B for the
following category. Objects are pairs (A, 3) with A € A and §: F(A) — B in B.
Morphisms (A4, 3) — (A’, 5’) are morphisms a: A — A’ in A with 8o F(a) = .
If F is the inclusion of the subcategory A, then we write B | A and A | B instead
of Bl F and F | B.

A functor F': A — B between small categories is said to be right cofinal, if the
nerve of B | F is contractible (and in particular non-empty) for every B € B.

Lemma A.1 (Cofinality). Let F: A — B be a right cofinal functor between small
categories. Then for any D: B — Spectra the canonical map
hocolim F*D = hocolim D
A B
s an equivalence.

Proof. This is [25, 9.4]. O

Lemma A.2 (Transitivity). Let F': A — B be a functor between small categories.
Consider functors D: A — Spectra, E: B — Spectra and a natural transforma-
tion T: D — F*E. For B € B write vg: F | B — A for the forgetful functor.
Suppose that for any B € B the canonical map

hocolimvgD = E(B)
F|B
is an equivalence. Then the canonical map

hocolimD =5 hocolim E
A B

s an equivalence as well.

Proof. The assumption implies that E is the homotopy push down F,D of D along
F. The assertion follows from [25] 9.4]. O

A.11. Homotopy colimits and categories with product. Let P be a small
category with all non-empty finite products. Let P4 be the category obtained from
P by adding a terminal object x. For example for P = PA, we have P, = PLA.
Let D: P, — Spectra be a functor. The unique maps P — * induce the canonical
map
hocolimD(P) — D(x).
pPeP
Lemma A.3. Fiz Q € P. Then the canonical map

h() ()1 m D P (;) — D (;)
s an eq’U,Z’t)(lle?L(Ze.

Proof. Consider
fa vQ D
P = (PlQ) — P — Spectra
where fg sends P to the canonical projection P x @ — @ and vg is the forgetful
functor. It is easy to verify that fq is right cofinal. Obviously (Q,idg) is terminal

in P | Q. Thus, using Lemma [AT]
hocolim D(P = hocoli susD = hocolimvy D = v D idg) =D .
ogolim (P xQ) oclim Tovo 07§i)le v, v5oD(Q,idg) (Q)

O
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Proposition A.4. Let A be a small category. Let € be the smallest collection of
functors E: P A — Spectra that is closed under hocolimits, retracts and contains
all functors of the form P +— D(P x Q) with Q € P and D: P — Spectra. Then
for any E € £ the canonical map

hocolimE(P) = E(x).
PeP

s an equivalence.

Proof. Homotopy colimits and retracts of equivalences are again equivalences. The
result follows thus from Lemma [A.3] O

Lemma A.5. The nerv of P is contractible (provided that P is non-empty).

Proof. Let @Q be a fixed object of P. Let ¢, zq: P — P be the functors cq(P) = @,
cq(p) = idg, zg(P) = P x Q, zg(p) = (¢ x idg). There are evident natural
transformations idp < g — cg. On the nerv idp induces the identity, cg induces
a constant map, and the two maps are homotopic. (I

Lemma A.6. Let Q be a further category with all non-empty finite products. Let
F: Q — P be a product preserving functor. Assume that P | F is non-empty for
all P € P. Then F is right cofinal. In particular, for any D: P — Spectra the
canonical map

hocolim F*D =5 hocolim D
Q P
s an equivalence.

Proof. Using that Q has all non-empty finite products and that F' preserves finite
products, it is not difficult to check that P | F also has all non-empty finite prod-
ucts. Lemma [A 5] implies that F is right cofinal. The statement about homotopy
colimits follows from Lemma [A.T] O

APPENDIX B. K-THEORY OF dg-CATEGORIES

In order to obtain induced maps in K-theory for homotopy coherent functors
we use K-theory for dg-categories. We briefly review its construction. We write
Catgqg for the category of small dg-categories [36]. For a dg-category C and objects
C,C" € C, we write C(C, C") for the chain complex of morphisms from C to C’. For
a dg-category C the category Hy(C) has the same objects as C and for C,C’ € C the
set of morphisms C' — C” in Hy(C) is given by Ho(C(C,C")). A functor F: C — D
of dg-categories is a quasi-equivalence if

F.:C(C,C") = D(F(C), F(C"))
is a quasi-isomorphism for all C, C’, and it induces an equivalence Hy(C) — H(C).
Theorem B.1 ([19, 36, [48]). There exists a functor
K: Catqy — Spectra

with the following properties:

(a) Restricted to additive categories K is weakly equivalent to the usual (non-
connective) K-theory functor;

(b) For an additive category A the inclusion of A into the category chay A of finite
chain complezres induces a weak equivalence K(A) — K(chan(A));

(c) If F: C — C" in Catag is a quasi-equivalence, then K(F') is a weak equivalence.
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Sketch of proof. K-theory of a dg-category C can be defined as the Waldhausen
K-theory of the category of perfect C-modules [36] Sec. 5.2] and [19].

We review the construction of Schlichting [48), Sec. 6.4]@. Let C be a dg-category.
A C-module is a dg-functor M : C°? — ch(Z-Mod). A map of C-modules M — M’
is a natural transformation by chain maps. A C-module is free on v € M(C)y, if
f— f*(v) defines an isomorphism C(—, C)[k] = M (—) of C-modules. A finite cell
C-module is a C-module M together with a finite filtration My C My C --- C M,, =
M such that the quotients M;/M;_; are free on a finite number of generators. We
write C-cell for the category of finite cell C-modules. If A is an additive category,
then the category of finite cell A-modules can be identified with the dg-category
chgy (A) of finite chain complexes over A. For C = chg, (A) the Yoneda embedding
of chay(A) into the category of chgy (A)-modules identifies chgy, (A) with chgy, (A)-
cell. A sequence

ML M2 M
in C-cell is said to be ezact, if M(C) — M'(C) — M"(C) is exact in ch(Z) for each
C € C. With this notion of exact sequences C-cell is an exact category.

The exact category C-cell has enough injectives and projectives@ The classes
of projectives and injectives in this exact category coincide and are given by the
contractible cell modules. A map C-cell factors over an injective (projective), if and
only if it chain nullhomotopic. (All this can be proven using cones of C-modules
exactly as in [48, Sec.6.4].)

A Frobenius category is an exact category £ with enough projectives and injec-
tives such that the classes of injectives and projectives coincide. The associated
stable category is the quotient of £ by the subcategory of projectives (injectives),
i.e., morphisms are identified if they factor over a projective (injective). A map of
Frobenius categories is an exact functor that preserves projectives (injectives). The
category of cell modules C-cell is a Frobenius category and the associated stable
category is the homotopy category of C-cell.

Schlichting’s [48], Sec. 12.1] non-connective K-theory functor

K'™P: Frobenius categories — Spectra

has the following property: if a map & — &’ of Frobenius categories induces an
equivalence of stable categories, then K°P(&) — K°P(€) is an equivalence [48]
Cor. 1].

For a dg-category C one then defines

K(C) := K'™P(C-cell).

For an additive category A we have A-cell ~ chap(A), see above. Now @ follows
from [48, Thm. 5. For[(b)| we can use that for an additive category A the inclusion
A — chyin(A) induces an equivalence on cell modules and therefore in K-theory.
For we use that for a quasi-equivalence C — C’ the induced functor on the
stable categories associated to the categories of cell modules (i.e., on the homotopy
categories of cell modules) is an equivalence. ]

We record the following consequence of the quasi-isomorphism invariance of K-
theory.

6fsS‘cl"ictly speaking Schlichting only considers dgas, not dg-categories, but his construction
generalizes in a straight forward manner.

677 is injective (projective) in an exact category & if for any exact sequence A % B2 € the

map E(B, 1) i, E(A,I) (the map E(P, B) 2% £(P,C)) is onto [35, Sec. 5].
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Corollary B.2. Let F,F': C — D be dg-functors and let 7: F — F’' be a natural
transformation of dg-functors. Assume that Ho(7): Ho(F) — Ho(F’) is an iso-
morphism between the functors Ho(F), Hyo(F'): Hyo(C) — Ho(D). Then K(F) and
K(F') are homotopic.

Proof. This follows from Theorem [B.II[(c)| using the path dg-category P(D) asso-
ciated to D (see [24] 2.9] and [50], Def. 4.1]) by a standard argument.

Objects of P(D) are diagrams D L. D' in D with f closed of degree 0 whose
homology class is an isomorphism in Hy(D). Given objects Dy Jo, Dy{, D, EEN Dy,
the complex P(D)(Dg Jo, D{, D, EEN DY) is the homotopy fiber of

D(D07D6>@D(D17D/1) — D(D07D/1>
(p,¢) = fiop—¢ ofo.

Composition is defined by the formula

((ph (plla 51) o ((pOa (P(/); SO) = ((101 © Yo, (p/l o (P{), (p/l 08p+s10 (PO)
There are dg-functors p,p’: P(D) — D with p(D EN D')=D, p'(D ER D)Y=D.
We also have i: D — P(D) with i(D) = (D 22 D) and ¥: C — P(D) with
U(C) = (F(C) X% F'(C)). Then poi = p' oi = idp. Moreover, i is a quasi-
isomorphism [50, Lem. 4.3]. Using Theorem [B.1l[(c)| this implies K(p) ~ K(p'). We
also have F =po W and F' = p’ o ¥. Thus K(F) ~ K(F’). O

APPENDIX C. HOMOTOPY COHERENT FUNCTORS

Our construction of the transfer depends on induced maps in K-theory for homo-
topy coherent functors. Here we give a self contained construction of such induced
maps that is tailored to our specific needs. It is very pedestrian, by no means a
complete theory, and makes no direct contact with the elegant language of stable
oo-categories. We include this for completeness.

Definition C.1. Let A and B be additive categories. A homotopy coherent functor
F=(F° F' ...): A— chB consists of the following data.
(C.1a) For any object A € A an object FY(A) € chB;
(C.1b) For any chain
Ag &1 A &8 4,
of morphisms in A a map F"(p1,...,¢n): FU(A,) — F°(Ap) of degree
n— 1.
F is required to satisfy

n—1

an(Sola- a(pn) = Z(_l)j(Fnil((pla-- 5 Pj O Pi+1, - Son)
j=1

- Fj((Pla' "7(pj) an_j((pj-l-la-- a(pn))

Here d is the differential in home, g(F(Ay), F(AO))@. The F™ are also be required
to be multi-linear in the ;.

Example C.2. Every functor f: A4 — ch B can be viewed as a homotopy coherent
functor F' with F°(A) = f(A), F(p) = f(p), F* =0 for n > 2.

68We use d(v) = dgs o) — (—=1)I¥l4p o dp for 1p: B — B’ in ch B of degree |¢)|.
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Example C.3 (Deformation of a functor to a homotopy coherent functor). Let
f: A — chB be a Z-linear functor. Suppose we are given for each A € A a diagram
inchB )

Ba % f(A) =5 Ba
with r4 0ia =idp, and a chain homotopy Ha: i4 0ora ~idf4). Then we obtain
a homotopy coherent functor F = (F° F' ...) with F(A) = B4 for A € A and

F™Mp1,..,0n) =
740 f(p1) o Ha, 0 f(p2) o0 flon-1)oHa, , o f(en)oia,
for
A 2 A & &84,
in A.
Definition C.4. Let F,G: A — chB be homotopy coherent functors. A strict
natural transformation 7: F — G consists of chain maps 74: F°(A) — G°(A) for
all A € A such that for any chain

Ag &1 A &8 4,
of morphisms in A the diagram
F(Ay) = G(4,)
F”(«m,---,@an)l JG”(%W,%)
F(Ao) = G(Ao)
commutes.
Example C.5. Let f: A — chB,
Ba s f(A) ™% By
and H 4 be as in Example[C3] Let F': A — ch B be the homotopy coherent functor
associated to this data.
Let g: A — ch B a further functor, which we also view as a homotopy coherent
functor, see Example
Let 7: f — g be a natural transformation. Suppose we are given chain maps

pa: BA — g(A) such that TA = PAOTA, PA = TA O’iA, 0= TAOHA. Then pA
determines a strict natural transformation F' — g.

Definition C.6. We write Int for the following category. The objects of Int are
linearly ordered sets of the form [0,n] := {0 <1 < --- < n} with n € N5o. Maps
[0,n] — [0, m] are strictly order preserving mapso: {0 <--- <n} = {0<--- <m}
with 0(0) =0, o(n) = o(m). In particular o is injective and n < m.

Remark C.7. There is an identification Aiolf} = Int. Here A is the usual simplicial
category of finite ordered sets of the form {0 < --- < n} and Ajy; is the subcategory
obtained by restricting to injective maps.

Remark C.8. Often we will identify [0,n] € Int with the category associated to
[0,n] as a poset. Note that a composable chain of morphisms

Ay 2 A & &84,

in A is the same thing as a functor [0,n]°P? — A.

Moreover, any finite linearly order set I with at least two elements is canonically
isomorphic to some [0,n]. In particular, we can evaluate any homotopy coherent
functor F': A — ch B on any functor I°? — A.
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Definition C.9. For [0,n] € obInt we define the chain complex C,([0,n]) as
follows. As an abelian group C, ([0, n]) is generated by pairs (I, J) with {0 < n} C
J C I C[0,n]. The degree of (I, J) is the cardinality |I\ J| of I\ J. The boundary
d is determined as follows. Write I\ J = {i1 < --- <4;}. Then

l
(1) = 307 (N (i) D) = (LT U {i)).

For o: [0,n] — [0, m] we define o, : C.([0,n]) — C.([0,m]) by
o (I, ) = {(U(I)aU(J)) [T\ J|=|o(I)\ o(J) .

0 else
Altogether we obtain the functor®]
C,: Int — ch(Z-Mod).

Remark C.10. The chain complex C,([0,n]) can also be described as the cellular
chain complex of the (n-)1-dimensional cube.

Remark C.11. In the category of functors Int — Z-Mod the complex C,.(—) is
degreewise free; we have

1%

é F) ZInt(J,—).

i=1 {0<i}CJICod],
0,4\ JI =k

Cr(-)

Remark C.12. There is a concatenation map

(C.13) C.([0,n]) @ C.(]0,m]) = C«([0,n + m])

defined by (I, J) @ (I', J') = (IUn+I',JUn+ J).

Lemma C.14. The augmentation map €: Ci([0,n]) — Z with e(I,I) = 1 is a

homology isomorphism.

Proof. We proceed by induction on n. For n =1 the augmentation is an isomor-

phism. For n > 1 we define C,([0,n]) as the sub-complex of C'([0,n]) spanned by
all (I,J) with 1 ¢ I. Clearly C,([0,n]) = C,([0,n — 1]). The map defined by

LJU{Y) 1el\J

10)es {é {1) \

else

induces a contraction on the quotient C,([0,7n])/C([0,n]). Thus the inclusion

C.([0,n]) = C.([0,n]) induces an isomorphism in homology. O
In the following we abbreviate A(A, A’) := mor4(A, A’).

Definition C.15. Let A be a small Z-linear category. For [0,n] € Int and 4, A’ €
ob A we define

Ao, (A, A) = P AL A) @ A(A2, A1) @ R AA, A, ).

There is an evident concatenation map
(C.16) Ao,ng (A, A") @ Ajg,m) (A, AT) — Ajg nym) (A, A7),
Using composition in 4, this construction is functorial in Int and we obtain for
fixed A, A’ € A a contravariant functor
A_(A,A"): Int — Z-Mod;  [0,n] — Ap (4, A").

691n the language of [22] end of Section 3] this is the covariant ZInt-chain complex Cy(EP? Int)
for EP2T'Int the bar-model for the covariant classifying Int-CW-complex of the category Int.
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Definition C.17. Let A be a small Z-linear category. The dg-category €4 is
defined as follows. The objects of € 4 are the objects of \A. For objects A, A" € A
the chain complex of morphisms is defined as

Q:A(Aa A/) = A (A’ AI) RInt C*(_)

Here A, n)(A, A’) is viewed as a chain complex concentrated in degree 0. Compo-
sition is induced from the concatenation maps ([CI3) and (C.I6).

Construction C.18. We construct a functor comp: €4 — A as follows. On
objects the functor is the identity. Let A, A’ € A. Then

comp: €4(A4,A") — A(AA)
is defined as follows. For f € (€4(A4, A'))>O we set comp(p) = 0. Let f €
(QA(A,A’))O. We can write f = (p1,...,0,) @ (I,I) with n € Nand {0,1} C I C
[0,n]. Then comp(f) = @100 p,.
Lemma C.19. The functor comp: €4 — A is a quasi-isomorphism.
Proof. The objects of € and A coincide. It remains to show that for all A, A’ € A
comp: €4(A,A") — A(A, A")
is a chain homotopy equivalence. Here A(A, A’) is viewed as chain complex con-
centrated in degree 0.

By Lemma[C.J4] the augmentation e: C\(]0,n]) — Z is a homology isomorphism.
As Int([0, 1], [0, n]) consists of a single morphism we obtain a homology isomorphism
C*(_) — Z[Int([oa 1]a _)L
of chain complexes in the category of functors Int — Z-Mod. As both are free, see

Remark [C.11] it is a chain homotopy equivalence. Thus
Ca(A,A") = Ajo,n) (A, A') @pomicint Cx ([0, 7))
~ A[O,n] (A, A/) ®[0,n]€1nt Z [Int([o, 1], [0, n])]
= A[O,I] (A, A/) = A(A, A/)
[l

Construction C.20. Let F': A — ch B be a homotopy coherent functor. We define
a functor Fe: €4 — ch B as follows. On objects the functor is given by A — F(A).
For A, A e A

Q:A(Aa AI) - ChB(F(A)a F(AI))
is induced from the maps
(C.21) Ao, (A, A") @ C.([0,n]) — ch B(F(A), F(A"))

that we define next. Let p1 ® --- ® ¢, ® (I,J) € Ap(4, A") ® C.([0,n]). We
obtain a functor ¢: [0,n]°P — A that sends the map I — [+1in [0, n] to fi+1. Write
J = {_jo =0<n<--<Jgg= 7’L} and set Jr—l,r = {j,«_l < Jr—1t+1l<-- <jr}ﬂl
forr =1,..., k. Recall that we can evaluate F' on any (contravariant) functor from
a finite linear ordered set to A. Now (C2I)) sends p1 @ - ® ¢, @ (I, J) to

F(¢|J}c—1,k) © F(¢|J}c—2,k—1) ©---0 F(¢|-71,2) © F(¢|J0,1)'

Verifying that this yields a well-defined functor Fg is a lengthy but not difficult
computation, that we omit.

Remark C.22. The construction of comp €4 — A is the special case of Construc-
tion [C.20] applied to id4: A — A.
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Remark C.23. Let F,G: A — ch B be homotopy coherent functors and 7: F — G
be a strict natural transformation. Then 7 also defines a natural transformation
Fe — G@.

Remark C.24. Let F': A — chg, B be a homotopy coherent functor. We can
apply K-theory to

Aﬂ@AiChﬁnBéB

where i is the inclusion. Using Theorem [BI] we obtain an induced zig-zag in K-
theory

(C.25) KA <& K 2P K ehg, B <& KB.

Remark C.26. Let F,G: A — chg, B be homotopy coherent functors and 7: F —
G be a strict natural transformation. Then 7 also defines a natural transformation
F¢ — G¢. Suppose that 74: FO(A) — G°(A) is a weak equivalence for all A € A.
Corollary[B2limplies that then K(F¢) ~ K(G¢). In other words the zig-zags (C.25])
induced in K-theory by F and G agree up to homotopy.

APPENDIX D. MAPPING X TO |[Jeyey (G)|"

Let G be a reductive p-adic group and let X be the associated extended Bruhat-
Tits building. The extended Bruhat-Tits building X can be given a simplicial
structure for which the action of G is simplicial, proper and smooth. We will also
use the existence of a CAT(0)-metric dx on X that generates the topology of X
and is G-invariant. We fix a base point o € X. We write By for the closed ball of
radius R centered at o and wr: X — Bpg for the radial projection.

For a collection of subgroups V C Cvcy we will consider the PrAl(G)-simplicial
complex Jy(G) from Example For N € N we will also use J3 (G) from Ex-
ample 6.4 Recall that the simplicial complex J{Y (G) underlying J{ (G) is a finite
complex if V' is finite. We will also need the foliated distance djx g).go1 On 1IN ("
(defined in Subsection [[.d). Recall that it is compatible with restrictions to sub-
complexes, i.e., dyxG)fo1 = ng//(G)_foth‘z}r(G”A for N < N,V C V. To ease
notation we abbreviate dj_fo := ng(G)_fol.

The following result is [6, Thm. 1.2] for td-groups with an action on CAT(0)-
space satisfying a technical assumption. This assumption is satisfied for the action
of a reductive p-adic group on its extended Bruhat-Tits building [6] Prop. A.7].

Theorem D.1 (X to J). There is N € N such that for all M C G compact

and € > 0 there are f > 0 and V C Cvcy finite with the following property. For

allmp > 0 and all L > 0 we find R > 0 and a (not necessarily continuous) map

[+ X = I satisfying:

(a) for x € Bryr, g € M we have dyso1(f(92),9f(x)) < (B,n,€);

(b) for x € Bryr, R > R we have dy_so1(f(x), f(mr (2))) < (B,n,€);

(c) there is p > 0 such that for all z,2' € X with dx(z,z') < p we have
dy-or(f (), f(2') < (B,n,€).

The three assertions appearing in Theorem [D.I] correspond to
and from Assumption

The goal in this section is to outline the proof Theorem [D.1l A detailed con-
struction is given in [6, Thm. 1.2].

D.. The flow space. We briefly recall the flow space FS associated to X from [3]
Sec. 1]. Tt cousists of all generalized geodesic, i.e., of continuous maps ¢: R — X
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whose restriction to some close interval™] is an isometric embedding and is locally
constant on the complement of this interval. The metric on FS is given by

In this metric the distance between ¢ and ¢’ is small, iff the restrictions c||_,,q) and
c'|[—a,q] are pointwise close for large a. We recall from [3, Prop. 1.7] that this metric
generates the topology of uniform convergence on compact subsets. The flow ® on
F'S is defined by

(Pro)(t) :=c(t+ 7).
For ¢,c € FS, o, 6 > 0 we write

drso(c, ) < (a, )
if there is t € [—a, ] with dps(®:(c), ) < 4.

The construction is natural for the action of the isometry group of X. In par-

ticular, G acts on FS, the flow ®, is G-equivariant, and dps and dgs_fo] are both
G-invariant.

D.i1. V-foliated distance and the flow space. There is a close relation between
the foliated distance dps.fo1 on the flow space and the V-foliated distance from
Subsection .1 We discuss the case G = SLa(F). We will not explicitly use
elsewhere what follows, but this was our motivation for the definition of V-foliated
distance.

The building X for SLa(F') is a simplicial tree, the Bass-Serre tree. We normalize
the metric on X such that each edge has length 1. Let us say that a bi-infinite
combinatorial geodesic is an isometric embedding c: R — X that sends Z C R into
the O-skeleton X° of the Bass-Serre tred’J. The bi-infinite combinatorial geodesics
form a closed subspace FS* of FS. The flow on FS restricts to an Z action on FS*%.
Fix ¢ € FS* and let K, be the (pointwise) stabilizer of ¢ and V, be the stabilizer
of the image of ¢ in the quotient of F$* by the Z-action, compare[Dvil There is a
choice of ¢ such that K. is the subgroup of diagonal matrices in SL3(O), where O
is the ring of integers of F' and V. is the subgroup of diagonal matrices in SLy(F),
but this will not be important in the following. Define 7: G — FS* as g — ge.
As the action of SLy(F) on X is strongly transitive, the induced action on FS* is
transitive. Thus we can identify FS* with G/K. via w. The group V./K,. acts on
7 = ¢(Z) € X° by translation. This induces a group homomorphism ¢: V., — Z,
that in turn induces an isomorphism ¢: V./ K, = Z. The quotient V./K. acts from
the right on G/K. and under G/K, = FS* and V,/K, = 7Z this action is the Z-
action on FS* induced from the flow on FS. Recall that dv,-fo1 on G depended on
the choice of a left invariant proper metric dg on GG. The metric dpg restricts to
a metric on FS*. As 7 is G-equivariant it is in particular uniformly continuous.
As dg|v, is proper and V-invariant and as K, is compact, t: V. — Z is a coarse
equivalence. This means that for all A > 0 there is B > 0 such that for all v,v" € V,

dg(v,v') <A = |t(v) —t(v')| < B;
[t(v) —t(v)| <A = dg(v,v") < B.
Combining all this we have the following: for all o > 0 there is 5 > 0, such that
for € > 0 there is § > 0 such that for all g,¢’" € G,

dv,1(9,9") < (a,6) = drsta(r(9),7(9")) < (B,€);
drs-to1(m(g), 7(g")) < (a,0) = dy,-t01(9,9") < (B, €).

70By this we mean a subset of the form (=00, b], [a,0), (—o0,0), or |a,b].
71Bi.infinite combinatorial geodesics are uniquely determined by their restriction to Z and any
isometric embedding Z — X© extends uniquely to a bi-infinite combinatorial geodesic.
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Thus we can translate between drs-fo1 and dy,-fo1.

D.ii1. Factorization over the flow space. The maps in Theorem [D.1] are con-
structed in two steps as compositions

x L rs I 3N @)

Theorem D.2 (X to FS). For all M C G compact there is o > 0 with the following
property. For all 6 > 0, L > 0 there exists R > 0 and a uniformly continuous map
fo: X = FS such that

(a) for © € Bryr, g € M we have dps_fo1(fo(g9), 9fo(z)) < (a,6);
(b) for x € Bryr, R > R we have dps-to1 (fo(2), fo(mr (%)) < (a, ), where mp
denotes the radial projection onto Br.p .

Theorem D.3 (FS to J). There is N € N such that for any o > 0 and any € > 0
there are B > 0 and V C Cvcy finite such that for any n > 0 there are § > 0,
fi: FS — |IY|", satisfying the following properties.

(a) Fore,c € FS with dps to1(c, ¢') < (e, §) we have dJ_fol(fl(C),fl(Cl)) < (B,n,¢€);
(b) For c € FS, g € G we have dy_o1(f1(gc), gf1(c)) < (B,n,€).

Theorem [D.2] is [6, Thm. 4.1]. Its proof uses the CAT(0)-geometry of X and
associated dynamic properties of the flow space and is sketched in Subsection [D.1v]
Theorem [D.3]is [6, Thm. 4.3]. Its proof uses so called long and thin covers for the
flow space and is sketched in Subsection [D.V1

Theorem [D.1] is a formal consequence of Theorems [D.2] and [D.3] Formally this
uses that for any @ > 0, § > 0 there is p > 0 such that dx(z,2’) < p implies
drs-to1(f1(z), f1(z")) < («, ). This statement follows from uniform continuity of
f1 (even uniformly in «).

D.1v. Dynamic of the flow. Theorem [D.2]is closely related to the results from [3]
Sec. 3] and follows from similar estimated”d. We sketch its proof here.

For z,2' € X we write ¢, 5» € FS for the generalized geodesic from z to 2/, i.e.,
for the generalized geodesic characterized by

Cra(t) = x te(—00,0]
Coa(t) = x teldz,y),+00).
For T > 0 consider the map fi : X — FS, x — ®1(cy.2). Recall that zp € X is

our fixed base point. Both x +— ¢, , and @ (for fixed T') are uniformly continuous,
in particular, f{ is uniformly continuous.

Lemma D.4. For all § > 0 there is A > 0 such that for all R, T with R’ > T + A,
x € X we have

dps (fi (@), fi (TR (2))) < 4.

o D (Cgy,2)(0) = @T(cxoy,,R,(x) (0) R () T

FIGURE 4. Schematic picture for Lemma, [D.4]

2The present set-up is simpler and avoids the homotopy action in our estimates.
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Sketch of proof for Lemma[D.4} For large A the generalized geodesics f{ (z) =
Dr(cey,e) and fI (7R (2)) = Pr(Cugn, (2)) agree on a large interval [—a,a], see
Figure @ and are therefore close to each other in FS. For more details see [6]
Lem. 5.2]. O

Lemma D.5. For alla >0, A >0, L>0, and d >0 there are R > 0,0 <T <
R — A such that for all x € Bryr(b) and g € G with dx (b, gb) < «, we have

drs-ol (9.f1 (@), f{ (97)) < (e, 6).

gxo

agx

D1y (Cﬂco,gac)(o)

§ D1 (Cr0,42)(0)
0

FIGURE 5. Schematic picture for Lemma [D.5)

Sketch of proof for Lemmal[D.3. We have gfl () = ®r(cguyg:) and fi(gz) =
Or(cgao,z). Let 7= dx(xo, gz) — dx(g9zo, gz). By assumption 7 € [—a, a]. Now
forr >>0,R>>0and T := R—r, ®r(cgaq,ge) and Pryr(Cgay,2) Will be pointwise
close on a large interval [—a, a] by the CAT(0) inequality, see Figure Bl For more
details see [6] Lem. 5.4]. O

Sketch of proof for Theorem[D 3 We set o := max{dx (gzo, 7o) | g € M}. Given
§ > 0, L > 0 we first choose A as in Lemma [D.4] and use then Lemma to
choose R and T. Then f{': X — FS has the desired properties: for @We use the
estimate from Lemma [D.5] and for [(b)] we use the estimate from Lemma D4 O

D.v. Long thin covers.

Definition D.6 (a-long cover). A cover U of the flow space FS by open subsets is
said to be a-long if for any co € FS there exists U € U such that ®[_, 4j(co) C U.

Typically such covers are thin in directions transversal to the flow and are often
referred to as long thin covers. The proof of Theorem [D.3] uses the following three
results for the flow space.

Proposition D.7 (Partition of unity). For all « > 0, € > 0, N € N there is
o' > 0 such that the following holds. Let U be a o/-long cover of dimension < N by
G-invariant open subsets of F'S. Then there exists a partition of unity {ty: FS —
[0,1) | U € U} subordinate to U and § > 0 such that

(a) for U eU, ¢,¢ € FS with dps_sa1(c, ') < (,0) we have
ltu(c) —tu ()] <&
(b) the ty are G-invariant.

Proposition [D.7is [6, Prop. 6.4]. Its proof is not complicated. The fact that the
cover is o/-long allows us to find a partition of unity whose functions only vary very
slowly along flow lines.

Proposition D.8 (Dimension of long thin covers). There is N € N such that for
any o > 0 there is o such that the following is true. Let W be an o -long cover
of F'S by G-invariant open subsets. Then there exist collections Uy, . .. ,Un of open
G-invariant subsets of F'S such that
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Uo U ...UUN is an o/-long cover of FS, in particular U; NU; = O for

(b) for each i the open sets in U; are pairwise disjoint;
(c) for each U eU =Up U ... UUN thereis W € W with U C W.

Proposition[D.8lis [6, Prop. 6.6]. It is closely related to other existence results for
long and thin covers in the literature, although it is not stated in exactly this form
elsewhere. To prove it one can pass to the quotient G\ FS and adapt the strategy
from [34]. The main difference is that here our constrain on U is formulated in
terms of the given cover W, while in [34] the constrain on the members of U are
formulated in terms of the group action.

Proposition D.9 (Local structure). For all /' > 0 there are 8 > 0 and V C Cvcy
finite with the following property. For allm > 0 and all cg € FS there exist U C FS
open, h:U — G, V €V and 6" > 0 such that

(a) for some neighborhood Uy of the orbit Geog we have @ o (Up) € U;

(b) U is G-invariant;

(c) forec,d € U we have

drssol(c, c) < (”,8") = dv o (h(c), h(c")) < (B,m);
(d) for ce U, g € G we have;

dv _o1(h(gc), gh(c)) < (B,m).

Proposition [D.9 is [6, Prop. 6.8]. We will briefly discuss its proof in Subsec-
tion [D.v1l

The map f1 from Theorem[D.3] can locally be constructed using Proposition [D.9l
Using the partition of unity from Proposition [D.7] these can be patched together to
amap FS — |JY (G)|". Asnoted already in Subsection[[Mthis patching procedure
forces us to pass from orbits to products of orbits. Some care is needed to control
the dimension of the image of theses maps; this is where Proposition [D.8is needed.

D.v1. Local structure of the flow space. For ¢ € FS(X) we set

K. = G.={9€G|gec=c}={g€G|gc(t) =c(t) for all t € R};
Vo = {g€ G |3t e Rsuch that gc = D:(c)};
Te = inf{t >0]|3Jv € V. \ K, with ®;(c) = vc}.

We use inf ) = oco. If 7. < oo then we say that c is periodic. We have K. C V, as
the flow is G-equivariant. For o > 0,6 > 0, ¢ € F'S we set

(D.10) U5 (c) == {¢ € FS | dps-a(c,c) < (a,0)}.
One may think of Ui‘j};(c) as an open ball around ¢ with respect to dpg_fol.

Proposition D.11. Let FSqg C FS be compact. For all a > 0 there is § > 0 such

that the following is true: For allm > 0, ¢ € FSy, there are § > 0 and a (not

necessarily continuous) map h: G - U;‘j};(co) — G satisfying

(a) for ¢, € G-UP%5(co) we have
drstoi(c,d) < (,0) = dv,, +a(h(c),h(c)) < (B,n);
(b) forge G, ce G- Ucffjg(co) we have
dv.,, -to1(h(gc), gh(c)) < (B,m).

Sketch of proof. Let a > 0 be given. Using compactness of FSy, it is not difficult
to show the following: there is # > 0 such that for g € G, c € FSy we have

dps(ge,c) <3a = dag(g,e) < f.
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Next let n > 0 and ¢g € FSg be given. For n € N choose h,,: G - Ui‘jll/n(co) — G

such that ¢ € hy(c) - U;Oll/n(co) forall ce G- Ucff:};n (co). It is not difficult to check
that for all sufficiently large n the map h,, satisfies @ and @ For more details

see [6, Prop. 9.2]. O

Remark D.12. In the assertion of Proposition[D.11]the estimates can be strength-
ened to use dKCO_fO] in place of dVCO_fO] provided 7., > ¢ where ¢ is a constant only
depending on «.

On its own Proposition[D.I1lis not quite strong enough to imply Proposition[D.9]
because it is not quite clear yet that we only need a finite set V of subgroups. To
resolve this one needs to understand how V., varies in ¢g. Ideally we would like for
V., not to increase in small neighborhoods of ¢y, at least up to conjugation. While
we do not know this, we have the following result.

Proposition D.13. There exists FSg C FS compact such that

(a) G-FSy=FS;

(b) for £ >0 and cy € FSy there exists an open neighborhood U of ¢y in FSy such
that for all c € U with 7. < £ we have V. C V,,.

Proposition[D.13]is [6, Prop. A.7]. We will not discuss its proof in detail. But we
want to point out that this proof uses the combinatorial structure of the building
X. Here we fix an apartment A for X and use that the G-action translates any
geodesic to a geodesic in A. To study the groups V., for ¢g € FS(A), one can
then use the combinatorial structure of A as a Coxeter complex. Here FS(A) is the
flow space for A. This is the only point where the proof of Theorem [D.1] uses the
combinatorial structure of X.

To prove Proposition one combines Proposition [D.11] Remark and
Proposition [D.13l This concludes the discussion of Proposition
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